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It is known that, similarly to the space-time of Minkowski, the space-time
of constant non-zero curvature has the maximum symmetry.

Such spaces are the de Sitter and Anti-de Sitter spaces, respectively. For an
Anti-de Sitter (but not de Sitter) metric in Beltrami coordinates, there is a
limit ¢ — oo leading to an R-space metric.
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Possible Kinematics
H.Bacry, J.-M.Lévy-Leblon, J.Math.Phys., 9, 1605 (1968)

[Ji, Jj] = €iju;
[Ji, Kil = eixKi:  [Ji, Pl = eiwPr; i, Hl = 0;
[Pi, Kj] = pdijH;
[H, Pi] = aKj; [H, Ki] = AP;;
[Pi, Pi] = BeijkIk, [Ki, Ki] = peijkk.
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[4i, 4] = €ijcd;
[Jis Ki] = eiwKi;  [Jis Pl = eiPii [is HI = 0;
[Pi, Kj] = péijH;
[H, Pi] = aK;; [H, Ki] = AP;;
[Pi, Pjl = Beiwti,  [Kis Kjl = peijdi

p#0; a = pp; A= —pp;
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['DivKJ'] :5UH;

de Sitter

1 1

[H, Pi] =+ Kii [H, Ki] = 5 Pii
1
[Pi, Pj] = R2€”ka’ [Ki, K] = _§5ijk-/k'
Anti—de Sitter

1 1

[H, Pi] = — 53 Kii [H, Kil = 5 Pii

1 1
[Pi, Pj] = _ﬁEUka; [Ki, K] = _§5Uka-
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The linear element of the metric AdS is induced on the surface of the

hyperboloid
231 —|—z§ — 7?2 = R?
in the ambient five-dimensional space with a metric
ds? = dz2, + dzZ — d7*.
Let us set zg = c7 and write the metric as

2 o2
42 = Pdr? — dz? 4 (7T~ 292)

R2 4 c272 — 72
In the limit c7 > R, we get

1
ds® = ——(R*dr* + (Zd7 — 7dZ)?)
T

The transition to Beltrami coordinates {t, r}

does not commute with the limit c7 > R.
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The linear element of the AdSB metric is:

C nudxtdx? (nuyxtdx”)?

2
ds [ R2pA

= g dxdx",

The linear element of the AdSB metric is: where
N = diag{+1,—1,—1, —1}, indices y, v take the values 0,1,2,3, the
summation is carried out over repeated indices, and the metric tensor

1 nuﬁxﬁnmxo‘ 5 Ny Xt x”
g"”:lﬁ(nw_W’ e Mt T

Inverse tensor:

y L xBxY

Determinant of the metric tensor g = —h~10.
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Let us write an expression for the linear element of the metric AdSB in the
domain ct > R. To do this, we represent the time and space components
in an explicit form:

ds? — R2 c?dt? — dr? _R2 (c?tdt — rdr)?
R2 + 22 — 72 (RZ + 212 — 2)2

and expand in a series in the small parameter R?/(ct)?
»_ R* [R? 2 102 2 2
ds? = ——{ —dt* — (dr— fdt) — r°dQ° + O(R/(ct)?)

Consider this expression in a small neighborhood of some time
t=T+7, 7< T and introduce the notation R/ T = ¢:

2 2
ds® — % {ngt2 - <dr - écodt) — PdO? + 0(Z/c?) + O(T/T)}
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. 1
Laplace—Beltrami operator (0 = \/té?u(,/—gg“”&,) NpeacTaBaseTcs B
—8

N XH XY L xPxY 2
o (1257 (5o ).

Klein—Fock equation for a scalar function ¢ :

Ny Xt x” L, xHxY 2 m2c2 B
1

In the equation (1), we single out terms with certain powers of c:

Buae

2.2

c’t?  R?—r? 1, xHx¥ 2 m“c
<R2 + - ) <C2(‘3t - A+ R 0u0y + sz“f)u) O+ ——— 2 ¢ =0.
(2)
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We will consider the equation (2) in some neighborhood of the point

t = T, such that ¢cT >> R. Multiply this equation by R?/c? and get:

xHxv 2 m?R?
< A+ Rz Gﬂay-l-RQX“@M) d + 72 —d + O(R2/(CT) ) =

t2 r2 2rt 2r
2 2 2 _
t (—A+R28t+R28,+R26t8,+ 6t+R28>¢_
2R2
= 72 — b+ O(R2/(CT) ).

The equation (3) can be considered as the “non-relativistic” limit of the

(3)

equation (2), discarding O(R?/(cT)?), since formally (3) is obtained from

(2) when ¢ — oo.
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The equation (3) allows variable separation. Indeed, setting

o(t,r) = F(r/t)f(t), we get

t2 t2 m?R?
r/t t 1)(t0)f(t)+ —— = 0.
The solution to this equation can be represented as a superposition of

“plane” waves:
i S
expq —(a+ Rr
p{th( + 7}

with the condition a® — K2R? = m?R*.
For fields localized in space-time interval r < R, [t — T| < T, it is
possible to reduce the expression (3) to the form

<A _ 1233> o MDBy O(r/R)+ O(|t — T|/T) + O(c¢/c?),
20

h2

coinciding with the Klein—Fock equation in the Minkowski space up to
small order O(cZ/c?), O(r/R), O(|t — T|/T).
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The Dirac equation in the Anti-de Sitter space in Beltrami coordinates can
be represented as:

1
[i’yaeﬁ <8 — /fw baab) n;;c} V=0,

where
I
ab = 572, 0], {(Yar¥6} = 2026, Navelel =gu,  eleh =63,
1
Waby = 2 M(’Ycab Yabc — 7bca)a 7§b = (egeg - egeay)al/eﬁ‘ (4)

Tetrads e} and their inverses €5 for the metric (7) are easy to calculate
1 5EXB77;AVXV n b(SbXVX“
a_ —[g2_ b — h(§” 1ab v 7 X
“Th ( " Reh(ht1) ) < CR T 1)> ()
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Substituting expressions (5) into formulas (4), we obtain

ab |

 x¥(8268 - 620E)
i T TRR(I+ h)

and the Dirac equation takes the form
ﬁpuX”Xaaa i Xy(dgé/lj - 5;‘155) mc
Obd

{/hfw 0 + ~ 2 h}w:o. (6)

R2(h+1) 4 R2h(h+1)
Obviously, the equation (6) in the domain r < R coincides with the Dirac
equation in the Minkowski space. In this regard, the equation (6) is used to
approximate corrections of the order of O(r?/R?) to solutions of the
ordinary Dirac equation.
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We consider this equation in the vicinity of the auxiliary moment of time
t = T, such that ¢T > R. Multiply the equation (6) by R/cT, expand all
expressions into series with respect to this small parameter and discard
terms of order O(R/cT). The resulting expression looks like

. t2 0 mR

In a small neighborhood of the world point t = T, r = 0 in the equation
(7) one can neglect small quantities of the order of O(r/R), O(|t — T|/T)
and obtain an equation (R/T = )

mcy

1 .
i [yoat + 7'3,} V- —V =0,
(@) h

that formally coincides with the Dirac equation in the Minkowski space.
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We use the representation of gamma matrices, in which

O_IO ,'_OO'i
T 1) T T\ o)

and the bispinor W can be represented as

The equation (7) for the spinors ¢ and 6 can be represented as

Dog + DO — mTRgZ) =0, (8)
Dot + Do + %RH =0, 9)

where the notation
Do — /%(tat 4 r9,),  D=itod, (10)
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It is easy to check that [Dg, D] = 0, and the operator D? — D? coincides
with the Laplace-Beltrami operator on the left side of the equality (10):

xPx 2
<A+ 86+ x8)

Thus, as a solution to the equations (8), (9), we can take two solutions to
the equation (3) related by the relation (8) or (9).
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The Anti-de Sitter-Beltrami metric is covariant under the following
transformations:

Spatial translations:

X=p
Xl:l—ﬂ’ (11)
R2

2

{t,y,Z} 1- %

{2y = LIV TR (12)
R2

Time translation:
, t—aR?/c?
f=-—"7"

l+at ’ (13)
. 2R2
_y r/1- C¥c2
= T itat (14)

Lorentz transformations:
x' = ~(x — ut),

u
t'=~(t— ?X)’
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In the non-relativistic limit, spatial translations do not change, Lorentz
transformations turn into ordinary Galilean transformations

x'=x — ut, (15)
t =t,

and time translations take the form:

t
= — 16
1+at’ (16)
L7
= . 17
1+ at ( )

A characteristic feature of this transformation is the invariance of the
hyperplane t = 0.
How did we get the relativistic Klein-Fock and Dirac equations?
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The fact is that time in all the above transformation formulas is measured
not from an arbitrarily chosen initial moment, but from this invariant
hyperplane. To obtain an expression relating the coordinates of two inertial
reference frames whose origins coincide at some time T, it is necessary to
perform the Galilean transformation (15) with the parameter u, then shift
the spatial coordinates (11), (12) with the parameter p = uT, while the
time t = T will go to t/ = T+/1 — u?T2/R2. Next, we need to make a

transformation (16), (17) with the parameter

azT*(W—l).
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As a result of these transformations, the point t = T, r = 0 remains
unchanged, and the coordinates of an arbitrary space-time point are
transformed as

;o t
b= v—(y—=1)t/T +~yuxT/R?)’
L lx—u(e-T))
y—=(y—=1t/T +~yuxT/R?)’
{2} = {y,z}

v—(y—=1t/T +~uxT/R?)’
1

2T
Vi

where v =

~. And this is nothing but fractional-linear Lorentz-Fock

transformations. Introducing the notation cp = R/ T and passing to limit

R > x, T > |t — T| for a fixed ¢y, we obtain the usual Lorentz
transformations for the quantities {t — T, x,y, z}.
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The Schrddinger equation can be considered as a non-relativistic analogue
of the wave equation. The group of coordinate transformations considered
above consists of Galilean transformations and fractional linear space-time
translations. In the region r < R, linear-fractional spatial translations
become linear, while transformations

t = t
1+ at’

. r
14 at’

that have the meaning of reverse-time translations remain unchanged.
The usual free Schrodinger equation

. h?

is invariant under time translations.
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Let's try to modify the equation (18) in such a way that it becomes
covariant with respect to translations of the reverse time:

e tr h? t?

This equation has solutions similar to the solutions of the Klein—Fock

equation:
i

v(e.) = e { o+ K0 )

but with another condition: )
k

2m’
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To describe unstable states, the right side of the equation should include Iy

— the probability of decay per unit time, measured at the moment T:

. tr h? t? )
:h<T28t+T28>\U— N 2

The solution of this equation differs from the original one by the factor
exp(lo T%), which leads to the probability density in the form

P(t) = P(T)exp (I'OT Tt_ t) — P(T)exp <_r01+:-/T> .

where (T=t—T)
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Let us finally turn to the Schwarzschild metric in the Anti-de
Sitter-Beltrami space SAdSB.

42 — f(r,t)  rPt2c 2 442 hgc’trdedr — h3dr®  r?dQ?
h3 R4hOF (r, t) R2hof(r,t) hHOf(r,t)  h?
Here
R’h? = R? + c?t?
R?h3 = R? 4 c?t2,
r? 2MGh
Flrt) =14 popa =~
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Passing to the region ct > R and expanding in a series in a small
parameter, we obtain

R2H? = 22(1 + O(R?/(ct)?),

R?h3 = ?t3(1 4+ O(R?/(ct)?),

2Mgt o
R?2 (f(r,t)R?dt?> (rdt — tdr)?
2 _ ) B 202 2 2
ds® = 22 { 2 27(r. 1) rdQ* + O(R*/(ct) )}

This expression for f — 1 coincides with (8).

all the thermodynamic formulas obtained in the previous report for the
AdSB space coincide in our "nonrelativistic"limit with similar formulas in
the Minkowski space.
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