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ABJM theory and Y, T systems

ABJM is N = 6 superconformal Chern-Simons-matter theory
with gauge group U(N) x U(N) on R}2? and Chern-Simons
levels kK and —k. The field content is given by gauge fields A,
and ,2\#, four complex scalars Y# and four Weyl spinors 4.

In planar limit  k,N — oo, A= =fixed it is dual to

superstring theory on AdS; x CP3
We will be interested in anomalous dimensions of operators
tr [Di(yl v/ )L}
with Dynkin labels [L + S5, S; L,0, L] under OSp(6|4)
Aharony, Bergman, Jafferis, Maldacena 2008
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ABJM theory and Y, T systems

ABJM Y-system

(14 Yasta(u))(1 + Yas—1(v))
(1+1/Yara,s(u))(L+1/Yao1,6(u))’
, oy (L Yaa(u))(1 + Yao(u))(L + Yalo(u))
Ya,l(u + I/h) Ya,l(u - I/h) - (1 i 1/Ya+1,1(u))(1 ¥ 1/Y,-._1,1(u)) )

(14 Yau(u)) . o
(14+1/Y2% o(u)) (1 +1/YE o(u)) ,Be {11}

Yas(u+i/h)Yas(u—i/h) = s>1,(a5) # (2,2)

Yoo(u+i/h)YSo(u—i/h) =

Cavaglia, Fioravanti, Tateo, 2013
Gromov, Levkovich-Maslyuk 2013
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ABJM theory and Y, T systems

ABJM T-system

T, s+1(u)Ta sfl(u)
Yos(u) = == ’ , fors>2a>1,
o ) To1®)

To2(u) T] o(u) T,lo(u)
Yai1(u) = —= : : , fora>1,
21(v) Totr1,1(u) To—q,1(u)

Tar(u)T?_ (u

Yo(u) = QOLEI0) , fora>1, a,Be{l,ll},B+# .

T§+1 olu )qu,o(u)
Discrete Hirota equation for T-functions:

Ta[,+$1] Ta[,_sll = H Ta’ + H Ta s’y

(a'~a)p (s'~s) s

where the products are over horizontal («) and vertical (1)
neighbouring nodes

T-functions are gauge dependent!
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ABJM theory and Y, T systems

There are two special gauges T and T, so that

Tis = PIpLd_plple 1o, =1,
Trs = Tﬁls]T[ljls], Ts2/To3=p12, S>a
and
2—n
Tn,s _ (—1)"(S+1)Tn,s <M12[n+571]) , s>1
2—n
Tﬁ‘,o = (—1)'71?,0 (\/ H12["71]) )
Ti—l = Ti—l =1, a=1I1I,

The T, functions are required to satisfy:
Toy € Apa, a=11, n>0
Tn,l S -An; n 2 17
A, is the class of functions free of branch cuts for |[Im(u)| < 3.
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ABJM QSC and Ppu system

Vector form (CP? isometry group SO(6) ~ SU(4)):

E i s
A(U)A:L...,ﬁ pas(u) NBA(U)A7B:17__.76

Pa—Pa=1a8n% Pc,  Jiag — pag = PaPs — PgPa.

PsPs — PP+ P1Py =1, 1agn® pcp =0, fiag(u) = pap(u+1i)

[ [
2h+2i P T ) § 5]
}:ﬁ 2h+i T P T ) §
P,
LS
2h- siiisssiiiiiasssiiiissisiazas 200
2h-2i “iiisssiiiiasssiiiissssiiaas 22

Gromov, Kazakov, Leurent, Volin, 2013
Cavaglia, Fioravanti, Gromov,-Tatee, 2014
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ABJM QSC and Ppu system

Spinor form (CP® isometry group SO(6) ~ SU(4)): the matrix
uap(u) is decomposed in terms of 4 + 4 functions v,, 2 as

pag = V2 (O‘AB)ab vy, 12vy;=0.
va(u) = P vy(u+1), P(u)=e T v (u+i)

Riemann-Hilbert problem to solve:

P — Pap = iy — vpia, PP — PP = 1250 4 b2,

Uy =—Pap P, 7= PPy,

0 —P, —P, —Ps
PLb 0 —Ps —Ps
P, P 0 —Py4
Ps P; P, 0

P, = PAgfb = , P20 is inverse matrix

Bombardelli, Cavaglia, Fioravanti, Gromov, -Tateo, 2017
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ABJM QSC

~2h + 3i 2h + 3i
> 0
—2h + 2i 2h 4 2i
L —
—
—2h + 3i 2h + 3i
—2h+1 2h +i
o———0
G—
—2h+2i 2h +2i
2h 5
—0 + _ ~
r ’/([l ] =e iP U
G——
S i 2h+i
2h — i
2h o 1% —2h 21
W 2 @ !
G—
TRy —2h—i P

Bombardelli, Cavaglia, Fioravanti, Gromov, -Tateo, 2017

R. Lee and A. Onishchenko Multiloop Baxter equations, QSC



ABJM QSC and Ppu system

Boundary conditions in s/(2) sector (large u):

P, ~ (Alu_L, Acu™ 7 Asuttt Aot Aou®),

(-A+L-8)(-A+L+S-1D)(A+L-S+1)(A+L+S)
L2(2L+1) ’

(FA+L-S+1)(-A+L+S)(A+L-S+2)(A+L+5+1)
(L+1)?(2L+1) ’

—AiAs =

—AyAs =

N N

L € NT (twist), S € NT (spin) and A is the conformal dimension.
The anomalous dimension + is given by y = A — L — §S.

Cavaglia, Fioravanti, Gromov, Tateo, 2014
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Solution for s/(2) sector

We will look for solution at weak coupling in the form (Po = Ps = Ps)

21+k o
P1 = (xh) tp1 = (xh) " (1 +3°5 | vilw) = SO (),
=1

k=1 I=0
- L S pRk
P2 = (xh) ""p2 = (xh) L(ﬁZZéi o |
k=2 1=0
L L — lz/l.Li100 N2l o =y b2
Po = (xh) “po = (xh) ™ [ DD APH "+ Y T mOH 4 3TN el T |
—o =0 =0 k=1 I=0 X
L L~ 21 2L+1 2Loolz/ (1) BTE
Pa= o= (A 35S eSS )
-0 =0 =0 —1 =0

where

u+vu?—4h?
=x(u)= ————
2h
,(I,)( are some functions of spin S only, otherwise they are just constants. The
analytically continued though the cut functions are defined as

x\L. ~
' (E) Pis Pi=Ppi x—>1/x.
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Solution for s/(2) sector

Initial conditions for iterative solution:

P10 =1, p2,0 =0,
pro(u) ~ 1+ O(u), p2o(u) ~ u+O(u?).
Baxter equations to solve (state quantum numbers are specified
by LO Baxter polynomial Q(u) ~ V{l](u) )

3 -1 1 -1 1 1
Wy ]_U Pyl Py S Pyl pL i
Pgl] P[1—1] I3,51] Pg—l] 1 Pgl] P[1—1] 2 -

3 -1 1 -1 1 _1
D S 0 L S AN R L A

0 sen T\ et ) 2 T\ o el M
pll  pl pll  pl pll  pl

where
o =e” = QM0)/Q["1(0), Qs LO Baxter polynomial

Marboe, Volin, 2014;  Anselmetti, Bombardelli,, Cavaglia, Tateo, 2015



Solution for s/(2) sector

Coefficients are fixed from equations:

va(u) + va(u) = va(u) + au£2](u)
va(u) — Da(u) _ va(u) — UV (u) free of cuts on real axis
Ny V=4
<V1 + UVF]) (po - (hx)L> = p2 (VQ + O'V£2]> —p1 (1/3 + O'V[ ]>
(1/2 + O'VE]) (po + (hx)L> = p3 (1/1 + 01/{2]) + p1 (1/4 + 01/‘[l ]> .

O’I/{ I =Povi — Paun + Pyus, I52 —Py=0 (1/31/{2] — 1/11/£2]) ,

ay£2] = Py +Psvi +Pis, Pi—Pi=0 (’/2V{2] - VlV[z])

Marboe, Volin, 2014;  Anselmetti, Bombardelli,, Cavaglia, Tateo, 2015
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Solution of Baxter equations for integer spin values

Take as example first Baxter equation (g1 = V{l]):
(uti/2) = (u—i/2) ol T = Toq = —U ",
using an ansatz q; = Q fl[l] we have (V. g =g T gl?):
v (- QMQvL(4)) = Uy QU

introducing inverse operators V.V g = g we get

1 1
fl,inhomo = \U-‘r (ULQ[”Q[_”\I}_ (UlQ[ ])> .

full solution

(-1 _ 1 1
R e CED))

1
-1 — pol-1 -
z Q- (uLQ[llQ[ll) ’
Marboe, Volin, 2014;  Anselmetti, Bombardelli,, Cavaglia, Tateo, 2015
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Solution of Baxter equations for integer spin values

Next, introducing polynomials A, B :
AQM 4 BT =1.
from Baxter equation we get (R is polynomial of degree L — 2):
_A[ll(ulfll)'- + B[*I](ulll)l- = QR,

L L
R _ T, + rg,— _ A [—1] it
m_z((u[ll)ker)’ C=r-Q > 0
k=1 k=1
Then the solution reads

L
Z-1_ (C + QIS (—rs + i) 77—k(“)> ,

k=1

L
fl,inhomo = v_ (UIQ[I]) C + Q[_1]\|J+ (\U— (Ul Q[ll) Z 17‘1+U7W + C[z]U >

Solution is expressed in terms of polynomials, rational functions
and generalized Hurwitz functions

_ (sgn(ap))m—mi—at
Moz (W)= D H+—)\

nE>ng g >0 +>n31>0i=1
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Solution of Baxter equations in Mellin space

Studies with Mellin space techniques:
Faddeev, Korchemsky, 1995

Kotikov, Rej, Zieme, 2008
Beccaria, Belitsky, Kotikov, Zieme, 2010
Lee, Onishchenko, 2017

Baxter equations for twist L = 1:

(u+i/2)g(w+ i) — (25 + 1) () — (v~ i/2)g{(w — i) =v{¥
(u+i/2)g8 (w+ 1) +i(2S + )8 (u) = (u — i/2)g8 (u — iy =9

k k k k
gt w) = M), g () = 15 w)

As coefficients are linear functions, then Mellin transform
will result in a first order differential equation!
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Solution of Baxter equations in Mellin space

At four loop order we obtained
() =1 UK +V(S)h" + ...
where _ B _
~OU(S) = 4 (Fy + H_1 — 2H;)

7(1)(5) = 16{3/_472,71 — 2/:/—2,,' —H oo1—H 1, 242H 12i—H 12— 6F/i,—2
+12H; 9; — 6H; 2 — 6Ha; 1 + 4Ho; ; 4+ 2Ho; 1 — Hi,—2 + 2H1 2 — Hi2 4+ 3Ha, 1
—2Hai—Hp 1 +2H 11 —2H_1;1+8H; —1,_1—12H; _1;+4H; _11—16H;; _1

+16H;;; +4Hi1 1 —4H;1;+2H ;1 — 2/:/1,;,1} +8(H-1— H1) ¢

and we introduced new sums

S
Hoo (5)= 3 MCH Ty ) me = H, (S) A = H. (@)
k=1

Lee, Onishchenko, 2017
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Solution of Baxter equations in u-space

Takmg as example flrst Baxter equation and using ansatz
¢ (u) = Qs(u)F¥ (u + i/2) we have

- (uQmQ[ Uy k) _ Quyw

The solution as before could be written as

1 k)[L
FO — _y, (va( [1)
wQIQE '

Now using the nontrivial relation

[°z*] (1] (1]
1 -1)° ) 1 Qs 7 Qs ,_
OPSED iy i1 > S—k < p lillﬂ + = i 2k>
uQs Qg u k=0 Qs Qs

and summation by parts we get (Ps(u) = /Z[ =] s Qs—1-2(v)):

W) — (—1)Sw. (L )™
s (u)=—(-1)"v, (U\V— (QS‘/1 )
pLt o\ -1 s N
+(-1)° Qi_l]w, (@sVi9)" " = (~1)°w. (Ps V)
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Solution of Baxter equations in u-space

Solution of Baxter equations could be written as:
qik) _ ]_.ls [Vl(k)} + qu)fer,(k) +Zs¢.;nti,(k)

qgk) _ ]_.25 [Vl(k)} + qu);nti,(k) +ZS¢,2m,(k)

where
FS[fl = —Qsv4 (ﬁw, (Qs(-1)%) m)-osm (Ps(-1)%F)+Psv_ (Qs(~1)%F)
F5[f] = —Qsv_ (%[/2% (Qs(-1)%¢) [2]>+osw, (Ps(-1)°F) —Psw, (@s(-1)°F)
and [55"]
Pstu) =i 7 0512k (w)
TR Lo
Qs (u) SS9 2F1 (—5,§+IU,§+IU—S,—1> ,
[55] 1
Zs(u) =io Qs—1-2 (u) + on-1(u +i/2)Qs (v)

S—k

Lee, Onishchenke, 2018
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Solution of Baxter equations in u-space

Then at four loop order Baxter equations are solved with

ot [052]:550f257 S1# S
. S
1
Fi [Qs] = fosm u+if2) - Z +( Qs—k,
k:
i Qs
70l =g T
1

7 Qs = (s, + 75 [QE)] + 7 [Q]}

2i(S51+ S +1)

and
k—1

Qs (F1)° k1 -1)
= —2iy (£1
uti2  uti)2 ’kz; ) S5

L = Qs-i-QZ +1)* Qs

k=1
uQs = 2(S+1)@si1 — 55Qs-1.

Lee, Onishchenke, 2018
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Solution of Baxter equations in u-space

To automate solutions of Baxter equations it is convenient
to introduce W and WQ-sums

WS ({51’31}7{52732}7 Snuan}) ZHWS a, : ,

S i=1
where B
93252k1>k2>...k,,>0
and
— (il)k (e Sz -~ _ kic_p\n
quin(k) = m’ W51,a1(k+52) = (Slgn(al)) W51*52,a1(k)’ WS,i"(k) = (il) (S k) .

WQ sums are defined as

WQ§' ({517 a1, SQ}v {527 32}7 SRR {5"7 a"}) = Z QSQ—kl H WS,—,a,—(k )
Qs i=1
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Solution of Baxter equations in u-space

In terms of WQ-sums the reduction operations take the form

(§<S)
S
ﬁWQ;({51,31,5},{52,32},...) - U(E,)/z Ws ({S1, Far}, {S2s a2}, .

+2iWQs ({S + 1,F1, S}, {S1, Fa1}, {S2, a2}, .. )
+ QiWQg ({07 +o0, 5}, {5 +1, —].}7 {5‘17 ?81}7 {52, 82}, .. )
S

+20 Y (F) Qs i We ({S + 1,1}, {S1, Far}, {S2, 22}, .- )
k1:§+1
Ly - _(C1e
+2i Z (1) Qs U srioVsSsnFalh{sal. ).
ky=5+1 ka=5+1

WQé_iz] ({517 ai, 5}, ces {Sm an}) = WQ§ ({517 a1, 5}7 s {5"7 a"})

+2WQ§ ({O,iOO,S},{51,ﬁ:21},{52,32},...{5,-,,3,,})
S
+2 Z (:I:].)"Qs_,,Wg ({517:|:a1},{527a2},...{S,”a,,}) .

n=5+1
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Solution of Baxter equations in u-space

Dictionary for 71 and F, = F_; images

1
Jal 1CAQS ko

B5(€a,aQ5-k) = 0aCa,aBo,5 Qs—k— SEEL — A Q[ZI W

(u+i/2)l 1

where B, (f) = (u+i/2)f® —i5(2S + 1)f — (u—i/2)f73, Ca=nl = n(u+ é) .

Acting with 7 and using B,(Qs_x) = 2i {152(25 + 1) — k} Qs_x we get

GaCanQs = i(1=045)(2S+1)Fs [Co.nQs]—Fs {W 12 _‘31] —0.F> [MWCAQ[;Q
and (5 < S)
Fo [Ca,aWQz ({{S1, a1}, 5}7~- A{Sn, 2n})] =
“af"“ WQs ({{ 2925 +1),1} @ {S1, a1}, S}, {sn,an})
i W wey! ({{ C(25+1)1} 0 (S Sh-o.. {sman})}
+5iFs [@jﬁw@?] <{{ 27 (25+1).1} ®{51731}75},...,{5,1,3“})] :

Lee, Onishchenke, 2018
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Solution of Baxter equations in u-space

Some specific F; images

Fi1[¢-1Qs] = Qs

i
2025 + 1)<’1

——F1 [WQs({{0, 00}, S})] + s F1 [WQs ({{0, —o0}, S})]

(25+1) (25+1)

F1[GQs] = _%(C1,1+C1,—1)Qs—f1 [C1WQs({{0, o0}, S})]—F1 [¢1 WQs({{0, —o0}, S})]
+ F1 [(-1WQs({{0, 00}, S})] — F1 [(-1WQs({{0, —c0}, S})]

F1 [Cl WO;({{51721},5},. . '»{5"'7 a"})] =
— SGWQs({{0,1} & {S1, a1}, S} - {Sm, 20 })
—iF [WQ;({{0,00}, 5}7 {0’ 1} ® {517 21} 7777 {5,,, a"})]
—iF1 [WQg({{O, —},5}4,{0,1} ® {51, —31}7 ooy {Sn, an})]

— iWz({0,1} @ {S1, a1}, .., {Sn, an}) Z F1[Qs-i]

1=5+1

S
—iWs({0,1} @ {S1,—ar},... . {Sman}) D (-1)'F1[Qs ],

1=5+1
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Solution of Baxter equations in u-space

At six loops for fixed spin values we get

2@(5) = 16028((3) 749207584  929127*  322m* 33856 log
25 1771875 1575 75 225
L@ (10) 10143008¢(3)  3035620455261500584 4641541857896
11025 143248910889459375 173241313245
11267* 2028601672 log(2)
25 99225
L@ (15) — 265411493888((3)  3624275079466514140265279547904
225450225 66590160573335764008440671875
35937092563229436482567> | 182144m* 5308229877767 log(2)
98455081120952180625 32175 2029052025
30827191890924032¢(3) | 1948857047511423184964102975203491228085647584
23520996524025 7482144284371332845393775248854242377015625

8973760124028289167906009359687>  620757527"  616543837818480647 log(2)

106034967193798706401189726875 10392525 211688968716225

)

7®(20) =
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Conclusion and future directions

Simplification of the obtained expressions in terms of
WQ-sums
An extension to eight loops and above

An extension to twist 2 operators

An extension of computational techniques to twisted ABJM
and N = 4 theories

Study of untwisting limits

(]

R. Lee and A. Onishchenko Multiloop Baxter equations, QSC



Thank you for your attention!

R. Lee and A. Onishchenko Multiloop Baxter equations, QSC



	ABJM theory and Y, T systems
	ABJM QSC and P system
	Solution for sl(2) sector
	Solution of Baxter equations for integer spin values
	Solution of Baxter equations in Mellin space
	Solution of Baxter equations in u-space
	Conclusion and future directions

