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Heavy-ion collision
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Heavy-ion collision
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Pb+Pb @ sqrt(s) = 2.76 ATeV

2010-11-08 11:29:52

Fill : 1482

Run : 137124

Event : 0x0000000042B1B693
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T he .$poce-£ime. Pic'l:u're :

b .46 .4
.9'»
T afP-g* = cond. uy

Transient matter
o lifetime

t ~10fm/c

~ 10723 seconds
e small size

r ~ 10fm

~ 10714 m

equilibrivm e rapid expansion

Multiplicity @ LHC
~ 15000
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Conservation laws
Conservation of energy and momentum:
0,T"" () =0

Conservation of charge:
0,N¥(x) =0

Local conservation of particle number and energy-momentum.

<= Hydrodynamics!

This can be generalized to multicomponent systems and systems with several

conserved charges:
o,N =0,

¢ = baryon number, strangeness, charge. . .
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Consider only baryon number conservation, : = B.
= 5 equations contain 14 unknowns!
= The system of equations does not close.

= Provide 9 additional equations or
Eliminate 9 unknowns.

So what are the components of T” and N#?

e N* and T"” can be decomposed with respect to arbitrary, normalized,
time-like 4-vector u*,
u,ut =1
e Define a projection operator

APY = gt —uru”, AFYu, =0,

which projects on the 3-space orthogonal to /.
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e Then

N = nu* + V¥

where

n = N*u, is (baryon) charge density in the frame where
u = (1,0), local rest frame, LRF
vt = AP N, is charge flow in LRF,

and

THY = eufu” — PA*Y + ¢*u” + ¢"ut + wh”

e = u,T""u, energy density in LRF
= —%AWTW isotropic pressure in LRF
g" = AT, zu” energy flow in LRF
THY = [%(AM@AVﬁ -+ AVBA'LLQ) — %AMVAQB]T@B

(trace-free) stress tensor in LRF

e The 14 unknowns in 5 equations:

=

T

S
H/_/

)

T
Ct W W W
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e So far u" is arbitrary. It attains a physical meaning by
relating it to V" or TH":

1. Eckart frame:

o
U

B /N,NV
u is 4-velocity of charge flow, " = 0.
The 14 unknowns are n, ¢, P, ¢g*, 7, ut.

2. Landau frame:
THu,,

us, TP T 1"
\/ By

u’ is 4-velocity of energy flow, ¢* = 0.
The 14 unknowns are n, ¢, P, v*, 7t ut.

7
uy,

e In general, the hydrodynamical equations are not closed
and cannot be solved uniquely.
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Ideal hydrodynamics

Suppose particles are in local thermodynamical equilibrium, i.e., single particle
phase space distribution function is given by:

e (5052 1]

where

T(x) and u(zx): local temperature and chemical potential
u(x)H: local 4-velocity of fluid flow.

Then kinetic theory definitions give

V@) = Da / X vt k) = (T, 1)

3k
/ K ik £, B)

= Tu + P(T, p)) v'v” — P(T, p) g*

T (z)
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where

n(T,pu) = Zqz/d3k fi(z, ) is local charge density,

e(T,pu) = Z/d?’k Ef;(x,F) is local energy density and
_ Ne -

P(T,pu) = Z/d k fz x, ) is local pressure.

Note! f(z, FE) is distribution in local rest frame: u* = (1,0).

— Local thermodynamical equilibrium implies there is no viscosity:

vh =gt =7 = 0.
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Ideal fluid approximation:

Nt = nut

™" = (e+ P)utu” — PgH*
e Local equilibrium = no viscosity: v* = g = 7#¥ = 0.

e Now N* and T"” contain 6 unknowns, ¢, P, n and u*,
but there are still only 5 equations!

e In thermodynamical equilibrium ¢, P and n are not independent!
They are specified by two variables, 7" and /.

e The equation of state (EoS), P(7, ;) eliminates one unknown!
e Any equation of state of the form
P = P(e,n)

closes the system of hydrodynamic equations and makes it uniquely
solvable (given initial conditions).
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Remark: P = P(e,n) is not a complete equation of state
in a thermodynamical sense.

A complete equation of state allows to compute all thermodynamic variables.
For example, s = s(e,n): ds =1/Tde — u/Tdn (1st law of thermod.)

1_@8‘ 14
T 0e™ T

P = P(e,n) does not work!

P=Ts+ un — ¢

op _, 0P
on'©

Oe In

However, P = P(T, 1) does work!

oP oP
n = —’T

dP = sdT +ndy = S:a—T““ N
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. Huovinen

Entropy in ideal fluid

IS conserved!
6’MS“ — ()

where S* = sut.

@ HISS-2018, Aug 21-24, 2018
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Equations of motion

Conservation laws lead to the equations of motion for relativistic fluid:

Dn = —nd,u”
De = —(e+ P)o,u”
(e + P)Du* = VHP,

where
D = "0, and V# = A*Y0,,.
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T he .$pace-{ime. Pic'lu're.:

T ayfP-g* = condt. t ‘_a

t‘:quulibﬂum

¢ 4
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Usefulness of hydro?

e Initial state:

e Equation of state:

e Transport coefficients:
e Freeze-out:

unknown
unknown
unknown
unknown

/

>

—> Predictive power?

— “Hydro doesn’t know where to start nor where to end” (M. Prakash)
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Usefulness of hydro?

e Initial state: unknown )

e Equation of sta:ce.: want to study , = Predictive power?
e Transport coefficients: want to study

e Freeze-out: unknown J

——> Need More Constraints!
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“Hydrodynamical method”

1. Use another model to fix unknowns (and add new assumptions. . . )

e initial: color glass condensate or pQCD+-saturation
e initial and/or final: hadronic cascade
e etc.

2. Use data to fix parameters:

Principle Example @ RHIC
dN dN
e use one set of data — and —(b)
dy pr dpr |, dy

€0.max = 29.6 GeV /fm’
e fix parameters to fit it = 70 = 0.6fm/c

Tt = 130 MeV

HBT, photons & dileptons,

e predict another set of data — . ..
elliptic flow. . .
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Equations of motion

Conservation laws lead to the equations of motion for relativistic fluid:

Dn = —nd,u”
De = —(e+ P)o,u”
(e + P)Du* = VHP,

where
D = "0, and V# = A*Y0,,.
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Bjorken hydrodynamics

= e At very large energies, v — oo and
I l “Landau thickness” — 0

e Lack of longitudinal scale
= scaling flow

pre-equilibrium

D N Z
-0 (©Dirk H. Rischke
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e Practical coordinates to describe scaling flow expansion are

T T

7, P 2

— Longitudinal proper time 7:

T=Vt?—22 & t=r71coshn

&z =T1sinhn
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e Scaling flow v = 2/t = fluid flow rapidity vy = 7:

1.1 1.1 t
y=—=In JrrU:—l +2/t

n —
2 1—-v 2 1-—2z/t

n

e Ignore transverse expansion:
Hydrodynamic equations turn out to be particularly simple:

Oe e+ P

— — — ]-
(‘97'77 T ()
oOP

- — 2
| = ©
on n

ol T T Q

e Eq. (2) =

— No force between fluid elements with different 7!
— P = P(7), no n-dependence!
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e Eq. (2) + thermodynamics:

oT
= S —

on

_ &
-5

0
+n—'u

0 on

T T T

If n=0, T =T(r) = T = const. on 7 = const. surface.

e In general T' and ¢ not constant on 7 = const. surface, but usually they
are assumed to be
= boost invariance: the system looks the same in all reference frames!

e Note that still 9 p
TRV L) £ M
on 707 877u
Vector and tensor quantities at finite n Lorentz boosted

from values at n =0

P. Huovinen @ HISS-2018, Aug 21-24, 2018 23/74



e Thermodynamics:

e Eq. (1):

(Eq. (3))

de = Tds+ pdn
e+ P = Ts+ un
Oe e—|—P_O
ot T
0s on S n
= T— — 4+ T — =20
ot M(?T T 'LLT
0s s
= —+—-—=0
(3’T+7'
= :3(7'):50E
-

=

st = const. = d.S/dn = const

independent of the equation of state!
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e Time evolution of baryon density:
Eq. (3) = n(7) = no—2 = dN/dn = const
’7-

also independent of the EoS.

e Time evolution of energy density and temperature depend on the EoS.

1

e Assume ideal gas equation of state, ° = ¢, € T4:

Oe 4de
4
= €(7) = €9 (?)3
1
= T(T):TQ(%)S

e Note: 7: initial time, thermalization time
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Application: Initial energy density estimate

1. “Bjorken estimate”

e At y=0, Epr=F
e Thus measuring
dET
y=0

gives total energy at y = 0.
e Estimate the initial volume:

V =AAz =7R*my An

e Thus
1 F 1 dET

TR219An B mR21y dy

€ —
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e Take R =6.3 fm and o =1 fm/c:

E

@ SPS: dd—T ~ 400 GeV — ¢~ 3.2 GeV/fm’
Y

dET 3

@ RHIC: ~ 620 GeV — ¢~ 5.0 GeV/fm

dy

e Note that in this approach

e(T) = EOE
-
No longitudinal work is done.
e Pressure does work during expansion, dF = — Pdt:
0 P
876_ = E_l;_ = d(er) = Pdr

Highly nontrivial

P. Huovinen @ HISS-2018, Aug 21-24, 2018 27/74



2. Entropy conservation

e Assume ideal gas of massless particles:

d.S dN
s = 4dn=—=4—
dy dy
4
s = —‘ZTB
T
3
€ = —‘ZT4
T

@ RHIC: dv ~ 1000
dy
g = 40 (2 flavours + gluons)
= ¢ ~ 6.0GeV/fm®
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Transverse expansion and flow

e Transverse expansion will set in latest at 7 = R/cs ~ 10 fm
e Lifetimes in one dimensional expansion ~ 30 fm
e One dimensional expansion an oversimplification

e 24+ 1D: longitudinal Bjorken, transverse expansion solved numerically
e 3+1D: expansion in all directions solved numerically
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Initial conditions

e Initial time from early thermalization argument (4finetuning. . . )
e Total entropy to fit the multiplicity

e Density distribution?

e Multiplicity is proportional to the number of participants

e Glauber model: number of participants/binary collisions

Npart(b) = /dajdy Ta(x+b/2,y)l...

where

> Po
TA(xay> — / de(ZC,y,Z) and ,O(LE,y, Z) — 1 n r—Ry
oo o—s

are nuclear thickness function and nuclear density distribution
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e “Differential Optical Glauber:”
Number of participants per unit area in transverse plane:

nwn(z,y;0) = Talx+0/2,y) - (1 - %TB(CB b2 y))B]

+ Tg(z —b/2,) - (1 _ %TA(:U b2, y))A]

Number of binary collisions per unit area

nBC(xa Y, b) — O-ppirA(aj + b/27 y)TB(x o b/Qa y)

e MC-Glauber:
— sample p(z,y, z) to get the positions of nucleons in 2 nuclei
— count # of nucleons closer than /o,,/7 in the collision
— this gives nywn and ngc
— repeat to get enough statistics
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When to end?

e Particles are observed, not fluid

e How and when to convert fluid to particles?

e i.e. how far is hydro valid?

t

dX

fo

P. Huovinen @ HISS-2018, Aug 21-24, 2018

e Kinetic equilibrium requires
scattering rate > expansion rate

e Scattering rate 7.! ~ on oc oT°

e Expansion rate 0 = 0, u"

e Fluid description breaks down when
i w2

— momentum distributions freeze-out

e 7.1 oc T — rapid transition to
free streaming

e Approximation: decoupling takes place

on constant temperature hypersurface
2o, at T =T,
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Hybrid models

e End hydro when rescatterings still frequent
e Convert fluid to particle ensembles
e Describe evolution of particles using hadronic transport

e Advantages:
— chemical evolution and dissipation described
— physical decoupling

e Disadvantages:
— all the unknowns of hadronic cascade. . .

— where and how to switch?

e Note: The switch from fluid to cascade is NOT freeze-out
= particlization

P. Huovinen @ HISS-2018, Aug 21-24, 2018 33/74



Cooper-Frye

e Number of particles emitted = Number of particles crossing >¢,

= N = d>, N¥
2o

e Frozen-out particles do not interact anymore: kinetic theory
d3
= Nt = /—p“f(fﬁ p-u)

d3
N :/ /dzﬂp’*fxpu)
Efo

e Invariant single inclusive momentum spectrum: (Cooper-Frye formula)

dN
E— = dX, p"f(x,p-u
dp o K ( )

Cooper and Frye, PRD 10, 186 (1974)
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Blast wave

(Siemens and Rasmussen, PRL 42, 880 (1979))

e Freeze-out surface a thin cylindrical shell radius r, thickness dr,
expansion velocity v,, decoupling time 7¢,, boost invariant

e Cooper-Frye for Boltzmannions

v 9 _ T (vr%pT)K (%Wr)
dyppoT T fo 740 T 1 T
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effect of temperature and flow velocity

. v, = 0.3 . T = 120MeV
101 ||||||||||||||||||I|III 1(21 |||||||||||||||||II|III
10” 10
— -2 —~ —3
5 10 5 10
GJ 10 L) 10
- 107" - 107"
s 107 s 107
2 10° = 10:3
;{ 10‘2 g 10”’
S 107 S 10
10 o 5 10 :
10_10 III|III||||||||||||\i’|| 10_10 III|III|III|III|III|III
00 05 1.0 15 20 25 3.0 00 05 10 15 20 25 3.0
p, (GeV) p, (GeV)

e The larger the temperature, the flatter the spectra
e The larger the velocity, the flatter the spectra = blueshift

e The heavier the particle, the more sensitive it is to flow (shape and slope)
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e Define speed of sound c;:

e large c, = “stiff EoS”
e small ¢, = “soft EoS”

e For baryon-free matter in rest frame

0 c?
H— H —_— - 35
(e + P)Dut = V*P = 5 Uy p 0,8

= The stiffer the EoS, the larger the acceleration
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Elliptic flow v

spatial anisotropy > final azimuthal momentum anisotropy

e Anisotropy in coordinate space + rescattering
= Anisotropy in momentum space

o, _ a0 4 9.,_ G0
87'%6 s 8338 (97'uy s 8y8
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Elliptic flow vs

e Fourier expansion of momentum distribution:

dN 1 4N
dy prdprd¢  2wdyprdpr

(1 T 201(y7pT) COSQb + QUQ(y,pT) COS 2¢ + ... )

v1: Directed flow: preferred direction v5: Elliptic flow: preferred plane

\ N/
\” IV

sensitive to speed of sound ¢ = dp/de and shear viscosity 7

/
/
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Measures of anisotropy

X [fm]

e Spatial eccentricity

=) [dudye (- a?)
TP a?)  Jdzdye (1 — 2?)

¢ Momentum anisotropy

(T7e —Tw) [ dzdyT* — T
6 p— p—
P (Twe 4+ Twy) — [dady T+ — TvY
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e Au+Au @ RHIC, b =6 fm:

e ¢, decreases during the evolution = elliptic flow is self-quenching

e Most of ¢, is built up early in the evolution

P. Huovinen @ HISS-2018, Aug 21-24, 2018
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€p VS. U9

e v5: not only collective but also thermal motion
e Au+Au @ RHIC, b =7 fm:

12 i ! ! ! ! l ! ! ! ! l ! ! ! ! l ! i 4.0 : I I I I | I I I | I I I I :
10 - o -
B i 358 - —— Thermal ]
8 — S t;ermal Ty, 30 B ¢ Therm.+dec. N
= S e therm.+dec. 7 v, - >m - ]
g\"\ 6 — — — T . RO [ __
N .- o8
: P . w n .
J "_ _]
4 - _r | <0 - 7
5> L i B 15 F —~
B I I I 1 1 O : | | | | | | | | | | | | | | | :
O | 1 1 1 | I I I | 1 1 1 1 | .
0 5 10 15 100 120 140 160
T—7, (fm/c) T, (MeV)

e NO clear correspondence
e especially if one includes resonance decays
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U9

e Elliptic flow v, a.k.a. pr-averaged vs:

(p2 —pi) - fdgb COS 2¢)d do

T2 +p2) dN/dy

o pr-differential v,

J d¢ cos Q(b)dyp:rdp:r dé

f ¢dy ppoT do

v2(pr) =

o If m1 > mo, va(my1) > va(mq), but va(pr, my) < va(pr, mo)!
e No contradiction, since

[ dpr vz (pﬂg,%

f PT 3, de

Vo =
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10| | | | E
¢ 1 STAR o+
< | — hydroEOS Q 7
)
Q\
>
5
0
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Why m; < my = vo(pr, mq) > vo(pr, mo)?

dﬁy
Simple source:  —; ) S

Each element has unit volume, decouples at the same time at the same
temperature. Flow velocity in plane is larger than out of plane, |v,| > |v,|.

Boltzmann distribution and Cooper-Frye formula:

I, (L2%P) — eT (e=m)], (Qur)

vler) = - (22222) - FOe—w)], (202

Cl — 6>‘ \ m2—|—p202
Cy + eV m+p2 0,

mass increases, numerator decreases and denominator increases
— v decreases
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Initial state fluctuates

temperature profiles in transverse plane

y [fm]

y [fm)]

0
x [fm]

(©Harri Niemi
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event-by-event

|I|r||1l|l]||

- Au+Au
B b: 6 fm

P R T NN N NN SN T ST T T [ S T

-15 .10 -5 O 5 10 15
Z (fm)

Miller et al., Ann.Rev.Nucl.Part.Sci. 57, 205 (2007)

e shape fluctuates event-by-event

e all coefficients v,, finite

dN _dN
— = —11 2Un, 2(0 — ¥,
W% = +§nj vp cos(2(¢ — Vy,))
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All the planes. . .

Voloshin et al. Phys. Lett. B 659, 537 (2008)

e Xrp: Reaction plane, spanned by beam and impact parameter
e X pp: Participant plane, maximises spatial anisotropy ¢,
e U, : Event plane, maximises anisotropy v,,
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From fluid to distribution

dN/d

€ny o, = Un, v,
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From fluid to distribution

AN /d¢
S O

45!
40!
0 1 2 3 4 5 6
@ n=1
dN dN
€n, ©,, = v, ¥, T 1+ 20, cos(n(¢— U,))
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From fluid to distribution

dN/d

dN  dN
dyde  dy

€ny o, — Un, v,

1+ ) 20, cos(n(¢p— U,))
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From fluid to distribution

dN/d

dN  dN
dyde  dy

€ny o, — Un, v,

1+ ) 20, cos(n(¢p— U,))
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From fluid to distribution

dN/d

dN  dN
dyde  dy

€ny o, — Un, v,

1+ ) 20, cos(n(¢p— U,))
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From fluid to distribution

dN/d

dN  dN
dyde  dy

€ny o, — Un, v,

1+ ) 20, cos(n(¢p— U,))
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From fluid to distribution

dN/d

dN  dN
dyde  dy

€ny o, — Un, v,

1+ ) 20, cos(n(¢p— U,))
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Success of ideal hydrodynamics

e pr-averaged vy of charged hadrons:

0.1

AN

>
0.08

C————
—

0.06

C———
" Y —

0.04

0.02

| LI | | LI | 11 | 11 | | LI | |
—@— 5
@~
L 4

[ —
III|III|III|III|III|I

2

0 | | | ] | | | ] | | | ] | | | ] | | |
0.2 0.4 0.6 0.8
/n

n

o
—

ch max

e works beautifully in central and semi-central collisions
e but why is v ;s > v2 1,40 IN Most central collisions?
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Success of ideal hydrodynamics

Kolb, Heinz, Huovinen et al ('01) minbias Au+Au at RHIC

107 b 1 STAR

p - $ 1 STAR
—— hydro EOS Q /

— hydro EOS H

v, (%)

0.75 1
p; (GeV)

not perfect agreement but plasma EoS favored
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Lattice EoS

e ideal hydro, Au+Au at /syy = 200 GeV
e chemical equilibrium

10 IIIIIIIIIIIIIIIIIIIIIIII||
TI.+

0—957% min. bias

1/2mdN/p.dp,dy
|—\
o
ol

10 &
10_2 — s95p 3 A 44 o STAR
_E S = e g = = +
. oS Q NG //;_i_._._. PHENIX
10 I I | I I | I I I I | | I I | | 1 1 1 1 O
0 1 Q 0.5 1.0 1.5
p, (GeV) p, (GeV)

e s95p: T,.. = 140 MeV
e EoS Q: first order phase transition at 7. = 170 MeV, 7,.. = 125 MeV
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Thermal models

- Hadronic phase: ideal gas of massive hadrons and resonances
- in chemical equilibrium

[ 1
g p/p AA Z/E Q/Q m/n KKK/ p/mw Kh o/h” A/h Z/hQ/n*10 © p/p K/IK'K/m p/nQ/h™50
1 == T g : S
\ % STAR il : H
B PHENIX : -
— O PHOBOS - == :
— A BRAHMS —%— ‘ : oK
B \[S =130 GeV % \[S;y=200 GeV
_2 Model re-fit with all data ﬂ%_ i| Model prediction for
107 = T=176 MeV, u, =41 MeV e 1| T=177MeV, p, =29 MeV
— — ;

e Particle ratios <— 7'~ 160-170 MeV temperature
e Evolution to 7'~ 100-140 MeV temperature

= In hydro particle ratios become wrong
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More realistic EoS

e ideal hydro, Au+Au at /syy = 200 GeV
I torn = 150 MeV

3

].O [ I+I I L I L L I L
B 2 : . R
=3 10" min. bias — 10
o} 1 F i
T 100 & i -
o, o E /5 {1
2 10 — ] 5 o

-1 E = >

2 10" E —EosQ ]
g 1072 = — s95p, 7,=0. /i %G STAR |
— — s95p, 7,=0.2 P ak PHENIX _

10_3 EI I N A R N B R o O e )

0 1 2 0.5 1.0 1.5
p, (GeV) p, (GeV)

e EoS Q: Tdec = 120 MEV, Sini X Nbfm TO = 0.2 fm/c
® 595[), TO = 0.8: Tdec = 120 MeV, Sini X Nbinv TO — 0.8 fm/c
® 595p, TO — 0.2: Tdec = 120 MeV, Sini X Nbin + Npartv TO — 0.2 fm/c
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Dissipative hydrodynamics

In general

N* = nut +*

" = eu'u” — (P +ID)A* + WHuY + WYut + 7h

In Landau frame,

and thus

Nt = nut +*

T = eulu” — (Poq + II)A*Y 4 7h?

P. Huovinen @ HISS-2018, Aug 21-24, 2018

57/74



Dissipative hydrodynamics

In Landau frame,

Nt = nut +*

T = eutu” — (Poq + I)AHY + 7H”
Need 9 additional equations to determine
H7 7-‘-“,/7 q'ua Peq

Equation of state
Peq — P(T7 ,LL)
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Matching conditions

ideal fluid <= exact local kinetic equilibrium
dissipation <= deviations from thermal distribution
Non-equilibrium thermodynamics?

e What are entropy and pressure?

e E0oS? Temperature?
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Matching conditions

ideal fluid <= exact local kinetic equilibrium
dissipation <= deviations from thermal distribution
Non-equilibrium thermodynamics?

e What are entropy and pressure?

e E0oS? Temperature?
Energy and particle number defined for arbitrary system:

e =u, T u, and n = Nty

apply equilibrium EoS:
s = so(€,n) and P = Py(e,n)

i.e. we match the system to an equilibrium system of the same ¢ and n
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relativistic Navier-Stokes

Entropy four-current:
SH — syt e ﬁﬂ
T h

where
€+ P

n

h

Require non-decrease of entropy:

Gy
0 < BuSH = ~TIV u, — g — pw% + 7,V )

where

1
Alwv) — %(AgAZJFAZAg) — A" Ay | A7
and
VH = AP,

P. Huovinen @ HISS-2018, Aug 21-24, 2018 60/74



relativistic Navier-Stokes

0 < 8,8" =TIX + g, X" 4 m,, X/

is always valid if we identify

IT x X, g" oc XH, T oc XHY

dissipative currents small corrections linear in gradients

II = —(¢(V'u,
T [
meooo— VH—
o /{e +p T
- an<uul/>

1, ¢ shear and bulk viscosities, x heat conductivity
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Navier-Stokes equations of motion

ITn_ W
Dn = —no,u” -0, (/@'WV“T>
De = —(e+ P—Cvo‘ua)ﬁuu”+2nv<o‘u5>V<au5>
(e + P—(V%uo)Du* = VH(P—(V%4,)—2A05(nViuP))

D = "0, and VH = AFYQ,
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Navier-Stokes equations of motion

T
Dn = —no,u” -0, ( hZV“'LL>
De = —(e—l—P—Cvo‘ua)ﬁuu”+2nv<o‘u5>V<au5>
(6 + P—(V%q)Dut = VH(P—(V%a)—2AR05(nV )

D = "0, and V#F = A*Y0,

but these are parabolic. . .
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Parabolic partial differential equations

PDE of the form

02 0> 0> 9, 9,
A—— B — D— E— F =
8w2u o (%Uc?yu U C@gﬂu U 8a:u U 8yu U 0

is parabolic if
B? — AC =0

Such equations provide infinite speed for signal propagation
Miiller ('76), Israel & Stewart ('79) ...

Solutions are unstable
Hiscock & Lindblom, PRD31, 725 (1985) ...
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Hyperbolic partial differential equations

PDE of the form

0? 0? 0? 0 )
AL+ B g+ DZu+ ELu+ F =
92 T 83:83/“ i C@gﬂu i e i 8yu i 0

is hyperbolic if
B? -~ AC >0

For example one-dimensional wave equation

Solutions stable and with finite propagation speed.
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Causal viscous hydro

To obtain causal equations we have to replace

II = —(VHu,

o DIL + 11 = — ¢V, + - - -

or something similar.
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Causal viscous hydro

Israel & Stewart:

Entropy four-flow including terms second order in dissipative fluxes:

M
St = sut + 74~ —(50H2 — B19v9” + 527T,\U7T/\V) 5T

aoqhll  ayq,mH
T T

= “Second order theory”

or, rather, Transient fluid dynamics
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Evolution equation for shear
Require non-decrease of entropy:
0 <9,5"=1IIX + q, X" + 7, XM

Identify 7+ = 29X #V):

137 (p, V) A v 1 v TWU)\
T = 2n |V —Bo{ur Ot >—§7r“ T Oy 20T

+2n {Ozlquw + a’lqqu(‘?Au’ﬂ

where

1
Al) = B (AFAY + AVAH) — §AWAM] A°T
and
AFY = g — uFu".
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Israel-Stewart evolution equations

1 1
DI = ——(II+¢V,ut)—-11 Vuu“+Dln@
T11 2 T
a ag
+—0,9" — —q¢"Du
Bo " Bo g
1 T?n 7
Dat = —— |g* V“(—)—“VD’/
! Tq[q +Kq5‘|‘p T] M
1

—§q“ <V>\u>‘ + Dln %) — w“’\q,\

_@VMH e %(@Aﬂ)‘“ + u“’ﬂ')"/(?)\uy) + @HD’LL“ — ﬂﬂ')\“DuA

b1 b1 b1 b1
1
Dnt’ = —— ( MY 277V<“u”>) — (7T>‘“u” + WAVUM)DU)\
Tr
1

—§7T'LW (V)\’LL)\ + Dln %) — 27T>\<“w’/>>‘

a1 a’y
_ A gy 4 W)
B B
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Israel-Stewart evolution. . .

bulk pressure II, shear stress 7" heat flow ¢" treated as independent
dynamical quantities that relax to their Navier-Stokes value on time scales

(e, n), T(e,n), T4(e,n)

Equations of motion 5 equations
evolution of bulk 1 equation

evolution of heat flow 3 equations
evolution of shear stress 5 equations

14 equations, 14 unknowns

These equations are causal and stable

But what are the parameters o, a1, 8o, b1, 527
Or how to obtain (, s, n?

— use kinetic theory

Or some other microscopic theory
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more terms. . .

e Kinetic theory derivation (see Denicol et al., PRD85, 114047 (2012)) or
gradient expansion (see Romatschke et al., JHEP 0804, 100 (2008)) lead
to even more terms (all possible in second order in products of gradients)

e Do not contribute to entropy, may affect the evolution

e What is usually solved is

4
hY 4+ 7o AgAngo‘ﬁ + gwwvaua — nV<“u”>
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Ideal:

c.f.
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(e + P)Dut = V*P

ma = F
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1/8

Ideal:
(e + P)Dut = V*P
Viscous:
(e + P)Dut = VHP—AF, 05"
Dyt = Eipvﬂp_ Ei”PAuaaB{vmum + } 4.

u=0=Ts=c+P:

1 V“P—zﬂAﬂaaﬁ[v<auﬁ>+”'} 4.

Dut =
¢ e+ P T s
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Shear viscosity

¥ dimension

boundary plate (2D) A _
Newton: (moving) velocity, u
[ .—_ S
a shear stress, T
T Ua «—>
Y |
Fluid gradient, Oy
acts to reduce velocity gradients YA/
boundary plate (2D)
(stationary)

in closed system: energy conserved

kinetic energy gets converted to internal energy
= dissipation
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Shear in 1D-bjorken

Navier-Stokes stress

. 2n 2n  4n
e — opv B! =  diag(0. =L 22
T A lag( 37’ 37’ 37)
U . L TL
T+ = d1ag(e,P—7,P 7,P—|—7TL)
4
where =m0 = 0
3T

Effective longitudinal pressure P + 7, < P
Effective transverse pressure P — 7wy, /2 > P

Shear slows down longitudinal expansion and accelerates transverse expansion
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Effect on temperature

Au+Au, b=0 fm, SM-EOSQ

20 . 20
- free hadrons —— ideal hydro -
T —— . —— viscous hydro |
I =130 |
15 =15
[ I e Edges expand
o : further and stay
E10f 10
= 7L | hotter
- [ ] e At first core
. 1 cools slower,
Sl iR later faster
OO 1(9

(©Huichao Song
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