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Relation between pole and running heavy quark masses

in QCD

Consider the MS-on-shell heavy quark mass relation:

o
M, = mq(mg) Zt%a?(mg) )
n=0

where M, is the pole mass of ¢-th quark and 7, its running MS-scheme
analogue, as(u?) = as(u?)/m is defined in the MS-scheme. Coefficients
tM with 1 < n < 3 are calculated in analytical form for gauge color
SU(N,)-group. For case of the SU(3.)-group with n; massless flavors

(g =ny—1):

;4
t{u =3 , (Tarrach, 1981)

fzw = 13.443 — 1.0414n; , (Gray, Broadhurst, 1990; Avdeev, Kalmykov, 1997)
3 =190.60 — 26.655n; + 0.6527n7 , (Melnikov, Ritbergen, 2000;
Chetyrkin, Steinhauser, 2000) .

P 1 A T
( MIPT, ITP Landau, INR RAS IRelation between pole and running he Dubna 29 July 2018 3/ 25



t}-coefficient

Any order term tM may be expanded in powers of n;, namely

Z tM knl In particular, the four-loop coefficient t4 is presented

4 =4+ thing + thand + thind

In this expression the last two terms are known analytically

42 = 43.396, t,ﬂ = —0.6781 (Lee, Marquard, Smirnov A., Smirnov V.,
Steinhauser, 2013), and the first two are computed numerically by
diagram calculations ] = 3567.60 + 1.64, t}7 = —745.721 + 0.040
(Marquard, Smirnov A., Smirnov V., Steinhauser, Wellmann, 2016) and are
evaluated by means of the least squares method {5 = 3567.60 + 1.34,
f41 = —745.72 + 0.15 (Kataev, Molokoedov, 2016) from data, obtained for
tM-coefficient at fixed number of n;.
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Estimates of the multiloop corrections by the
ECH-motivated method, defined in the Euclidean region

The effective charges (ECH) motivated method (Kataev, Starshenko,
1995) gives possibility to estimate high-order corrections to the mass
conversion formula (Kataev, Kim, 2010).

We start from the following dispersion relation for the Euclidean
quantity F(Q?), related to its image 7'(s) = m,(s) > o o tMa"(s) in the

Minkowski region through the Kaillen-Lehmann type spectral
representation (Chetyrkin, Kniehl, Sirlin, 1997):

o

FQ) =@ [ds s =m Z
0
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The RG functions

Then taking into account the scale dependence of the MS-scheme
coupling constant and the running heavy quark masses, defined by the
RG equations

B(ay) = 26i (Olsﬂ- > Zﬁz(as) ’
Ym(s) = uaa2logmq 2)=—;%(Ojj)l ,

we can fix the relations between t¥ and fF-coefficients.

Nowadays B(as) and v, (as) are calculated in analytical form at the
5-loop order in the MS-scheme (Baikov, Chetyrkin, Kihn, 2014, 2017)
and independently (Herzog, Ruijl, Ueda, Vermaseren, Vogt, 2017).
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'uz as(s)
log — ~
5

dzx
as(p?)

Box? + fra® + Box* + B3a® + Baab + BraT
6

as(s) ~ as(p?) + Y Onal ™ (4?)

91 = ﬂOl 5

n=1

5
0o = B31% + Bl , 05 = B3> + 5505112 + Bl
13 3
04 = /3314 + ?ﬁgﬁllg + (3ﬁ052 + 55%)l2 + B3l

05 = BY1° + %ﬁgﬁll4 + (65352 + %5,30%)13 + 2(5053 + 5152)12 + Bal

87 85 46 5
oo = 3300+ St + (1035 + 2352 )10+ (89300 + oo + 352 )
+ (4B0Bs + 4B18s + 2B3)1* + Bsl , where | = log(u?/s) ,
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Scale dependence of the running heavy quark masses

as(s) - s,
o = o (/W) dx 7ﬁm((m)) =10,

b1 = ol , by = E(50 + 9012 +ml

by =

bs = (o +vo)(ﬁo + > (61— +m60 +mo)l + 7l
7B +%)<ﬂo + ) (60 + 5 ) ( B1Boo + ﬂ”“
+71(Bo +70)(/5'0 + %))13 + (/32120 +71B1 + %1 + 5’)’250 + 7270)12 + sl ,
bs = ' (Bo +%)(ﬂo + ) (/3 + ”“) (5 + Zf)l"’ (wg + 108163
fvo[%ﬁo mmﬁo + % Bo + 61% + 7170)l4 + <706260 + 2708072
2

3 1 1
+ 5’715150 + 5707151 + 5%5? + 26872 + Bovi + 55273 + =701 + 57273)13

1 3
i (570& B+ 5Pz + 280%s + e + 7073>l2 +l
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b = & (Bo + 70)(50 + %) (Bo + %) (Bo + %) (ﬂo + %)16
+ <T125”3 +7180 + ivw&‘ + gﬂgﬂwg + %Bévgw + ;5061%?
+ gﬂgﬂm + %5073’}’1 + %/33%%)15 + Gﬂzvg + 25372 + évgw
+ 38307 + 2608 + 1088 + 526080 + 2BoBrf + TLABm
+ gﬁgﬂm + Zﬁo%ﬁf + 2,607372 + Bivon + %63%72 + %ﬂoﬂl%’ﬂ)ﬂ

1

3 9 8
g + 25051’)’2 + 3505271

4 1 10 1
+ <51’Y% + gﬁ%’Yl + §ﬁ37§ + 35373 + 573’73 +

7 7 5 5 3
+ 6,30/5370 + 6,31,32’70 + 5&)%73 + 5/5'071’72 + 2B1707v2 + 5,327071 + 707172)13

1 3 5 1
+ (5fy§ + 5,3272 + 55074 + 26173 + B3 + 5,34’70 + Y071 + ’Y1’Y3>ZQ + sl .
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2_offects

The integration gives:

(LGP0 [ o e T a3 Tt
Q/d 510 71,2,2+3,2+7r22+2 >:+15

1 7 31
e 4 100203 Trag o6 4 sr2et fyptg2 4 3los L
3 3 21
with [ = log(u?/s) and £ = log(1?/Q?). Fixing u? = Q2 we obtain the relation
between the above mentioned coefficients t} and fF with given from integration
n2-effects. This relation can be written as f” =t} + A, and is presented as:
2

Nop=0, A1 =0, A2=L%(@0 +70)t0

6
7 [ 1 a1
Ag = = |t (Bo +70) { fo+ 570 tto (Aot mbot v )|,
2
L Y 3 >
Ay = 5|t 365 + ﬁo’Yo + ’Yo + 1! 551’70 + 55160 + 27180 + 1170

1
+t' (*5270 +v1p1 + 5’7? + ivzﬁo + vz’yo)]

Tt

+ ﬁto "0 (Bo +V0)<50 + ;w) Bo +3 L ) ,

( MIPT, ITP Landau, INR RAS IRelatlon between pole and running he Dubna 29 July 2018 10 / 25



7,[_2
As = — [tﬁ”
3
el (324

7 1 5
(GBS + Eﬂo’)’o + 5’)’3) + ¢3! (7,31,30 + 37160 + 5,31’70 + ’71’)/0)
M
e <2

—

Tt
_l’_

1 5 3
5’)’% + 38200 + 5’}’2,30 +2B1m + 5,3270 + ’Yz’yo)
15

3
Bzvo + Ba2y1 + 5’}’251 + 27360 + 7172 + ’70’73)]
M o4 25 3 35 2 2, 5 3 4
[tl <ﬁ0 + Eﬁo’m + ﬂﬂo% + Eﬁo% + ﬂ%)

1
13 3 11 1 1
+ o' (7153 + Evoﬁlﬂg + 57360,31 + g%’}’lﬁg + 78 Bom + ZBWS + (_57”3)] ,
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9 1 27 7
[tﬁ” (10,33 + 5 om0 + 573) +ty (Eﬁoﬁl +4Bom + 5 B0 + 70’?1)
8602 + 55072 + 36171 + 5,32’70 + 467 + M + Y072
7 5 3
BoPz + 551@ + 3603 + 5ﬂ1’¥2 + 26271 + 553’70 + Y073 + 71172

1 3 5 1
+ 8! (5’)'; + 552% + 55074 + 26173 + B3y + 5ﬂ4’¥0 + voya + 7173)}
771'4 M 4 77 3 71 2 2 7 3 1 4 M 77 3
R R il L — ML
+ 15 [ 2 (550 + 12,3070 + 245070 + 12[30’)’0 + 5270 + 11 1250[31
5 : : 1 10 25 3 13
+ 55173 +4B5m + 673% + 3505173 + gﬁgﬁwo + 55073% + 353%71)

1 5 1 3 5 1 35
+to <Zﬁw§ + 5807 + 67372 + 5878 + gﬂfvg + 078 + 55 PoBiv0
5 47 3 5 5
+ 1505273 + Eﬂgﬂwl + 5/335270 + 1/30’707% + 1507372 + Bivem
37 25
+ Eﬂgvovz + Fﬂoﬁﬁ%’h)}

6
311277('3 téw%(ﬁo +’Yo)(ﬁo + %70) (50 4 %’y()) <ﬂo + i%) (50 " %70) .
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Euclidean ECH-motivated approach

For SU.(3) case we have:

As = 5.89434 — 0.274156mn; ,

As = 105.6221 — 10.04477n; + 0.198002n7 ,

Ay = 2272.002 — 403.9489n; + 20.67673n? — 0.315898n} |

As = 56304.639 — 13767.2725n; + 1137.17794n; — 37.745285n; + 0.427523n; ,

As = 1633115.62 + 347.65 + (—518511.694 + 56.723)n; + (61128.1666 + 4.7791)n?
+  (—3345.0818 & 0.1371)n} + 85.37937n) — 0.818446n; .

Note that the numerical values of these m2-effects A,, are not negligible: they are
comparable with t}-coefficients.
The next stage is to determine the effective charge a®/f (Q?) for Euclidean quantity

F(Q*)/miq(Q%):

F(QQ) _ rE E eff/n2 effrn2y _ 2 - k2
gy = J0 @), @) = a(@) + ) ekas(@)

where terms ¢y are equal to ¢ = fF/fL.
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Euclidean ECH-motivated approach

After this we can define the ECH S-function for aS’/ (Q?):

Bgff
B;ff
hid

ﬁgff

+ |

+ 4+ A+

Bo, BT =81, B =8~ b1+ (63— 83)Bo ,

By — 20282 + 351 + (204 — a3 + 4¢3) 5o
Bi — 3283 + (45 — d3)B2 + (¢4 — 2¢203) 51
(3¢5 — 12¢204 — 503 + 2853 — 1463) 30
Bs — 4pafBs + (803 — 2¢3)B3 + (4dachs — 8¢3) B2
(205 — 8haops + 160563 — 3¢5 — 665) 51

(46 — 200205 — 16¢304 + 486203 — 1208303
56024 + 4863) 8o -
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The essence of evaluation

If we put 5577 ~ B, then we would obtain that f£ ~ (f£)2/fE + f£8, /5,
and using the relation t}/ = f£ — A3 we would restore the value of t3/-term.

Similarly, supposing that ﬁ;‘ff ~ (3 we could estimate the value of the

four-loop contribution fF and then t}! = fF — Ay:

n té‘/[’ exact té”’ ECH tiw’ ezact tiw, ECH
3 116.494 124 1702.70 1281
4 94.418 98 1235.66 986
5 73.637 74 839.14 719
6 54.161 52 509.07 483
7 35.991 32 241.37 279
8 19.126 15 31.99 111
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The essence of evaluation

Therefore, we have reason to believe that conditions ,34” =~ 64 ﬂeff ~ 55 and
Y = P — A5, td = f€ — Ag allow us to estimate values of ¢t} and t}-terms with

satisfactory accuracy.
E
7E " [3f2 s + (ff— UV o+ (22— g2 )0
28 PN\? 14 (fF)4
2 ()
B2 E 3
f& ~ 1 [4f2 ﬂ4+(2ff—8(J;21E) )ﬁ +( E?E)Z 4f2f£3 )52
4 EN2 E rE 2
) ]

E E 5 E\ 2
o () vt ) it )
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ECH-motivated method in the Minkowskian region

Repeating in part the foregoing reasoning for quantity 7'(s)/m,(s), defined in the

Minkowskian region, we obtain:

irec 1
tyh B [3&” (()°Bs + 13" (111)° B2 — A(t2"11")* o
1

+ 263 (1272 B — BT (1) By + 126873 (#3)2 Bo + (37412 Bo

+ 14(t31)* By — 2883 (4372 Bo |
; 1
ty BT e [48t§ft§4 (163 + 723" (11" 43")? 62
o\*"1
+136(t3")° 85 — 200t5 t1" (13")? B3 — 20t4" t3" (1172 Bo B
+48t3" (117437)2 Bo Br — 10617 (13")* Bo b1 — 44ty (11" 457)? B3
+36(t17)° (t2")2BoBs — 56(t1") (2" ) Bo B2 + 2t1" (117) BT
+8t3" 63" (117)2 BB — 615" (117) 1 Bs — 23" (117)* B1 B2
+6t5" (117) BoBs — (t17)*(t57)* oy — At t3" (t11)° BT

+ 8(t1)* (13")2 B1B2 + 12657 (117)* Bo fa
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The renormalon-based analysis

The renormalon dominance hypothesis leads to the following factorial growth of the
ta'-terms at p*> = m. renormalization point (Beneke, Braun, 94-95) ,

n—oo F (n + b ,
t]V[ r—n — ]\7 2 n—1 4
S22 mNm (280) +Z CEE (n+b—k)+0(n ),
with b = 51/(258). The normalization factor N,, depends on n; and n.

s1 = 4/5,0 (51 Bofe) ,

:wmwl2@%—wmﬁm4&&%+£%—ww®,

52

83 =

%wmwl6@%+w%ﬁwﬁm%+wﬁm%7%ﬁ@£+wwﬁé
+ 3878282 — 653 B384 — 12818355 + 16818385 — B3B8 + 88285 — 8B45) .

We use the following four-loop numerical results of NV, for ¢, b and t-quarks
(Beneke, Marquard, Nason, Steinhauser, 2017)

ny 3 4 5
Np, 0.54 0.51 0.46
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Numerical results

| £ ECH M ECHdirect Mo | M ECH £ ECHdirect g
3 28435 26871 34048 476522 437146 829993
4 17255 17499 22781 238025 255692 511245
5 9122 10427 13882 90739 133960 283902
6 3490 5320 — 8412 57920 —
7 -127 1871 — -29701 15798 —
8 -2153 -196 — -39432 -2184 —

ECH - Euclidean ECH-motivated method; ECH direct — Minkowskian
ECH-motivated method; r-n — renormalon-based approach.
Note that renormalon approach with fourth-order values of NV,, for interval
3 < m; < 8 does not reproduce the sign-alternating structure of t2'-terms (which
may indicate the impossibility of applying the fourth-order results N,, for
higher-order estimations of 27 with big number n; and the need to take into
account additional ambiguities). Therefore we do not consider 6 < n; < 8.
Our five-loop estimates for b-quark are in rather good agreement with results,
obtained in the process of global fits to QQ bound states (Mateu, Ortega, 2017).
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Using data in Table and expansion t} =
for five-loop terms:

M, ECH
t5

Z tMnk we find:

= 2.5n} — 13607 + 2912n? — 269761, + 86620
¢} BOHdireet _q opd _ 770} + 195907 — 20445n; + 72557
and for six-loop terms
té\/f ECH
M, ECHdzrect
t6

—4.9n7 + 3520 —

9708n} + 131176n;
—2.2n7 4 148n} —

855342n; + 2096737
4561n} + 71653n;

— 538498n; + 1519440 .
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Asymptotic structure: QCD and QED series

For ¢, b and t-quarks the MS-on-shell mass relations contain significantly growing
and strictly sign-constant coefficients (a, = as(mz)/7):

MFPM" ~ . (m2) (1 + 1.3333 @ + 10.318 @ + 116.49 @5 + (1702.70 £ 1.41) @4
+ 28435 @ + 476522 @°) ,
(M) (1 + 1.3333 @s + 9.277 @> + 94.41 @ + (1235.66 & 1.47) a:
+ 17255 @5 + 238025 @y)
MPH = (m;) (1 + 1.3333 @5 + 8.236 @ + 73.63 @2 + (839.14 & 1.54) a@s
+9122a@ 4+ 90739 @) .

What about QED? Using the U(1)-limit of the QCD numerical results with SU (V)
gauge group (Marquard, Smirnov A., Smirnov V., Steinhauser, Wellmann, 2016) one
can obtain following expansions for e, 1 and 7-leptons (@s = s (M7)/7):

M. ~ e (m2)(1+a+0.1659 @ — 2.1314 @° + (7.487 = 1.030) @*) ,
~ () (1 + @ — 1.3961 @ — 0.6460 @ + (3.169 £ 1.045) @*) ,
M, ~ 7, (m2)(14a — 2.9582 a° 4 4.7556 a° + (—21.238 £ 1.090) @*) .

Q

These expressions demonstrate the absence of any sign-constant or sign-alternating
structure of QED series for mass relation (unlike sign-alternating series for the

anomalous magnetic moment of electron (Aoyama, Kinoshita;7Nio; Volkov, 2018))
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Numerical results

For numerical studies we use following values of the running masses of ¢, b
and t-quarks, namely m.(m?2) = 1.275 GeV, () = 4.180 GeV,

mt(mt) = 164.3 GeV, and the corresponding values of the MS- scheme strong
couphng constant, normalized at these running masses, viz as(m?) = 0.3947,
as(m3) = 0.2256, ozs( ?) = 0.1085:

M.,
~ 1.2 214 2 .295 4+ 0.541
1 Gov 75 +0 +0.208 + 0 +
+ {1.135 +2.389; 1.072 + 2.192; 1.359 + 4.162
ECH ECH direct IRR, N,, = 0.54
My =~ 4.180 + 0.400 + 0.200 4 0.146 + 0.137
1 GeV
+ {0.137 + 0.137; 0.140 + 0.147; 0.182 + 0.293
ECH ECH direct IRR, N,, = 0.51
M;
~ 164.300 + 7.566 + 1.614 + 0.498 + 0.196
1 GeV
+ {0.074 +0.025; 0.084 + 0.037; 0.112 + 0.079

ECH ECH direct IRR, N = 0.46
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Manifestation of the asymptotic nature in the PT series
for pole mass of t-quark

Neglecting the dependence of the N,,-factor on the order of PT and
putting N,,, = 0.46 we estimate roughly values of multiloop corrections
within the IRR-based approach:

My

[ GV ~ 164.300 4 7.566 + 1.614 + 0.498 4+ 0.196 + | 0.112 + 0.079
e

+ [0.066 + 0.064 + 0.071 + 0.088 + . .. |

This estimate procedure permit us to understand approximately from
what level of PT the asymptotic behavior of the QCD series for pole
magss of t-quark starts to manifest itself. The first traces of this effect
can already be observed in the seven order of PT. The eighth and ninth
contributions are either comparable or exceed the value of the seventh
correction.
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Conclusion

@ The numerical studies of all considered by us estimate procedures
indicate the growth of the five and six-loop corrections to the pole mass
of charm-quark.

@ The ECH-motivated method with arising m2-effects of the analytic
continuation from the Euclidean to Minkowskian region for b-quark pole
mass leads to effect of plateau and the rest two methods outline the
increase of these corrections.

@ For t-quark the asymptotic nature of the corresponding PT series is not
observed even at six-loop level. Therefore the concept of the pole mass of
top-quark is applicable up to 6 order of PT for sure.

@ It may be interesting to calculate explicitly the leading in n; terms to the
relation between pole and running masses at 5-loops and beyond.
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Thank you for your attention!
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