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Motivation

Effective action

oo

7 1 —d/9— 3
T[] = ilogdetF = 5/ ) d/2 /2 1/ddx\/§trK(T|x,:c).
0

It follows that, for example, for d = 4 the divergent part of the effective action
is expressed in terms of the heat kernel coefficients ag, a; and as.

v

Key result (DeWitt)
For the minimal 2nd order operator

A~

F(V)=-10+P+LR  (O=¢"V.V)
lao) =1,  [@]=-P,
[a2] = 135 (RapeaR™™ — Ry R™® + OR) 1 + 1 P? + LR,R —
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Motivation II

Theories with higher derivatives or non-minimal operator

o R2-gravity
e Horava—Lifshitz type models
i 7 ) 5 7
B, (V) = _%@A?’ - —A2v V! - = VIAVIY, Y
é % . 2\ 7ivT . /\E 2
_Sviav,a+2a ViV, + S ViIARY;.
20 o )
Universal functional traces
E(V)=10M + P(V),

TrinF' = M Trln 10 + Trl (i —V>> : [val Va5 §(z,z")
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Two approaches in heat kernel studies

“Mathematicians”

Names: Hadamard — Minakshisundaram — Seeley — Gilkey — ...
Problems: Proof of general theorems. Connection with the theory of
pseudodifferential operators, spectral geometry, index theorems, etc.
Feature: Only compact manifolds are considered.

“Physics”

Names: Fock — Schwinger — DeWitt — ...

Barvinsky—Vilkovisky (1985), Gusynin, Avramidi, Vassilevich, ...

Problems: Gradient expansion in effective field theory. An efficient algorithm
for calculating the heat kernel coefficients is important.

Feature: Mainly interesting is the case of asymptotically flat space.

W. Wachowski Heat kernel October 10, 2022 5 /32



Heat kernel definition

Let a d-dimensional Riemannian manifold with metric g4 is given (Euclidean
case, T%,. = 0). Some bundle is given over it, which sections are the collection
of fields ¢ = ¢ (we will omit indices in the bundle, and label matrix-valued
quantities with caps). Then the Riemann tensor and the curvature in the
bundle are defined in the usual way:

[Va, Vv = Rgapv?, [Va, Vilp = Rapp.

Let, further, F(V) is a strictly positive (pseudo-)differential operator acting

on . Then the operator e~ satisfies the operator equation

(87 + F) e TF = .

We define the heat kernel of the operator F(V) as the kernel of the operator
e—TF
K(r|z,2') = eiTFid(x x)
) \/§ ) )
N\ . 1
8T+F>K7'x,x' =0, K|z, 2") = —6(x,2").
(0 + £) K(rlo,2) Olz,2") = —Z=d(z,2)
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Resolvents and complex powers
1

FEéF(maxl) = 7 ( ,)

Resolvents

1 T : A r .
= [are N, Gps) = [dre Kirle, o).

Complex powers

) . &9
75— 1 7TF A / g—il 2 ,
, GFs(LE,III):—/dTT K(r|z,z),
T'(s) 0/ I'(s) )
w100 _SF 1 w4100
/ K(T|x,a:') = / 7T (s) O (z,2")ds.
w—100 w—100
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Why do we need heat kernels?

(-functional regularization

We need to know how to regularize expressions like G(x,z). Let us define

éF(S7.’,L') = ﬁ /dTTS_1K(7|x,$).
0

It is known that K (7|x,z) ~ 7=%N. Therefore, this integral converges on the
UV limit for Res > d/N, and we continue analytically to the region where it
diverges. Then we can propose the following regularization rule:

A~

Gps (m,m) = EF(Svm)‘
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Compact manifolds

Let the manifold be compact. Then there is an orthonormal basis of
eigenfunctions

Functions of the operator

F =" Xaln)(nl, e =% e n)(n,
1 [n){(n| A _
-— = F~° = ALS .
5T, A

Heat trace and the operator (-function

Tre_Tp _ Ze—T)\n — /ddx\/g tI‘IA((T|$7x)7
n

Cr(s)=TrF—* = Z)\;s = /ddx\/ﬁtrfp(s,x).
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DeWitt’s method

Laplace type operator

F(V) = iD + p(x)? 0= _gabvavlw

DeWitt’s ansatz

- AV2(z, ") o(z,z')\ —
K / = K _ ) m ~ F !/
(7|2, z") —(47r7')d/2 exp ( g ) mz_:oT am, (Flz, '),

Oa = VQO', Jaaa = 20; A(.’L’7 ,’L’I) = M
g(x) g(z')

[K(7)] = (4n7)~%2 Z 7" )

Recurrence relations

(m + Vo) am = ATV2E(V)AY 20,1, 0%Vadg = 0.
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Inapplicability of the semiclassical approximation

WKB ansatz

1 9%2S5(7|z,v)
\/det[ ﬂaxa—ayb exp [-S(7]z,y)],

where the action S(7|x,y) is the solution of the Hamilton-Jacobi equation
0S 0S
2 4F(-2Z2) =0
or - ( 8:1:)

A power of Laplacian F(p) = (—p?)”

strie) ~ (S22) "

4p27L/v

1/2 a4
det M / N T_d/Zu M 2201
ozxe 8yb 47-1/u )
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Where do &, ,(2) come from?

A power of Laplacian (—0)"” in flat space

(0- + (-0)") Ky a(rl®) =0, K, a(0lz) = (=),

1 x?
v=1 = Kl,d(T|w) = W exp —E o

What happens when v # 17

Acting by analogy

dik oy .
K, 4(t|x) = W exp (—k T+ zkm) ,

depends on x only as || = Va2, K, (c*7|cx) = c K, 4(T|z),

T—d/2v $2
K, (1)) = W&/,dﬂ <_47_1/y> :

v
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Taylor expansion of &, ,(2)

d/2+m

e=0  (4m)¥/2  T(d/2) & d/Q( )
_d/2em T (d/2:—m>

ddk 2m 2v _ T
- / 2md" exp (—K77) = (4m)a2 uT(d/2)

(—D)mK,,,d(T, w)

Comparing the right and left sides, we get

&2 atm) . m
ES(0) = ?((—Jrn)l) Evalz) = % > —I?(Ey jm))m»

W. Wachowski Heat kernel October 10, 2022 13 /32



Plots of &, ,(—2) and K, 4(7|x)
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Fox—Wright WU-functions and Fox H-functions
W-functions

© [T2_,T(a; + Ajk) 2

&R, 2
p\IIq[(a, A), (b7 B)v Z] - Z ;1=1 F(bi T sz) kY

pFyla; b; 2] = p¥y[(a, 1); (b, 1); 2]T(b) /T (a),

H-functions

H?;l F(b1 =+ Bis) Hn F(l — aj — A]’S)

hvts] = =1
P.q 3:m+1 ['(1—0b; — B;s) H?:n—kl I'(aj + Ajs)
i (aa)] 1 , _
Hpd" {z (b,B)] =55 / 18]z~ %ds,
c
(a,A) _ 71, (1—a,A)
r¥q { (b,B) z] - Hp,§+1 [—z (0,1),(1—1),13)} 0
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Mellin—Barnes integral representation

@ « a+rv Tk

L
</

Mellin transform

_T(*)r(s)

Evals) = vl(a—s)
1 oo
Eval—2) = 9 /ayya(s)z_sds, /zs_lé’y,a(—z)dz =¢e,.a($)-
C 0
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Asymptotics
non-integer v

a+m m

a+m m‘

1 — a (=)™ T(a+ mv)
;Z: - Z m!  T'(—mv)

For v > 1/2 the first series converges, the second is asymptotic, and for
v < 1/2 the opposite is true. For v = 1/2 we have

—mv

4oT 3 I (4
&1 a(z):ﬂ(l_élz)_a_%v Ky d(Taw): (dfl ) d 1
- VT - T2 (124 x2)

Positive integer v = N

,_.

__a N-1 N—
N N1z %2N-1
£ al~) = K

=0

<.
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Other properties of &, ,(z)

Differentiation

dP

ﬁ&,,a(z) = 5y7a+5(z).

Connection with Bessel functions

)= Y e () = (2) a2 a),

= (a+1+m)m!’
2 o0
Ky q(m,x) = i / kK exp(—k*7)Ca_y (—K?2?/4) dk,

0
17 L }
Evalz) = ;/duu“/” Le™# Cori(2u'),
0

1

goo,a(z) = Ca(Z), Koo,d(T) IB) = WJd/Q(IE)

v

) il =
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Powers of a Laplace type operator

Direct /inverse Mellin transform trick

) AV2(g o o(@,2)\ =, .
Re(rloo') = S o (<222 3 o ali (o),

m=0
1 o0
A s—1
o = —— K
Gps(z,2") () /dTT r(7|z,2")
0
AV2(z,2)) 1 & d o\mts—s P
4m)@2 T(s) DI <§ e S) (‘) (@, @),
m=0
1 w—+t00
IA(FV(T|x,m)—% T °T(s) Gpvs(x,x') ds
w—100
A1/2 (z,2') o
_ m/v  ~F /
47T7-1/U d/2 Z S —-m ( 27_1/,,) T Ay (IE,.’L’ )
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Powers of a Laplace type operator 11

Fegan—Gilkey formula (“functorial” property)

Re(r)l =2 3" o BB, [Rpn(r)] = 9 3 g B
m=0 m=0

Eﬂ:%Eﬁ.

Absence of log 7-terms

KF(T|x,x’) M, G’Fs(m,m’) e G’Fus(x,m’)

la—)O

F—F"

KF(T|x,x) M (:‘F(s,:l:) — épu (s,2) _ AT Kpv (7|2, z)

-1 ~
M Kpo (7|2, 2)

la‘—m
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o-tensors and parallel transport tensor

The definition of ¢%(z, 2') and Z(x,2’) (on a manifold with V,,)

b

oo’ =o", [0%] =0, Vi, Vo, 0% =0%,..p,,,
0"Vo,I =0, 1=1, Vo, Vo, L =1Ly, .1,
v
Properties
aablmbnabl Loth=0, n>2, o™ ...U“’“falmak = 0.

On a Riemannian manifold with metric g,; we have o,0% = 20.

Coincidence limits

[0%] = dy, [0%c] = 0, [Z.] =0,
[0%cd] = 2R (caybs [Zap] = 2R,
[0 bede] = %V(CRade)bv [A ] = %v(a,ﬁ'b)c
e ————



“Generalized Fourier transform” method

The problem under consideration

Substitution of integrals

d
16(z,2') = / % exp (ikazaa ) I(x, ),

A d / A
K(r|z,z") :/%e){p(ika/aa ) K (7, k|z,2'),
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Equation for “Fourier image”

The solution via “elongated derivatives”

exp ( - ikb/O'b/)F(va) exp (ikblabl) = F(Va T ikb/JZ/),
K(7,k|z,2') = exp (—TF(VG + ikb/aZ,)) I(z,z).

Cauchy problem for the image

(6T + B(Va+ ikbfag,)) K(r,k|z,2') =0, K(0,k|z,2') = Z(z,2').

Definition of [F],, operators

E (Va +’ikb/02,) = ﬁ:(ik)m 5 [Elm,

m=0
- Amb) .. b faq...a I b’ q 2
[Fly =[Fly N = Fpt*0oa} ... 04%, dim [F], = N — m.
e =
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The operator T'(V, 7, k|z, 2')
Our ansatz

K(1,k) = exp ( — 7(ik)N [[F]]N) (V)%

Rearrange operators and exponents once again

N—m

Vo= Vo= 160"+ (ValFln ), [FIn(D) = Y (rGB)Y)" * Elmn:

n=0

Equation for the operator T(V, T, k|z,2')

(8 +F) TV, 7,k) =0, T(V,0,k) =

N—-1N—-m

F(V,r k)= Y k)™ [Flapn.

m=0 n=0
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Recurrence procedure

n -

Recurrence relations for Tnyl(V)

T(V,7,k) Z 3 k) x Taa(V), Ln(N):(N—%)n,
n=0 0<I<L,
N—-1N-p
(n+ 1)1, n+1l— ZZ[[F]]Z),q n—gq,l—-p—Ng>
p=0 ¢=0

Too=1, Tou=0, 1>0; dimT,;(V)=Nn—1.

™ = =
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Integration over momenta

(t]z,2") 227' ZSZ )f(xx)

S i(rle ) = | (%)duml exp (~r(i) [Pl + ik

= (det 61‘}) 6;1,1 . 6?} / 2n) (zpal) . (ipq,) exp (—TFN(x,p) + ipaaa> .

Here we have made the substitution k. — p, = 03' ky in order to explicitly
extract the operator symbol

En(z,p) = F& " (2) X (ipa,) - - - X (iDay)-
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Minimal operators

F(V)=1(-O™ + P(V),  Fy(a,p) = 1p*™,

t . () .
] SLCEP
/ (2m)d exp ( TP™T 4+ 1pao ) (47r71/M)d/2 M,d/2 o 1/M
l b l S
b, 0 a’oy \ _ p.La}af __o
(TL7% ) s (s ) = 32 i Svgen (7))
J=1 p>4

—c —d
Ya'ty = 0419cdOy»

Si1 =0, S1,2 = Ya'v, Sa0 = 040,
S2.3 = 3V Ty, S2.4 = 3V Verdr)
S33 = 040y0c, S3.4 = 6Y(a'prOcOary,
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Our main results

Double functional series

5 A~ o
K(Tlfl?’x/) (47T7-1/M d/2 Z TM Z gM,2+Mn - (—W> bmm(;z:’x’),

m=—o00 n>Np,
o 1 [ L] o
bm,n(x,x’):( — Z Satn—ma(x, ') * T ) (V) L(z, ),
l=Mn—m
m
Ny (M) = J\g;ﬂ m>0,’ Lmyn:ZMn—max{Qm,E}.
sp—1» M <0, 2

Three step algorithm:

@ Compute operators [EF], .,
@ Recurrently find 7}, ;(V) up to the required order

© Convolve obtained operators with .S, ;
v
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Laplace type operator — spurious coefficients

©®©® 006 506 oo e
@0 0000e e o e
@0 000066 6o e
" ® ® © /0 ® ® ®
® ® ®/0)

2 @ ® 0
® &/

Examples of coefficients:

~ 1 ’ ’ ~
_ ay a5 by b c c c _
b—1,3 = ——o0"10c"200 Z(Ua'l b1 0 al,chs + Oaiby Oalcby + Oa/ by Uaébgc)I =0,

12
I ]. / A 1 ’ ’
b2 = 501: 0 (Obrac + Obrea) Lo + 5 (a“ (40an? + 0 (200 0yed + Tarcorad)
+20b(0a/bcc + Ualccb)) +40%G .y (ab’ac + ob,ca)) 7.

™ = = >
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Coefficients for 4th order operator

® @ @

® ®
® © © & @ & &
® ®© ® ® ® ©

@

® © 0 6 6 © 6 ©
© 0 0 6 @ 6 ® O

® ® & © ® ¥ W
®@ ©@ ©@ © © ©® © ©
®

@

m

An example of a non-trivial coefficient

F(V) = 0% + 2%V, V V. + DV, V, + H'V, + P,

~ 1 oA N
boii(z,2') = = (400,00 + Q%6 ,040.) Lz, 2').

= 4 = e
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Coefficients Fy and E; without (Qabe

Balw) = — L (5) (d— )( R R2 Lpey L R2+ADR>
(4m)4/2 41 (4) R U R AT

1. 1. 2 PP
— D" Rap+ 2 DR+ —— (5 Dan D" + 1 D* —
g G PEH g (G P

2 .
g(d +1)V,V, D

%(d + 4)DD) 2P+ vaﬁa}.
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Our results:

e For differential operators of general form, using the “generalized Fourier
transform”, a recurrence procedure for finding the expansion of the heat
kernel in powers of the background dimension is developed.

@ When applied to higher-order minimal operators, it leads to a double
GEF function series. The coefficients of the series are efficiently calculated
using a three-step algorithm (even outside the coincidence limit).

o A feature of this expansion is the presence of nontrivial coeflicients at
negative powers of 7. This is the reason why DeWitt’s method cannot be
directly applied to higher order operators.

@ A program has been written in Wolfram Mathematica that allows to
calculate coefficients.

e Expansions for powers of operators are obtained. In particular, it gives a
new proof of the Fegan—Gilkey formula.
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