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Theory of regularization

2) Theory of generalized functions

3) Quantum field theory: Feynman diagrams and perturbative expansions

We need to deform G → GΛ near x ∼ y

Sokhotski–Plemelj theorem 

(Sokhotski formula)

1) Integral calculus ∫
1

0

ds
s

→ ∫
1

ϵ

ds
s

= − ln ϵ or ∫
1

0

ds
s1−ϵ

=
1
ϵ

       type                                              deform

dimensional                              dimension parameter 

cutoff                                        gauge invariance

high covariant derivative          operator of second order



The main properties

𝔍Λ(x, y) = ∫ℝ+

dμ(λ) ϕλ(x)ρ(λ /Λ)ϕ*λ (y);

1) Spectral representation: let Aφλ = λ2φλ and AG = 1, then GΛ = 𝔍ΛG, where

2) Explicit cutoff in coordinate representation near x ∼ y :

|x − y |Λ = { |x − y | , |x − y | > 1/Λ;
1/Λ, |x − y | ⩽ 1/Λ,

and GΛ(x, y) =
1

4π |x − y |2
Λ

(1 + o(1)) in ℝ4;

3) Homogenization:
1

4π |x |2
Λ

=
1
S3 ∫𝕊3

dσ̃(y)
ω(y)

4π |y/Λ + x |n ,
1
S3 ∫𝕊3

dσ̃(y)ω(y) = 1;

4) Covariance: Does 𝔍Λ inherit physical symmetries of A?

..



The simplest example
Let d ∈ ℕ, x ∈ ℝd, A(x) = − ∂xμ

∂xμ, and

G( |x | ) =
− |x | /2, d = 1;

−ln( |x | )/2π, d = 2;
|x |2−d /(d − 2)Sd−1, d ⩾ 3,

then we have

G( |x |Λ ) =
1

(2π)d ∫ℝd

ddy eixμyμ
Ĝ( |y | )ρ( |y | /Λ) =

1
Sd−1 ∫𝕊d−1

dσ(y) G( |x − y/Λ | ),

where

ρ( | t | /Λ) = Γ(d /2)( | t |
2Λ )

1−d/2

Jd/2−1( | t | /Λ) .



Yang—Mills theory
Yang and Mills (1954)


Trautman (1979)

Babelon and Viallet (1981)
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Then, ta denote the corresponding generators, which satisfy [ta, tb] = f abctc, tr(tatb) = − 2δab .

Yang-Mills connection components: Bμ(x) = Ba
μ(x)ta .

Components of the field strength: Fμν(x) = Fa
μν(x)ta, Fa

μν = ∂μBa
ν − ∂νBa

μ + f abcBb
μBc

ν .

Let G be a compact semisimple Lie group, and 𝔤 is its Lie algebra.

Covariant Laplace operator is M ab
μν (x; α) = − Dac

σ (x)Dcb
σ (x)δμν − 2αf acbFc

μν(x) .

Gμν(x, y) = R0(x − y)a0μν(x, y) + R1(x − y)a1μν(x, y) + R2(x − y)a2μν(x, y) + PS(x, y),

R0(x) =
1

4π2 |x |2 , R1(x) = −
ln( |x |2 μ2)

16π2
, R2(x) =

|x |2 (ln( |x |2 μ2) − 1)
64π2

.

DeWitt(1965)

Seeley(1967)


Luscher(1982)



Gμν(x, y) = R0(z)δμν + 2αsξμνR1(z) −
α2s2δμνξσβξσβ

2
R2(z) −

s2δμνξσβξσβ |z |2 (1 − 2α2)
29π2

+ o(s2) .

Problem statement
Additional restrictions:

Ba
μ(x) =

s
2

xνξa
νμ, where (ξa)μν

=
1

8 dim 𝔤

0 1 0 1
−1 0 1 0
0 −1 0 1

−1 0 −1 0

for all a ∈ {1,…, dim 𝔤},

then, with z = x − y, we have

We need to calculate ρ( M̂(x, y) /Λ)G(x, y), where ρ(r) =
2J1(r)

r
.



Results
R̃0(z)δμν + 2αsξμν(R̄0(z) + R̃1(z))

+s2δμνξσβξσβ( 3 |z |2 Λ2 − 2α2

243Λ2
R̄0(z) +

1 − α2

25Λ2
R̂0(z) − α2R̄1(z)

α2

2
R̃2(z) − ( |z |2 + Λ−2)(1 − 2α2)

29π2 ) + 𝒪(s3) .

R̃0(x) =
1

4π2 { |x |−2 , |x | > 1/Λ;
Λ2, |x | ⩽ 1/Λ,

R̃1(x) =
1

4π2

− 1
4 ln( |x |2 μ2) − 1

8 |x |−2 Λ−2, |x | > 1/Λ;
1
2 L − 1

8 |x |2 Λ2, |x | ⩽ 1/Λ,

R̃2(x) =
1

4π2

1
16 |x |2 (ln( |x |2 μ2) − 1) + 1

16 Λ−2 ln( |x |2 μ2) + 1
96 |x |−2 Λ−4 + 1

32 Λ−2, |x | > 1/Λ;

− 1
8 Λ−2L − 1

8 |x |2 L + 1
96 |x |4 Λ2 + 1

32 |x |2 − 1
16 Λ−2, |x | ⩽ 1/Λ .



Result for 2-D Sigma-model
Operator is Mab(x) = − Dab

xμ
∂xμ . Then, after some transformations and simplifications we get

G(x − y) = R0(x − y) + s2mR1(x − y) + o(s2)

with R0(x) = −
1

4π
ln( |x |2 μ2), R1(x) =

|x |2 (ln( |x |2 μ2) − 2)
16π

.

R̃0(x) =
1

4π {−ln( |x |2 μ2), |x | > 1/Λ;
2L, |x | ⩽ 1/Λ,

R̃1(x) =
1

4π

1
4 |x |2 (ln( |x |2 μ2) − 2) + 1

4 Λ−2 ln( |x |2 μ2), |x | > 1/Λ;

− 1
2 (L + 1)Λ−2 − 1

2 L |x |2 , |x | ⩽ 1/Λ,



Many thanks!


