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Motivation
Relativistic symmetry associates elementary particles in D-dimensional

space-time with unitary irreps of the Poincaré group I1ISO(1,D—1).

[Paa Pb] =0 ’ [Pa, MbC] =i (Ucapb - Ubapc) )
[Mab, Mcd] =i (nachd - 77bcMad + Mod Mac — Tad Mbc) .

Irreps are defined as eigenvectors of Casimir operators.

Second order Casimir operators of iso(1,D—1) is
C, :=P?%P,.

In the case of physically interesting unitary irreducible representations, this
Casimir operator takes the values

P3P, > m?,

where m is mass of corresponding states.



D-dimensional Poincare irreps are induced from irreps of stability subgroup.

P2 = m? Stability subgroup

Massive irreps. | m? # 0 compact group SO(D — 1)

Massless irreps. | m? =0 | non-compact group ISO(D — 2)

Since stability subgroup is compact in massive case, irreducible
representations (corresponding fields) are finite-component in this case.

In the massless case, stability subgroup is non-compact.
o Massless finite spin (helicity) representations.
In this case the Euclidean (D — 2)-translations are realized trivially.
Irreps are described by usual finite-component fields.
@ Massless infinite (continuous) spin representations.
In this case the Euclidean (D — 2)-translations are realized non-trivially.
Such irreps describe a tower of infinite number of massless states.



In this talk we will consider massless infinite (continuous) spin representations.

First more detail studies of infinite spin representations were carried out only
in the 1970s in [J.Yngvason, 1970; G.Iverson, G.Mack, 1971].

Next stage of research on these representations began in fact in the 2000s and
was initiated by [L.Brink, at.al., 2002; J.Mund, at.al., 2004] and [X.Bekaert,
J.Mourad, 2006; X.Bekaert, N.Boulanger, 2006].

Although physical status of unitary infinite (continuous) spin representations
of the Poincaré group is still not very clear, interest in them is caused

@ by an identical spectrum of states of infinite spin theory and higher-spin
theory [M.Vasiliev, 1989,... and other|, which led to the formation of a
certain research branch mainly in the context of the theory of higher spin
fields;

@ by its potential relation to string theory (with infinite number of physical
states) as candidates for Quantum Gravity Theory.

These properties of continuous spin particles are very attractive.
Lately a lot of research has been carried out on continuous spin particles |[.....].



In this talk, I present our study of irreducible massless representations of the
6D Poincaré group focusing on the infinite spin representations.

In particular, in this talk there will be presented twistorial formulation of

D = 6 continuous spin representations. As follows from basic hypotheses of
twistor approach, this formulation is an alternative (or additional) to
space-time formulation, which is used in most researches. The obtained twistor
formulation of 6D infinite spin representations is a certain generalization of
the twistor formulation of such representations in 4D case, which we found
earlier [I.Buchbinder, SF, A.Isaev, A.Rusnak, 2018-2019].

Besides, in this talk there will be presented light-front description of 6D
infinite spin fields. A pleasant bonus in constructing such a formulation was
the appearance of harmonics in the theory obtained.

We begin with definition of the infinite (continuous) spin representations in
6D Minkowski space.



Casimir operators and 6D irreducible massless representations

Pa, Wabe = €abedeg pdmes ) Ta= €abedeg pPPMmedMme9
commute with P5. Then, the operators
a 1 abc 1 a
C,=P Pa, C4:ﬁw Wabc, C6:6_4TTa

are the second, fourth and sixth order Casimir operators of iso(1,5).

C, = P?P,,
a 1 ab
C4 = rlrla_ EM MabCZa
b ca 1 ab
Co = —MPMp,McM +§(M Mab—8)C4

1
+3 [MCde (MabMab - 8) + 2MabecM°dea} C,,

where
Ma = P° Mpa , [Ma, Mp] = —i Mg Cy.



Eigenvalues of the Casimir operators in massless case:

o Finite spin (helicity) representations.
C,=C4=0Cs=0.
o Infinite (continuous) spin representations.
Cs = —p, p#0.
Co = —p?s(s+1),

where s is fixed (half-)integer number

The field description of D = 6 infinite spin representations with additional
vector variables was considered in [X.Bekaert, J.Mourad, 2006; X.Bekaert,
N.Boulanger, 2006].

Here we propose different field descriptions of such representations.



Twistorial formulation of infinite spin particle

i) Twistor consists of two commuting Lorentz spinors.
ii) Twistors are the phase space coordinates.

iii) In twistors, momentum operators are expressed as a bilinear combinations
of twistors.

iv) In twistor space, conformal symmetry is realized by linear
transformations.



6D twistors

The D=(1+5) twistor (A=1,...,8,1=1,2 a=1,23,4)

(me)' = euBa’ry, (W) =epw™(B7)p*

[T(L ,wﬂ =i6P4).
The operators w/* can be realized by differential operators

0

(e _i _
=
ony,

W =

The quantities X4p :=Z4Z3ey form the so(2,6) ~ so*(8) algebra.



Basic properties of the twistor formulation:

)wﬁ

Pa = 7, (Ga)* g

is light-like P,P2 = 0 automatically due to (53)*°(5,)7° = 22679,

The generators Mgy of the Lorentz algebra so(1,5)

0

Mab = _Iﬂ—:l(&ab)aﬁa? 0
B

But, in this one-twistor case C4 = Cg = 0.
Thus, the one-twistor model describes only massless finite spin representations.

For description of massless infinite spin irreps it is necessary to use two or
more twistors.



We introduce the second twistor

A
V= A .
A

Xoo o (M) =esBa’AG ™, (M) = e (BT
In these expressions, A = 1,2 — SU(2) index.

[Xe 0| = iat8.
o« . 0
Na = —I % 5
Physical states are described by the 6D two-twistor field
V= W(rh, \D),

which is a function of upper halves of both twistors.



Twistorial infinite spin fields

Bitwistor representation of 6D Poincare algebra

Pa = Wl}(&a)aﬁﬂ—ﬁ| 5

0

BoNA -
NS

Map = —inh (5an)®s —iNA(Gap)®

[
omg
Fourth-order Casimir operator

fa —a a
. c 13 _AB
Cs=N2M, =2 (e ] %WﬂKMAﬁC)G € (7” 8/\A) (m 3/\3) '

Twistor equations

5 0 i
a) (Eaﬂ’mﬂ'gﬂ'ﬁK/\S/\gc — /1,2)‘41:0, b) <7Ta|% — §6|A>W—O.



Six-order Casimir operator

where

The twistor field W(m, ) must obey the following condition:
JJV = s(s+1)Vv.

So the quantum number S of infinite spin irreps coincides with the spin of the
diagonal SU(2) automorphism subgroup.

Twistor field with quantum number S can be described by means of the
completely symmetric 2s rank spin-tensor field (l; are SU(2)-indices)
w|1<~|25(7‘—7 /\) = W('l---'ZS)(W'/ /\)

and is represented by an infinite series in the spinors 7!, and \4.



Field twistor transform and space-time infinite spin fields

Field twistor transform links twistor field formulation with space-time one.

For it, we construct the fields
ool W|l |25(7T.,/\),

o1 0425

which are SU(2) scalars.

Then, performing the following integral transform
va
d)al---OZZS (X7 )\) = /,LL(T() eIX pa ﬂ-gl : Zzs \Ull los (ﬂ' >\) ’

where pu(7) is the integration measure in the "m-space” and pa = 7, (6a)*’7s1,
we obtain a completely symmetric space-time field ®q, . q, (X, ), which
depends on the space-time coordinates X2 and additional spinor variables \! .



The field ®q, . .a, (X, A) automatically satisfies

0

i 0 o 0
oxa

sa\fa _ s _
(Ua) 1¢011~~~OQS =0 ’ %axa ap...Qp5 — 0.

and

.0 .
<|% )\g (Ua)ﬁv)‘WK + 2/1’2) Pay..ap =0,

9 9, ., 0
— —(0o — =2 q)a apg — Y-
(I 5Xa 9)\2 ( )ﬁ'}’ 9)\7K > 1-..Q2s O

In addition, the space-time field ®,,. 4, (X, A) obeys

0

| _
/\B (a-i)lK @ ¢0‘1~~~0‘25 =0.

Thus, we derive space-time formulation (with additional spinor variables \!)
of the 6D infinite spin fields which is a generalization of our formulation of the
4D infinite spin fields.



Light-front description of 6D infinite spin fields

Another space-time formulation of infinite spin representations, more
appropriate for light-front field description.

Operator conditions in space-time formulation

We consider the representations in the space of states |W) . The basic

operators
a | al

X pa; a P
x)'=x*, (pa) =pa, ()T =euBa’¢G,  (p™) =enp?(B)s",

[x®, pp] = i , [L,pﬂ =i684';.



In this representation

C4 = —ﬁﬁ/

1 i1 saya
= 2 pla(paaa)ozﬁpﬁl ) = Efly(pao'a) BéB' :
Ce = —u?3Ji,

i
= Efly(a'i)l‘]pflx-

Infinite spin states are defined by the constraints
W) = plw),  IW) = ulv),

JJi V) = s(s+1)|v).

We describe the infinite spin vectors |W) in terms of appropriate fields.



Infinite spin fields in the light-cone frame

Light-cone frame: p® =p° =k, p®=0, 4a=1,2,3,4.

Represent SU*(4) spinors &, p¥ as:

& =(&,4), o= (o, })
wherei =1,2 andi =1,2.

In the light-cone frame

5 i i
0 = keéey £i'£f , f = keiJ;eIJ P03
are written in the form
euui'uJ-J = €, €|_]Vi_IVJ-:] = Ei—i"
i
ul == +/2k/pu g Vil o= \/2k/up{, pi[:eiie”pj.

(Uil)* = —€|‘]6ijuj‘] 9 (Vl_l)a< = —€|‘]6U—VJ-J o



As a result, in light-cone frame uj and v/ are elements of the SU(2) groups
and parameterize compact space. Analogously to [GIKOS, 1984], we will use
the notation:

We consider differential realization for last spinor operators:

=i — iAo, =i iy

I L J

8& 8Ui 8p|- 8V]
In such a representation
1
Jp =DIT +DFE,  Js fE(DO—i—D), where
0 0 0
it . E 0._ -
DT i=ugw Dumuigm —Wgs

are harmonic derivatives [GIKOS, 1984].



As a solution to JiJi ¥V = s(s + 1) ¥V we take the highest weight vector W(2s),
W@ =0, (J3-s)u® =0.
This field also obeys the conditions
[w(zs) = u \U(ZS) , Z\U(ZS) _ M\U(ZS) .

It is natural to present the solution by using d-functions:
W (uF vE) = 56— p)s(l — p) O (uF,vE),
where the field ®(%)(u*, v+) satisfies the conditions
a) (Dff+Dy ) o™ (uE,vE)=0, b) (D?+D-2s) o) (uE vE)=0.

Equation b) means the U(1) covariance of the field ®®8)(u*, v+):
qD(ZS)(eiigoui7 eiimvi) _ eZSioqu(ZS)(ui7 Vi) )

The field ®($)(u*,v*) is in a one-to-one correspondence with the function on
the coset space [SU(2) ® SU(2)]/U(1).

Note that different type (SUL(2)/UL(1) ® SU(2)r/Ur(1)) of the
bi-harmonic space was used in [Ivanov, Sutulin, 1994].



General solution

o@)(ut vE) = ZCDL((Z(f;l_(r)(u*,v*)yk(’”(r), where
r=0
(2s) = i(p)i(
2s + vty — ay + |+
AU V) = Y SeninYile)Vila)
p,q=0,
p+9=2s

These expressions use the following concise notation for the monomials:

uby=ufout, v =viooyt, YO0 oyl gl

yI]_ o ui+vj_f _ Ui7V]—+

Thus the field ®%)(u®,v*) is a linear combination with the constant

coefficients qzﬁ:(((pr))Jl((?; of an infinite number of basis states uf(rp)vf(rq)yk(r) i(r) and

defines the irreducible infinite spin iso(1,5) representation in the light-cone
frame.



Light-front field theory

The light-front [Dirac, 1949] is defined as surface x+ = (x° +x%)/v/2 in 6D
Minkowski space R%®. Coordinate x* is interpreted as a "time" evolution
parameter.

The role of the Hamiltonian is played by

H=P".

Infinite spin fields in the light-front coordinates have the light-cone frame form,

where the coefficients qS:((g))i'l(?r)) are functions of x* = (x° £ x%)/v/2 and x&:

2s
¢(25)(Xi7xéaui7vi) _ Z Z@L(Fr))"fﬂ))(xi-,xé)u* v yk(r)lf(r)l
p,q=0, r=0
p-+q=2s

Equation of motion is the Schrodinger-type equation



Equation of motion has equivalent form

g 0 0 0
OXT X~ OxBOxE’
This equation is the equation of motion corresponding to the action

D) (x* x3 ut,vF) =0, where O := 2

S = /d6x dudv (=250 p>s)

d 8x = dx*dx~d*x and dudv is bi-harmonic space measure [GIKOS, 1984].
®(=2%) — complex conjugation of ®(2%): &(=25) = (4@s))*

Derived harmonic light-front approach opens a possibility to construct an
interacting theory for 6D infinite spin fields. Hamiltonian should go to

H — H+Hn.

To preserve zero harmonic charge of the action, Hjy should have zero
harmonic charge as well. For example, self-interaction of charged fields o(2s),
S # 0 can only be of an even order, such as ~ ®(=25)p(=25)p(2s)p(2s),

For fields with different charges there is an additional choices similarly as

~ 53(1_25) (q)(zo) + (5(20)) dJ(lzs) or ~ (¢(1Q1)¢(ZQZ)¢gQ3) + C.C.) at

01 +02 + 03 = 0.



Conclusion

In this talk, new results in the description of 6D massless infinite spin
representations were presented.

o Explicit expressions are found for the Casimir operators of the algebra
is0(1,5). It is proved that the infinite spin representation is described by
one real parameter p and one integer or half-integer number s.

o It is shown that the massless infinite spin representation is realized on the
two-twistor fields. We present a full set of equations of motion for
two-twistor fields.

o A field twistor transform is constructed and infinite spin fields are found
in the space-time formulation with an additional spinor coordinate.

@ We present a new 6D infinite spin field theory in the light-front
formulation. For it, we obtain infinite-spin fields in the light-cone frame
which depend on two sets of the SU(2)-harmonic variables.



Thank you very much for your attention !



