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Aims of this research

Investigation of the modified geodesic deviation equation in the Kerr metric;
Obtaining the dependence of tidal accelerations on distance in the Kerr
metric for the modified deviation equation;
Analysis of the nature of tidal acceleration for two particles falling radially.
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Deviation of geodetic lines

Fig.1: The deviation of curve Γ(ν) from curve Γ(ν + dν)
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Deviation of geodetic lines1

1 Γ(ν) и Γ(ν + dν): Dui
1

dτ1
= 0, Dui

2
dτ2

= 0

where ui is the tangent vector to the geodesic, τ1,τ2 are affine parameters.
2 ηi – infinitesimal vector deviation.

If dτ1 is an infinitesimal arc on geodesic 1 and dτ2 the arc on geodesic 2
corresponding to the connecting vectors ηi (τ) и ηi (τ + dτ), we have:
dτ2
dτ1

= 1 + λ, where dλ
dτ1

= 0

3 The geodesics are infinitesimally close in a neighborhood U, where the
relative change in the curvature is small

4 The difference between the tangent vectors to the two geodesics is
infinitesimally small in the neighborhood U:

dui

ui
<< 1 (1)

where dui = ui
2(τ2)− ui

1(τ1).
5 When deriving the geodesic deviation equation, only first-order terms are

taken into account.

1Synge J.L.,1934, 1960
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Geodesic deviation equation

D2ηα

dτ2
= Rα

βµνuβηµuν (2)

where Rα
βµν = gαρRρβµν is the Riemann curvature tensor, uν is 4-velocity vectors.

Let uα
1 , uα

2 is not an infinitesimal quantity 2:

D2ηα

ds2
= Rα

βµνuβ
1 η

µuν
1 − Γαµν,ρη

ρ∆uµ∆uν−

2Γαµν,ρη
ρuµ

1 ∆uν − Γαµν∆uµ∆uν (3)

where Γαµν is Christoffel symbols, ∆uα ≡ uα
2 − uα

1 .

2Ciufolini I., 1986; Hodgkinson D.E., 1987
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Kerr metric

ds2 =

(
1 −

2Mr
ρ2

)
dt2 +

ρ2

∆
dr2 − ρ2dθ2

−
(

r2 + a2 +
2Mr2a2sin2θ

ρ2

)
sin2θ +

2Mr2a
ρ2

sin2θdtdϕ (4)

where M is mass black hole, a is angular momentum, ρ2 = r2 + a2cos2θ,
∆ = r2 − 2Mr + a2, r± = M ±

√
M2 − a2.
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Christoffel symbols

Γ0
01 =

M(r2 + a2)(r2 − a2cos2θ)

∆ρ2
, Γ0

02 = −
Mra2sin2θ

ρ2
,

Γ0
13 =

am
((

a4 − aar2) cos2θ − a2r2 − 3r4) sin2θ

∆ρ2
, Γ0

23 = Γ0
32 =

Mra3sin2θsin2θ

ρ2
,

Γ1
00 =

∆M
(
r2 − a2cos2θ

)
ρ3

, Γ1
03 = −

∆Masin2θ
(
r2 − a2cos2θ

)
ρ3

,

Γ1
11 =

a2 (m − r) cos2θ + ra2 − mr2

∆ρ2
, Γ1

12 = Γ1
30 = −

a2sin2θ
2ρ

, Γ1
21 = −

∆r
ρ

, (5)

Γ1
33 = −

a4 (m − r) cos4θ − a2 (mρ+ 2r3cos2θ + a2mr2 − r5) sin2θ∆

ρ3
,

Γ2
00 = −

Mra2sin2θ
ρ3

, Γ2
03 =

Mrasin2θ
(
r2 + a2)

ρ3
, Γ2

11 =
a2sin2θ

2∆ρ
, Γ2

12 = Γ2
21 =

r
ρ
,

Γ2
22 = −

a2sin2θ
2ρ

, Γ2
30 =

Mrasin2θ
ρ3

,

Γ2
33 = −

a4∆cos4θ + 2a2r2∆cos2θ + 2a4Mr +
(
4Mr3 + r4) a2 + r6

2ρ3
sin2θ...
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The nonzero components of the curvature tensor in the Kerr metric

R1023 = −
1
ρ6

(
aMcosθ

(
3r2 − a2cos2θ

))
,

R1230 = −
aMcosθ

ρ6

(
3r2 − a2cos2

)
Σ−2

[
(r2 + a2)2 + 2a2∆sin2θ

]
,

R0
1302 =

aMcosθ
ρ6

(
3r2 − a2cos2

)
Σ−2

[
2(r2 + a2)2 + a2∆sin2θ

]
,

−R3002 = R1213 = −
aMcosθ

ρ6

(
3r2 − a2cos2

)(3a∆0.5

Σ2

)(
r2 + a2

)
sinθ,

−R1220 = R1330 = −
rM
ρ6

(
3r2 − a2cos2

)(3a∆0.5

Σ2

)(
r2 + a2

)
sinθ,

−R1010 = R2323 = −
rM
ρ6

(
3r2 − a2cos2

)
= R0202 + R0303

−R1220 = R1330 = −
rM
ρ6

(
3r2 − a2cos2

)
Σ−2

[
(r2 + a2)2 + 2a2∆sin2θ

]
−R1212 = R0303 = −

rM
ρ6

(
3r2 − a2cos2

)
Σ−2

[
(r2 + a2)2 + 2a2∆sin2θ

]
where Σ2 = (r2 + a2)2 − a2∆
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Geodesic motion in Kerr spacetime

ui
1 = (u0

1 , u
1
1 , 0, 0), ui

2 = (u0
2 , u

1
2 , 0, 0) (6)

The normalization condition:

gik ui
1uk

1 = 1, gik ui
2uk

2 = 1, (7)

The geodesic equation for Kerr spacetime θ = π
2 :

dt
ds

=
1
∆

[(
r2 + a2 −

2a2M
r

)
E +

2aML
r

]
,

r2
(

dr
ds

)2
= −∆+ r2E2 +

2M
r

(L − aE)2 −
(

L2 − a2E2
)

(8)

dϕ
ds

=
1
∆

[(
1 −

2M
r

)
L +

2aME
r

]
,
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Generalized geodesic deviation equation

D2η1

ds2
= R1

001u0
1η

0u0
1 + R1

010u0
1η

1u0
1 − Γ1

00

(
∆u0

)2
− 2Γ1

11

(
∆u1

)2
−

2
(
Γ1

00,iη
i
)[(

∆u0
)2

− 2u0
1∆u0

]
− 2

(
Γ1

11,iη
i
)[(

∆u1
)2

− 2u1
1∆u1

]

D2η2

ds2
= R2

001u0
1η

0u0
1 + R2

010u0
1η

1u0
1 − 2Γ2

00

(
∆u0

)2
− 2Γ2

11

(
∆u1

)2
−

2
(
Γ2

00,iη
i
)[(

∆u0
)2

+ 2u0
1∆u1

]
− 2

(
Γ2

11,iη
i
)[(

∆u1
)2

+ 2u1
1∆u1

]
(9)

D2η3

ds2
= R3

101u1
1η

0u1
1 + R3

110u1
1η

1u0
1 − 4Γ3

01∆u0∆u1−

2
(
Γ3

01,iη
i
) [

2∆u0∆u1 + u0
1∆u1 + u1

1∆u0
]
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Tidal acceleration
(

D2ηr

ds2

)

a) b)

Fig.2(a,b): The dependence of the components of the tidal acceleration vector on
the distance. The mass of the black hole is M = 1, the minimum distance to the

horizon is 10−4rh, the angular momentum of a radially incident particle is
L1 = L2 = 0.3, , the energy of the particles is E1 = 1, E2 = 2

√
2

3 .

A.M. Rasulova IL RAS Modified geodesic deviation equation MQFT-2022 10-14 Oct 11 / 16



Tidal acceleration
(

D2ηθ

ds2

)

a) b)

Fig.3 (a,b): The dependence of the components of the tidal acceleration vector on
the distance. The mass of the black hole is M = 1, the minimum distance to the

horizon is 10−4rh, the angular momentum of a radially incident particle is
L1 = L2 = 0.3, , the energy of the particles is E1 = 1, E2 = 2

√
2

3 .
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Tidal acceleration
(

D2ηϕ

ds2

)

c) d)

Fig.3 (c,d): The dependence of the components of the tidal acceleration vector on
the distance. The mass of the black hole is M = 1, the minimum distance to the

horizon is 10−4rh, the angular momentum of a radially incident particle is
L1 = L2 = 0.3, , the energy of the particles is E1 = 1, E2 = 2

√
2

3 .
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Conclusion

The paper presents an analytical form of the modified geodesic deviation
equation for two test particles falling radially in the equatorial plane.
We have shown that for reverse orbits, there is a change in the sign of the
tidal acceleration components.
An increase in the energy and angular momentum of the particles does not
significantly affect the nature of the change in the components of tidal
acceleration.
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Thank you for your attention!
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