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Invitation

Parke-Taylor formula:
Parke, Taylor (1986)

i(13)4

A(17, 24,3747, ... ont) = (12)(23)...(n1)

Simplification w.r.t Feynman rules due to
» Gauge invariance

» Massless spinor-helicity variables

This talk:

» possible for massive quarks!

V]



Main results
AO (2018)
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Outline

1. Massive spinor helicity
2. 4-pt Compton amplitude
3. n-pt amplitudes

4. Summary & outlook



Massive spinor helicity



Why spinor helicity?

Consider color-ordered QCD amplitude A(1%,37,4%, ... n™, ?b)*

Jr
Feynman rules give function of 4
w 3 nt
> momenta p;
> polarization vectors e’ (p;)
» external spinors @ (p;), v*(p2) 1¢ b

“Disclaimer: all momenta outgoing



Why spinor helicity?

Consider color-ordered QCD amplitude A(1%,37,4%, ... n™, ?b)*

Jr
Feynman rules give function of 4
w 3 nt
> momenta p;
> polarization vectors e’ (p;)
» external spinors @ (p;), v*(p2) 1¢ b

But all vector, spinor indices must be contracted

Remaining indices & physical quantum numbers:
> helicities & & spins {£1/2},, {£1},, etc.
» SU(2) labels a,b <« spins {£1/2}4, {1, 0},, etc.

Crucial on-shell notion — LITTLE GROUP

“Disclaimer: all momenta outgoing



Little groups

» Quantum fields < reps of SO(1, 3)
» Quantum states <= reps of LITTLE GROUP

» massless states < SO(2)
» massive states < SO(3)



Little groups

» Quantum fields < reps of SO(1,3) C SL(2,C)
» Quantum states < reps of LITTLE GROUP’s dbl cover

» massless states < SO(2) C U(1)
» massive states < SO(3) C SU(2)

Minor complication: spinorial reps use groups’ double covers

U(1) and SU(2) arise naturally in spinor helicity



Spinor map

Basis for spinor helicity

. . . . *
» Minkowski space isomorphism:

2x2,C 1,3
MHermitian A R
p —p
Pag = Pu, < p —ip?
det{p 5}

P’ +p?



Spinor map

Basis for spinor helicity

. . . . *
» Minkowski space isomorphism:

2x2,C 1,3
MHermitian A R
1 -2
p =P —p- +p
Pap = Pu,; <p—zp p°+p3>

det{p 5}
» Lorentz group homomorphism:
SL(2,C) — SO(1,3)

* 1 —
Pas = Sa'psi (S57)" = P Lhp” I, = Se(6"S0,ST)




Massless vs massive spinor helicity

Arkani-Hamed, Huang, Huang (2017)

MASSLESS

MASSIVE

det{p,4} =0

Pog = Apaj‘pg' = ‘p>a[p|3'

p* = 3 (plo*Ip]
pQBS\g =0
(pg) =—(gp) = (pp)=0
[pql = —lgp] = [pp]=0

(ra)lap] = 2p-q

det{p,z} = m?

Dop = )\pgfabj\p% = [p")alpals
det{\, o :ldet{)\pd =m
P = 3(p"lo"|pa]

(pq") =

[p*q"] =

—(¢’p®) e.g. (pp®) = —me
—lap"] eg. [p"p"] = me®
(p"q")qvpa] = 2p-q

ab
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Wavetunctions from helicity spinors

oo _ L {alo*lp]
PR V2 (ap)
o L (plo*ld]
7 V2 [pd]

E;EPZE;)tq:O
Lt 4 ghp?
N

hi _ha _ _ shi(—h2)
€yl €yt =—0



Wavefunctions from helicity spinors

+

+
i — L ldlo”lp) &r=e-1=0
PR V2 (ap) P'¢"+q'p
TR Koy v
= el el el g = gty
o L (plold] P e p-q
V2 pd ehigha = _gh(=h)

(ﬁ—m)ugzﬂg(jf—m)zo
b b

— a
p—2m6

5
upu

—(p” )
= =
( [p?] ﬂgv“ug = ophead

u(l

plpa = ugeabﬂz =p+m
@+m)vy =v,(+m)=0
—a,b __ ab
vy, = 2me

- ()

—a . b __ n_ab
vy, = —2phe

a-— _.a b __
VpUpa = Vp€ablpy = —P+m

v



Little group transformations

Consider Lorentz transformation p* — L, p¥

MASSLESS:
p) — S|p) = €'*/2|Lp) (p| = (p|S™" = "/%(Lp|
p] — ST=1p] = e7"/2|Lp] [p| — [p|ST = e~*/2[Lp|

+ + . oFip-E
= e, = Le; ~e €Ip
e™? € U(1) encode 2d rotations in frame where p = (E,0,0, F)



Little group transformations

Consider Lorentz transformation p* — L, p¥

MASSLESS:
p) — S|p) = €'*/2|Lp) (p| = (p|S™" = "/%(Lp|
p] — ST=1p] = e7"/2|Lp] [p| — [p|ST = e~*/2[Lp|

+ + . oFip-E
= e, = Le; ~e €Ip
e™? € U(1) encode 2d rotations in frame where p = (E,0,0, F)

MASSIVE:
") — S|p) = w|Lp?) Py — [p*)S™ = w|Lp®)
P — ST 1p?) = w [Lp°| | = [p*S" = w[Lp|

w € SU(2) encode 3d rotations in rest frame where p = (m, 0,0, 0)



4-pt Compton amplitude



Feynman-rules calculation of A(1%, 37,47, §b)

3” 4+

—4%4—54— N _m (ﬂ‘ffs‘(zzflﬁm)éivé’)
1¢ b

? - % {(53_'51)(@(11@3—]54)113) + 2(p4.5§)(raclllé2-vg)
1@ ob — 2(p352')(a¢11¢3—vg)}



Feynman-rules calculation of A(1%, 37,47, §b)
3= a4t

E é = _m (uf £5 (Br3+m) £ 05)
1* 2b

3~ 4t i i
= 5o (e o) s = u)o) + 20pa-5) (@ £ )
» ) —2(ps-e])(at £505) |
» plug in external wavefunctions:
—1

= T B o e L aslpila) [12'] + 1] Blpis| (a2

2 —m(1°3)[ga4] (@22") — m[1°gs)(3q0)[42"]}

—i 1 a a
+ = {_2<SCJ4>[4Q3](<1 [p3—pa]2°] + [1°]p3 —pa]2°

3= 4t
3 4 534[3¢3)(4q4) )
é — (3]4qs] ((1qa)[42°] + [1°4](q42"))
)

2 Hgal3140(01°3)[527] + (1031 (329) }
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Feynman-rules calculation of A(1%, 37,47, §b)

3~ 4+ i
% § B aaléf +m ,é+1)b
" 2 2(513*7712)( 1 3(]413 ) 4 2)
3” 4+ )

= o {5 @ W= Ba)08) + 2(pa-3) (a5 £ o)

-
—2pse]) (5 A5 08) }

P

217

» plug in external wavefunctions with ¢35 = p4, g4 = p3:

P _ Z<3|1|4} a b a b
} % g [ o - o 7712)834(@ 3)[204] + [194](2°3))

» spinor helicity helps no matter method



3-pt amplitudes

Modern methods require on-shell 3-pt input only

3te
1“72'/%\213"7
02 55) = T ((10g) 203 + 193] 2q)) = iz (L2 BILIe)
A2 25,30) = =g S (A[2°3] + [13)(2°)) = ~iT5
@ ob ooy TG, . L [1920)3)1g]
A 2,30) = g ((109)[2°) + [1°9)(2'8)) = T =



3-pt amplitudes

Modern methods require on-shell 3-pt input only

3te
1“72'/%\213"7
02 55) = T ((10g) 203 + 193] 2q)) = iz (L2 BILIe)
ALY 25,37) = =gy () [2°3] + 193)(2°)) = —iT5— s
0 ob a1, . L [1920)3)1g]
A 2,30) = g ((109)[2°) + [1°9)(2'8)) = T =

NB! Independent of ref. momentum ¢
p2 —m? = (3[]1|3] =0 = Jxz € C: [1|3] = —ma3|3)
BI1lg)

= T3 = m indep. Of q



BCFW calculation of A(1%,37,4™, Qb)

13] = 13] = [3] — =4]
[4) = |4) = [4) + 2[3)

Britto, Cachazo, Feng, Witten (2005)

BCFW shift: {

= ResA(l” 374%2") = A(1%, 3,—P°) A(P,,4%,2")

_ = s m2)[ 103 >(<1a3>[4ﬁ’0] _ [1@4]<3p0>)(<P 3>[ 4+ [P 4]<2b3>)
= ﬂ« 193)[2°4] + [1°4)(2"3))

(s13—m?)s34




n-pt amplitudes



3t % nt
19 b

m(192%)[ 3|H {Fjw P+ (8135 — }|n
(s13— m2)(8134 m?).. (513...(n—1) m2)<34)<45> (n—1n)
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BCFW recursion for A(1%,37,4%,... . n™, Qb)

Ci(3[112)3) ((13)[2°11+2(3) + (2°3)[1]1+2]3))
512(34) ... (n—1In) (3[1]1+2|n)

+7§ 3\]51753 k‘3>( 1 2b 3|751]53 k|3> <1a3>< 3>53...k)
iy 53k (s13..k—m?) ... (s13.. (n—1)" m?)(34) ... (k—1|k)(3[#, V5. k|k)
(3|75 kH;L 1?{17513 Vvt (8135 — m?)}|n]

Bl#1 B3, i+ 1) (k+1[E+2) .. (n— 1|n>



Four-quark amplitudes

Lazopoulos, AO, Shi (in progress)

3%k 447 iTaTe
g = TRt )+ R )

. S
la,l 12



Four-quark amplitudes with 1 gluon

Lazopoulos, AO, Shi (in progress)

2: ! ;4d _i{[1a5]<2b30)[4d5]+[1a5](2b4d>[305] N [195](203°)[495] + (1*3°)[2b5][495]
10 5+_ (s15 — m%)334 s12(845 — m%)

" (124)[2°5][3°5] + [1°5](2°3°) [495] + (123°)[2°5][475] + [125](2°4%)[3°5)]

512834

+512[5|1\4|5] (s15— ml)[5|3|4|5](1a

s12534(s15 — m?)(sa5 — m3)

2 5t B Z{ (1944)[2P5][3°5] + [125](2°4%)[3°5]  (123¢)[2°5][445] + [15](2°3%)[475]
%é Zd_ s12(s35 — m3) s12(s45 — m3)

[513[4[5]

s12(s35 — m2)(sa5 — m32)

4d>[2b36} + [1a4d}<2b3c> + <1a3c>[2b4d} 4 [1a3cK2b4d>)}

(<1a4d>[2b3C] 4 [1a4d]<2b3c> + <1a3c>[2b4d} 4 [1a30}<2b4d>)}

N
%]
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Four-quark amplitudes with plus-helicity gluons

5t ot Lazopoulos, AO, Shi (in progress)

. _ —img|an|n]
- 1 D, ((nfl\Pz,u—l [n)Sam + ("*HPA,,L\”]Ss.n—l)

[(34 (1| Py, |n][2n]

- [P s Paalrl 112+ 31) 1012+ (34) 1) 2]
s | 2SI Pl — s 19) 2013+ 10 25

n—1 n—1 i—1
+ (13) 85 s P |2 ([4n1 TT o+ ms Sl I s)}

i=5 i=5 j=5

n—6 i
+Z i *"nz[ﬂn AIZ ] . —
“— Dn-iD;_ i1 (S3m—ic1 (n—i=1|Py b7 "] + Sy n—i(n—i—1|Ps n_i_1|bn "))
[(54)(1\21" ilbR (2165 7]
(n—14| Py y—is1|br™ ’“]
_ (62| P3 i1 Py i |37
S =il Panisabh 1+ Sunisa =il Ponalbn™]

34) (1 n—i)[2[b; "
(el + )+ LRI

+(1+2)
n—1
Psi = psse...i, Sy = P§; —m3, Dy, = 12835 [ [ Ss.ii—113)
i=6
1
Pyi = pi(it1)..nas Sii=P;—m3, Dj, = H Sa,;(5—115)
i<k
n—2 k
lanl = 5] TT (o9, + Sai) o) = TT (Sus+pi-1Puo)lk]

i=5 i=l41
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Summary & outlook

v

v

v

v

SU(2) covariance < arbitrary spin projections
Elegant form for two-quark amplitudes with

» all gluons of same helicity (e.g. all plus)
» one gluon of different helicity (e.g. one minus)
AO (2018)
Preliminary results for four-quark amplitudes
Lazopoulos, AO, Shi (in progress)
Applicable to any massive particles with spin

STAY TUNED!



Thank you!



Backup slides



Solution to BCJ relations

Bern, Carrasco, Johansson (2008)

Johansson, AO (2015)
BCJ relations:

o .
ALZa,3.8) = Y A(l,§,3,g)H]:(‘1’—‘7’1|Z)2

- S . —m
O’ES(Ot)U_Iﬁ i=1 2,001 ey 2

Kleiss-Kuijf basis of (n — 2)! primitives {A(1,2,0)}
= BCJ basis of (n — 3)! primitives {A(1,2,3,0)}



Solution to BCJ relations for QCD

Johansson, AO (2015)

General BCJ relations:

|o| ,
_ _ Flq,0,1]2
A(L%%Qaﬁ) = Z A(l727qva)H(q—|)27

ceS(aws =1 Senees T
where « is purely gluonic
Melia basis of (n — 2)!/k! primitives
{A(1,2,0) | 0 € Dyck;,_; x {gluon insertions}, o }
= new BCJ basis of (n — 3)!(2k — 2)/k! primitives

{A(1,2,q,0) | {g,0} € Dyck;_, x {gluon insertions in o},_o }



Helicity basis
Arkani-Hamed, Huang, Huang (2017)

Take p* = (E, P cos psinf, Psin ¢ sin @, P cos )
p%) = A8 VE—P cos ¢ 5 —VE+Pe “Psm
= VE—Pe*sin g E+P cos g

o 5 a_ (-VE+Pe¥sing —/E- Pcos2
[P =Apé = 0
p E+Pcoss —VE—-Pe W’sm

1 _ _
) = 5 Tgars "y = (~1) sl

1
s = %(P, E cospsinf, Esin psinf, F cosf)



Comparison with earlier results
Older reference-momentum-dep. spinors:

1] — mlq| 1y — _ mlq)
—a=1 _<p | = (qp® —— a=1 _|p > = T b -
up = qpb ) = up (q) Up = <Pb q) = 1)p (q)
( 'l = = ]
2| — b 2\ b
_a=2 = —{’| _+ a=2 —|p") =-1Ip) +
Up = 2] — _mlg | = TUp (q) Up = 21 — mlqg] | = ~Up (Q)
[p - [qpb] ] -
Kleiss, Stirling (1986), Dittmaier (1998), Schwinn, Weinzierl (2005)

= Analytically retrieve older non-SU(2)-covariant formulae
Schwinn, Weinzierl (2007)

—i(2°3) i (3141 Ps..kl3)*

1 - 52\ _
AR ) = e 1) 2 .31 o)

k=4

o n DI 4TI (1. — 1)y ol
s Ok (8136 =m2) . (513...(n—1) —M?) (3B P x|k +1)

2 - 4+ + 3y i(1b3> S (3‘151]‘15...k‘3>2
AL AL 2 = T 1) ;ﬂ..,usm Pa..lB)
O PR m? (k| k+1) (3|3, Hy;kl-ﬂ{(sllimf - 7"'2)_1’“1 }513_,_‘,}|n]
B T g = m?) < (13 )~ ) Bl Byl
i(1°2") O (316 Hal3)? [ s3..4(32") i‘
m(34) ... (n—1|n) > 3.k (3B Pkl k) T (BI#s..x £112°)

A(12 37,44, 0t 2% =

k=4

Ao g MR G i {135 = m%)— ¥ prg. s i)
b O T ek —m?) (813...(n—1) =) 3]y B3 [k+1)
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