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Multiplet of ∆-isobar

m∆ = 1210± 2MeV .

JP =
3

2

+

τ∆ = (5.63± 0.14) · 10−24s

Let ∆k1k2k3 (x) be the multiplet of all isospin states of the
∆-isobar. The spinor is

• symmetric with respect to permutation of k1, k2, k3

• satisfied the Rarita-Schwinger equation: ∆µγ
µ = 0

∆111 = ∆++, ∆211 =
1
√

3
∆+, ∆122 =

1
√

3
∆0, ∆222 = ∆−.



Table: ∆ DECAY MODES

Mode Fraction(Γi/Γ)
Γ1 Nπ 99.4%
Γ2 Nγ 0.55− 0.65%
Γ3 pe+e− (4.2± 0.7) · 10−5



Effective Lagrangian

L∆(x) = ig∆∆̄k1k2k3
µ (x) (Jµ)k1k2k3 (x) + h.c.

where

(Jµ)k1k2k3 (x) =

∫∫∫
dx1dx2dx3 δ

(
x −

3∑
i=1

wixi

)

×Φ∆

∑
i<j

(xi − xj )
2

 (Jµ3q)k1k2k3 (x1, x2, x3),

(Jµ3q)k1k2k3 (x1, x2, x3) = εa1a2a3 Γ1qk1
a1

(x1)
[
qk2

a2
(x2)CΓ2qk3

a3
(x3)

]
where a1, a2, a3 = 1, 2, 3 are the color indices; C = γ0γ2 is the
charge conjugation matrix; k1, k2, k3 = 1, 2; and the Lorenz index
”µ”, corresponding to spin 1,and be either in the matrix Γ1 or in
the matrix Γ2.



The three-quark current

Let us first consider the index permutation in the diquark

εa1a2a3 Γ1qk1
a1

(x1)
[
(qk2

a2α2
)(CΓ2)α2α3q

k3
a3

]
= εa1a2a3 Γ1qk1

a1
(x1)

[
(qk3

a2α2
)(CΓ2)α2α3q

k2
a3α3

]
= εa1a2a3 Γ1qk1

a1
(x1)

[
−qk2

a3α3
(CΓ2)α2α3q

k3
a2α2

]
= εa1a2a3 Γ1qk1

a1
(x1)

[
qk2

a2α3
(CΓ2)T

α3α2
qk3

a3α2

]
CΓ2 = (CΓ2)T = −ΓT

2 C = −CCΓT
2 C−1.

We use the following properties:

CΓTC−1 =

{
Γ, for Γ = S,P,A
−Γ, for Γ = V ,T .

where S → I , P → γ5, V → γµ,A→ γµγ5, T → σµν .



The Fiertz identity

4(Γ1)αα1 (Γ2)β2α3 =
∑
D

(Γ1ΓD)αα3 (Γ1ΓD)β2α1 ,

where ΓD = {I , γµ, σµν(µ < ν), γ5, iγµγ5} is the complete set of
basic Dirac matrices. Γ1 × Γ2 = I × γµ, Γ1 × Γ2 = γν × σµν{

(O1)αα1 (O2)α2α3 ≡ (Õ1)⊗ (Õ2)

(O1)αα3 (O2)α2α1 ≡ (O1)⊗ (O2)



The three-quark current

Let’s use k1 ↔ k3, the Fiertz identity and Rarita-Schwinger
equation. Finally one obtains

Γ1 ⊗ Γ2 = I ⊗ γµ −
i
2
γν ⊗ σµν

The three quark current is rewritten as

(Jµ)k1k2k3 = εa1a2a3

[
qk1

a1

[
qk2

a2
Cγµqk3

a3

]
−

i
2
γνqk1

a1

[
qk2

a2
Cσµνqk3

a3

]]



Mass operator

S2(x − y) = i
∫∫

dxdy ∆̄++
µα(x) Σµν(x − y) ∆++

νβ (y),

where, without losing generality, we consider the case of the
∆++-isobar with the quantum content qk1 = qk2 = qk3 = u

Σµν(x − y) = 36ig2
∆

∫
dxdy

∫
dx1...dx3δ

(
x −

3∑
i=1

wixi

)

×Φ∆

∑
i<j

(xi − xj )
2)

 ∫ dy1...dy3δ

(
y −

3∑
i=1

wiyi

)
Φ∆

∑
i<j

(yi − yj )
2)


×

2∑
m,n=1

cmnΓmS(x1 − y1)Γntr
[
Γ̃nS(y2 − x2)Γ̃mS(x3 − y3)

]



After using Jacoby coordinates and Fourier transform of the mass
operator one obtains

Σ̃(p, p′) = δ(4)(p − p′) Σ̃µν(p)

Σ̃µν(p) = 36g2
∆

∫ d 4k1

(2π)4i

∫ d 4k2

(2π)4i
Φ̃2

∆

[
−ω2

] 2∑
m,n=1

cmnΓmS(k1+w1p)Γn

×tr
[
Γ̃nS(k2 − w2p)Γ̃mS(k2 − k1 + w3p)

]
,

where ω2 = 1/2(k1 − k2)2 + 1/6(k1 + k2)2.



Compositeness condition

The compositeness condition means that the renormalization
constant of the baryon field Z∆, which appeared as a result of
interaction with its constituents, should be equated to zero,
Z∆ = 0. In the case of the delta isobar, this condition is written as

Z∆ = 1−
d
dp̂

Σ0(p̂) = 0,

where Σ0(p̂) appears when Σµν is expanded in the form gµνΣ0(p̂).
For determining strong coupling constant we use identity

d
dpα

Σµν = gµν
d

dpα
Σ0



Decay ∆++ → pπ+

Δ

π

M(∆++ → pπ) = (2π)4i δ(p − p′ − q)T (∆++ → pπ),

T (∆++ → pπ) = G∆pπp′µūp(p′, λ′)uµ∆(p, λ),



Matrix element
• the transition for a spin of 1/2 is∑

λ

u(p, λ)ū(p, λ) = p̂ + m.

• the transition for a spin of 3/2 is∑
λ

u(p, λ)ū(p, λ) = (p̂ + m)

×
[
− gµν +

pµpν
m2

+
1

3

(
gµα −

pµpα
m2

)(
gνβ −

pνpβ
m2

)
γαγβ

]
• Let us square the matrix element, sum over polarizations and

multiply by 1/4

Finally one can get

1

4

∑
λλ′

|M|2 =
1

4
G 2

∆pπp
′

µp
′

ν

∑
λλ′

[ūp(p′, λ′)uµ∆(p, λ)]
[
ūν∆(p, λ)up(p′, λ′)

]



∆-isobar decay width

Γ(∆++ → pπ+) =
G 2

∆pπ

24π
|~q| 3

[(
1 +

mN

m∆

)2

−
m2
π

m2
∆

]
EXP OUR [1] [2] [3] [4]

G∆pπ 15.4 ± 2.9 15.2 ± 1.5 17.0 11.14 14.98 14.85
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Strong form factor
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Figure: Strong form factor of the isobar obtained in different theoretical
approaches: (1) this study, (2) QCM model [1],(3) RCQM model [2], and (4)
[3]; points 5 and 6 are lattice calculations [5] for mπ = 297 MeV and mπ = 330
MeV, respectively.



Strong form factor

G(Q2) =
1

(1 + Q2/Λ2
D)2

, G(q2) =
1

(1 + ~q 2/λ2
1 + ~q 4/λ4

2)
,

where 0 ≤ Q2 = −q2 ≤ 2.5GeV 2. We use the relation

~q 2 = q2
0 + Q2. We choose parameter ΛD = 0.96 GeV.

In [2] parameters λ1 = 0.594 GeV, λ2 = 0.998 GeV.



Conslusion

• We construct three-quark current of ∆-isobar based on
quantum numbers and the Fierz identity

• The matrix element and width of strong decay were
calculated.

• The dependence of G(Q2) was constructed in the Euclidean
region of the squared transferred pion momentum Q2 = −q2.


