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Infrared singularity

Cal
ulations during radiative 
orre
tion pro
edure fa
es with

di�
ulties, 
aused by divergen
es in high-loop diagrams. Infrared

singularity (at the region of small momenta) of the additional virtual

parti
les (V -)
ontribution 
an
els if 
orresponding (Real photon)

Bremsstrahlung (R-)
ontribuion is taken into a

ount.

Mathemati
ally Infrared (IR) singularity at the intermediate steps

regularized

1

by in�nitesimal �photon mass� λ,

2

or by dimensional regularization (Hooft, Veltman, 1972).

Physi
ally both s
hemes are equivalent (Mar
iano, Sirlin, 1975).
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Mo-Tsai method, the ∆ parameter

Mo-Tsai method

1

Introdu
ed parameter ∆ to separate Bremsstrahlung of low and

high energies, i.e. �soft� and �hard� photons.

2

�Soft�-photon 
ontribution 
an be evaluated analyti
ally. Adding

to virtual 
ontribution IR-�nite result is obtained.

3

�Hard� part is usually evaluated by numeri
al methods (Monte

Carlo).
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Whole phase spa
e of radiated photon

�èñ. 1: Phase spa
e volume of radiated photon: red plane separates

�soft� and �hard� regions.
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Phase spa
e volume with dete
tor a

eptan
e

�èñ. 2: Phase spa
e volume with dete
tor a

eptan
e. Planes


orresponds to 
uts on angles and energies of dete
ted parti
les.
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Di�
ulties and Solutions

Di�
ulties

For numeri
al evaluation spe
i�
 value of parameter ∆ should be


hosen with 
ontradi
tory limitations:

1

For high values of ∆ we have good numeri
al 
onvergen
e of

hard part, but soft-photon approximation breaks.

2

For small ∆ soft part may be
ome a big negative value leading

to pre
ision loss after summation with hard part.

3

Negative values of soft part are unphysi
al and may be 
ured

with exponentiation, but independen
e on ∆ breaks.

Solutions

1

Integrate analyti
ally not only soft, but also singular terms of

hard 
ontribution (Bardin�Shumeiko's method)

2

Exponentiate not only soft, but also part of hard 
ontribution

(Kleiss, Krakow MC group)
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D. Yu. Bardin and N. M. Shumeiko

�èñ. 3: Dmitry (Dima) Yurievi
h

Bardin (1945�2017)

�èñ. 4: Nikolai Maximovi
h

Shumeiko (1942�2016)
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Pioneer works on Bardin-Shumeiko method (BSM)

1

Î òî÷íîì âû÷èñëåíèè ýëåêòðîìàãíèòíîé ïîïðàâêè íèçøåãî

ïîðÿäêà ê óïðóãîìó ðàññåÿíèþ / Ä.Þ. Áàðäèí, Í.Ì. Øó-

ìåéêî. � Äóáíà, 1976. � 20 
. (Ïðåïðèíò ÎÈßÈ P2-10113).

2

Òî÷íîå âû÷èñëåíèå ðàäèàöèîííîé ïîïðàâêè íèçøåãî ïîðÿä-

êà ê ïðîöåññàì ðàññåÿíèÿ òî÷å÷íûõ ÷àñòèö ñî ñïèíàìè 0 è

1/2 / Ä.Þ. Áàðäèí, Î.Ì. Ôåäîðåíêî, Í.Ì. Øóìåéêî. � Äóá-

íà, 1976. � 16 
. (Ïðåïðèíò ÎÈßÈ �2-10114).

3

On an exa
t 
al
ulation of the lowest - order ele
tromagneti



orre
tion to the point parti
le elasti
 s
attering / D.Yu. Bardin,

N.M. Shumeiko // Nu
l. Phys. B. � 1977. � Vol. 127. � P. 242�

258.

4

Ýëåêòðîìàãíèòíûå ïîïðàâêè ê ãëóáîêîíåóïðóãîìó µ−p ðàñ-

ñåÿíèþ / À.À. Àõóíäîâ, Ä.Þ. Áàðäèí, Í.Ì. Øóìåéêî //

ßÔ. � 1977. � Ò. 26. � Ñ. 1251�1257.
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Short des
ription of method

σNLO =

∫

m+1

Tdσ
R

(λ) +

∫

m

T̃ (dσ
B

+ dσ
V

(λ))
(1)

dσ
R

(λ) = dσ
R

− dσIR
R

+ dσIR
R

(λ) = dσ
F

+ dσIR
R

(λ) (2)

σNLO =

∫

m+1

Tdσ
F

+

∫

m+1

(T − T̃ )dσIR
R

+

∫

m

T̃ (dσ
B

+ dσ
V

(λ) +

∫

1

dσIR
R

(λ))

(3)

where T is �observable� fun
tion in
luding experimental 
uts,

T̃ = T |k→0
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Short des
ription (2)

dσIR
R

= dσ
B

× dF IR

(4)

dF IR = −
∣

∣

∣

∣

∑

i

ηiQ(i)
pi

pik

∣

∣

∣

∣

2
d3k

2k0
(5)

∫

1

dσIR
R

(λ) = dσ
B

(δsoft(λ,∆) + δ̄(∆) + δH1 ) (6)
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First appli
ations

Akhundov, Bardin and Shumeiko evaluated leptoni
 QED RC

to DIS with unpolarized parti
les. Results are applied in data

analysis at CERN.

In papers by Kukhto and Shumeiko (e. g. Nu
l. Phys. B. 1983.

V.219. P.412) RC to polarized asymmetry were analyzed, they

were applied for RC pro
edure in expreiment SMC at CERN.

RC to semi-in
lusive DIS (Soroko, Shumeiko Yad. Ph. 1989.

T.49. C.1348)

QED RC to 
ross se
tion and polarization asymmetry in DIS

were 
al
ulated (e. g. Shumeiko, Timoshin, J. Phys. G. 1991.

V.17. P.1145; Kuzhir, Shumeiko, Yad. Fiz. 1992. V.55. P.1958.

Zykunov, Timoshin, Shumeiko, Yad. Fiz. 1995. V.58. P.2021.).
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DIS and POLRAD 2.0

Results of the papers (Akushevi
h, Shumeiko, J. Phys. G. 1994. V.20.

P.513) were used as a ba
kground for POLRAD 2.0 
ode (Akushevi
h,

Ilyi
hev, Soroko, Shumeiko, Tolka
hov), whi
h was in use at DESY.

De
omposition of polarization ve
tors in 4-momenta are applied.

It allows avoid 
omplex tensor integrals.

RC to DIS with polarized targets with spin 1/2 and 1 are 
al
ulated.

RC to quadrupole asymmetry in DIS with targets of spin 1 are

evaluated.

RC to semi-in
lusive DIS are 
al
ulated.

Iterational pro
edure for appli
ation of RC to experimental data

is developed.
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Codes and MC Generators

RADGEN MC of radiative events in DIS with (non)polarized targets:

(semi)in
lusive, ex
lusive 
ase.

DIFFRAD FORTRAN 
ode for RC in pro
esses of ele
troprodu
tion

of ve
tor mesons.

HAPRAD FORTRAN 
ode for RC in semi-in
lusive ele
troprodu
tion

of hadrons.

ESFRAD (Afanasev, Akushevi
h, Merenkov) FORTRAN 
ode for

RC at elasti
, inelasti
 and DIS with stru
ture fun
tions.

ELARADGEN (Afanasev, Akushevi
h, Ilyi
hev, Ni
zyporuk)MC generator

for elasti
 ep-s
attering.

MASCARAD FORTRAN 
ode for RC 
al
ulation in polarized elasti


eN-s
attering

EXCLURAD (Afanasev, Akushevi
h, Burkert, Joo) RC to ex
lusive

ele
troprodu
tion of pions.
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Another appli
ations of BSM

RC to di�ra
tive ele
troprodu
tion of ve
tor mesons (Akushevi
h)

RC to ex
lusive produ
tion of ve
tor mesons (Akushevi
h, Kuzhir)

RC to W -boson produ
tion asymmetry in polarized hadrons


ollision (Zykunov)

QED RC to Møller s
attering (Suarez, Shumeiko)

Results from series of works (Kolomensky, Shumeiko, Suarez,

Zykunov, 2003�2005) were applied to data analysis at SLAC

experiment E-158.

Numeri
 
ode MERA (Zykunov, Ilyi
hev) and MC MERADGEN (Afanasiev,

Chudakov, Ilyi
hev, Zykunov) for Møller s
attering

RC to Bethe�Heitler pro
ess (Akushevi
h, Ilyi
hev, Shumeiko)
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Generalizations and extensions

Dipole Subtra
tion Formalism (DSF)

DSF 
an be easily re
ognized as a generalization of BSM by in
luding


ollinear singularities to subtra
t.

Catani�Seymour Algorithm

σNLO =

∫

m+1

Tdσ
R

(ǫ) +

∫

m

T̃ (dσ
B

+ dσ
V

(ǫ))
(7)

dσ
R

(ǫ) = dσ
R

− dσ
A

+ dσ
A

(ǫ) = dσ
F

+ dσ
A

(ǫ) (8)

σNLO =

∫

m+1

Jdσ
F

+

∫

m+1

(J − J̃)dσ
A

+

∫

m

J̃[dσ
B

+ dσ
V

(ǫ) +

∫

1

dσ
A

(ǫ)]

(9)

where J is �jet�-fun
tion to des
ribe IR-safe observable, J̃ = J|k→0
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Generalizations and extensions (2)

dσ
A

=
∑

dipoles

dσ
B

⊗ dV dipole

(10)

dV dipole = Da
ij({p})

d3k

2k0
(11)

∫

1

dσ
A

(ǫ) = dσ
B

⊗ I

I =
∑

dipoles

∫

1

dV
dipoles

(12)
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Development of BSM: G/N-method

Using for pro
ess k1 + p1 → k2 + p2 + k


.m.s. of initial parti
les,

auxiliary ve
tor

~p5 = −~k
suitable simple angles

θk = π − θ5, ϕk = π + ϕ5.

we 
an transform phase spa
e of brem photon as

∫

dΦ =

Ω
∫

∆

k0dk0

1
∫

−1

d cos θ

1
∫

−1

d cos θk

2π
∫

0

dϕk

π|~k2|
4p20KA(k20)

. (13)

Published: V.Z., Phys. Atom Nu
l. 80, 699 (2017)
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Some details of G/N-method

The fa
tor in PS volume

KA(x) = 1+
x(1− k0A/

√
x2 −m2)

√

x2 − 2k0A
√
x2 −m2 + k20

, (14)

where A � 
osine of angle between

~k2 and ~p5:

A = sin θ sin θ5 cosϕ5 + cos θ cos θ5. (15)

Energy of �nal parti
le depends non trivially on sign of A:

k20 =
BC±

√

C2 +m2(1− B2)

1− B2
, (16)

where

B =

√
s− k0

Ak0
, C =

(2k0 −
√
s)
√
s

2Ak0
. (17)
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No ∆-dependen
y

With G/N-method it is possible to unite �soft� and �hard� parts:

soft+ hard =

∆
∫

λ

dk0...+

Ω
∫

∆

dk0... =

Ω
∫

λ

dk0... .

It allows to avoid ∆-dependen
y in prin
iple.

An analyti
al (and numeri
al) evaluation of �soft� part is unne
essary.

We have an additional possibility to test the result.
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