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Introduction

Any integral from a given family can be represented as a linear combination of some 
limited basis of integrals, elements of this basis are called master integrals.
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Methods for calculating loop integrals

Evaluation by differential equations Evaluating by direct integration using some 
parametric representation

• Feynman parametrisation
• Alpha parametrisation
• MB represention
• et al.
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Multiple polylogarithms(MPLs)

A. B. Goncharov, Mathematical Research Letters 5, 497 (1998).
A. B. Goncharov, arXiv preprint math/0103059 (2001).

Regularization:Definition:
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Algebras, coalgebras and Hopf algebras 
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Hopf algebra for MPLs

A. B. Goncharov et al., Duke Mathematical Journal 128, 209 (2005).A. B. Goncharov et al., Duke Mathematical Journal 128, 209 (2005).
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Iterated coproduct and symbol
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Functional relations for MPLs

C. Anastasiou, C. Duhr, F. Dulat and B. Mistlberger, 
Journal of High Energy Physics 2013, 3 (2013).

There exist a method that allows us to reduce MPLs in to the canonical form G(…,  ) using the symbol
(assuming the symbol is linear on all variables) 

Is there some other combination of MPLs with the same symbol?
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Motivation for elliptic extension of MPLs

Kite Integral Sunset Integral

A. Sabry, Nuclear Physics 33, 401 (1962).
L. Adams, C. Bogner and S. Weinzierl, J. Math. 
Phys. 55, 102301 (2014)

S. Bloch and P. Vanhove, J. Number Theor. 148, 
328 (2015)

O. Tarasov, Phys. Lett. B 638, 195 (2006)
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Elliptic curves
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Elliptic functions
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eMPLs as iterated integrals on a torus

Broedel, J., Mafra, C.R., Matthes, N. et al. J. High Energ. Phys. 2015, 112 (2015).
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Pure eMPLs as iterated integrals 

J. Broedel, C. Duhr, F. Dulat, B. Penante and L. Tancredi, Journal of High 
Energy Physics 2019, 23 (2019).
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Properties of pure eMPLs 

J. Broedel, C. Duhr, F. Dulat, B. Penante and L. Tancredi, Journal of High 
Energy Physics 2019, 23 (2019).
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Practical examples
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Triangle with one massless line and massive loop
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The final answer for the whole diagram : 

● take the full derivative of the selected MPL of weight n with respect to the variable x,  after which we get a linear 
combination of MPLs of weight n-1(due to the recursion all MPLs of weight n-1 are already rewritten as linear 
combinations of eMPLs).

● integrate the obtained combination of eMPLs using the definition.
● fix the integration constant  

MPLs as eMPLs and the final answer

integration constant
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Triangle with all massive lines and massive loop
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Rationalizing roots
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The final answer
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Problems and future plans

1) we need to develop new methods for rationalizing the roots of complicated polynomials.

2) we need a new class of functions which will be iterated integrals with hyperelliptic kernels.
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Thank you for your attention!
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