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Weak Jacobi forms

Weak Jacobi form of weight k and index m (k, m € Z) for a root
lattice L is a holomorphic function ¢ : H x (L® C) — C, such that:

<(3,3)

1) o (2, g = (e + e b (r, )

2) (7,3 + I+ I') = e=2mimll,a)=mim(L, )7 (1 3) for I, I € L;

3) (7, w(3)) = ¢(7,3) for w from Weyl group;

4) ¢ (j:is, cr+d> has a Fourier development:
> alnNg"¢h,
AEL* n>0

where q= e27TI'T’ C/\ _ e27ri(5,/\).



The main results

Theorem. The ring of weak Jacobi forms for root lattice D,
with n < 8 is a free algebra over the ring of modular forms
with n+ 1 generators. These generators can be written in an
explicit form.

Remark. This theorem is also true in the case n > 8, but
construction of some generators is much more difficult.

Remark. The lattice D,, is a set
{Cqa, ..., xa) €Z" |x1 + ... + X, =0 mod 2}.



Generators in case Dg

We can predict the following list of generators:
¥0,1,¥P-2,1, P-41,P-8,1;

$Y—-6,2, P-8,2, P-10,2, P—12,2, P—142
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Construction of ¢_4;

For any lattice we can consider

)= Tt

leL

Let us consider theta-functions for lattices Fg = (Ds, S5+%)
and Dy = (Dsg, 2F57400),



Construction of ¢_4;

One can compute that

(r,2) =

Dg

Eq(7) - Vg (T, Z) — 190;

1

8 8
= (128 —16) ¢—16» (¢ +Z<ff...g§?
j=1 j=1

where (; = ™.

) q+q%(. ..



Construction of ¢_4;

The form

(7,2)

@—471(77 Z) = D5 =

8 8
- £ +1
=128-16) G-16> G'+> G2...G2+q(-..).
j=1 j=1

is a weak Jacobi form of weight —4 and index 1 for Ds.



Construction of ¢_5;

The differential operator

1 0 1 [0 0
=——+4+ ==, = 2k — n)G
Ay 27i OT * 82 <85’ 85) +{ n)Go(7)x
is well-defined on the space of (weak) Jacobi form.
More precisely,

. (weak) (weak)
Hk : Jk,m = Jk+2m



Construction of ¢_5;

In our case k = —4, n =8, and
(2.2)- ~
03’ 03 = 0z}

We get

W =

H-a(p-a1) =

8 8
(256— 8 (-8 ¢1- Zgliz._'@) n
j=1 j=1

+q(...).



Generators for D, with n < 8

Using generators for the case Dg and assuming zg = 0, we

obtain generators for the case D;.

Assuming after that z; = 0, we obtain generators for the case

Ds, and so on.
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Thank you for your attention!
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