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Introduction

m Renormalization Group is a powerful instrument to deal with UV and IR:
m particle physics: high-energy asymptotics [Bogoliubov,Shirkov]
m statistical physics: critical exponents [Vasiliev]

m RG flow in the space of couplings {)\;} and its fixed points (FPs):

dr

i Bi(A), A=A Bi(A) =0

m Dimensional regularization d = 4 — 2¢ and e-expansion (usually in MS )
m Progress in models with order parameter being a scalar field in A\¢* theory:

P O(X) | Br O(NY) |, B O(X) , O O() B O()

[Brezin,..."73] [Kazakov,...'79] [Gorishnii,..."83] [Kompaniets,...'17] [Schnetz'18]
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From O(N)-symmetric to general ¢* in d = 4: self-coupling

m Prominent 6-loop calculation in O(n)-symmetric model [Kompaniets&Panzer16-17]
= diagram-by-diagram results of KR’-operation for 2pt and 4pt functions

1 2 M, Ao, 2 -
L=2(00) = 50" = (&, &' =) o
2 27 T4 2
m Problem: Models with different symmetries require full (re)calculation?
Ly, O(n) |-»|Feynman rules |-+ Diagrams Bi, M
L,, O(n)?|-| Feynman rules |-| Diagrams IZn_tel:griLs/ Ba, Yo
L3, O(n)® |=| Feynman rules || Diagrams B3, 73

Alexander Bednyakov (JINR) General 6-loop RGE: recent applications

4/19



From O(N)-symmetric to general ¢* in d = 4: self-coupling

m Prominent 6-loop calculation in O(n)-symmetric model [kompaniets&Panzer16-17]

= diagram-by-diagram results of KR’-operation for 2pt and 4pt functions

m Compute renormalization constants in a general scalar theory for real ¢,

1 m?, Aabed
£ = Eﬁuqbaauqﬁa — T¢a¢b - Tqbaqbbqsc - T¢a¢b¢c¢d - tagba - /\

via “simple” replacement of the O(n)-factors in [Kompaniets&Panzer17] by that of
general theory (products of ) _,.; with all but four (two) indices contracted).

m No need to evaluate O(10°) Ly, O(n) |—
Feynman diagrams!  O(ny

m Just substitution & index 2 O(n)* |~
contraction via FORM [Vermaseren'92] L, O(n)? -

NB: 3-loop general ¢* RG [steudtner20]
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Beta function for \,5-4 at 6 loops

We use GraphState [Batkovic..'14] to cast the result in the following form
m Self-coupling at 6 loops

a)\abcd

*j)abcd —

Zhlz—rlabcd ’ h = !

1672

{1,2,7,23,110,571} counts Tensor Structures T(abcc, at / loops

1
3 _
Ex: Tiobed = ] [Aoiiois Abisiiis Aciniais Ay, + perm.] =

where n, =

,  el23|e23|e3]e]
¢ = 126, -

Nickel index

m Field anomalous dimension (AD) at 6 loops
Yoo =3 WY TC, with n = {0,1,1,4,15,69}
=1 i

(see supplementary files of [Bednyakov,Pikelner'21])
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Dummy-field method and S-functions of dimensional parameters

m introduce non-propagating field(s) x,: ¢, — ¢, + x,, and identify

)\abcx = ’ Aabxx = 2m§b7 )\axxx = 3!tay Axxxx = 4IN
1 2 1 po! p . 1 3 . 7
/))/\ = E ' sL'3XXXX7 f))a = 5 : s‘—gaxxxa “dab = E . sdabxxa = s‘l—))abcxa

where in s we remove “tadpole” contributions:

O
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6-loop RG functions in general ¢*: how to use (1)

m Enumerate real scalars explicitly , as, e.g., in 2HDM (a=1,...,8):

1
¢a = (Red)l,l, e ,IIIICDQQ) 5 )\1111 = 3)\1, ey ,3)\1 = 361111, e

m For matrix fields ¢ decompose (alternative to multi-index notation)

N,
¢ = Z Xa Ta,
a=1

where x, are real fields, and there are N, independent matrices T,, which encode all the
degrees of freedom present in ¢.

A A
map = —T0ab, Aabed = 4—T [T2T< + perm.] + 4—f [Tk + perm.]
T =Te(T,T/]), Tabed — (T, T T.T)]), for real ¢,
Tab — (T, T}), Tabed — Te(T, T, T, Tj), for complex ¢.

m For higher tensor fields use multi-index notation, e.g., in [O(n)]® a = {a1, a0, a3}.
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6-loop RG functions in matrix ¢*: cross-checks and “old” results

Real fields

4L [Lebedev&Kompaniets'18]
5L&6L [AVB&Pikelner'21]

T =—¢

a a aTa 1
T b =4 b’ 7—IJ Tk/ = 5((5,‘/5][( - 5//(6]'/)
m O(n) x O(m)

5L [Calabrese&Parruccini'04]
6L [Kompaniets..."20]

T2 = 6%, T3 T3 = bapldij

5L [Pelisseto&Vicari'07]
6L [AVB&Pikelner'21]

) 2
Qc(w.)ﬁj = GaiPpj — ajPpis Qéi,)é’j

3 1 4

Qi(j ) — Psids; — E(Sljﬁb&kd)ék» Q(gzﬁ)

Quadratic ops.
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Complex fields

5L [Kalagov...'15]
6L [AVB&Pikelner'21]

T 4 T = 5% 7277 =0,

= 1
T Tia = 5(0udj — Owdy)
u U(n) X U(m) 5L [Calabrese&Parruccini'04]
6L [AVB&Pikelner'21]

ab ba __ gab qa 1a __ Ta _
T®4+ T2 =6 Tok=0,T,T5=0

s Lo
272 = 64505

aif

m adj. SU(n) [Litim..."20,Hnatié...'20]
+ Tr¢p3, A 5L&6L [AvB&Pikelner21]

Tab — 5‘?",7'5 T4 = 6iubxj — 60w/ n
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6-loop RG functions in general ¢*: how to use (II)
To compute AD of any operator without derivatives

Z aj...an ]1 ¢a;

al;--a@n

built from n < 4 scalar fields, add the following perturbation to the model Lagrangian

oL = gO [gO Z Pa1 an] H¢a:

ai,.---,an
gal‘.’..a,,
and identify the symmetrized version of g, . either with m’,, or M\pey. The
corresponding [3-function can be used to extract 3,, and AD of the operator
. 8|n ZO o 0ﬂgo

) Obare — ZO[O]

To = dlnp — Ogo

NB: One can also account for multiple operators that can mix between each other.
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Example: crossover exponent in O(N)-symmetric model

We can consider non-singlet operators in O(N) corresponding to some representations
of the group, e.g., traceless symmetric two-component tensor operator

1
05 = d1s — 304"

A -

1- .
‘C - §¢( 82 +m )¢ + 41 ((/b ) + g¢¢dab¢ (bb? daa =0

Inserting m°, = m*J,, + 844, into our expression for (7., one extracts [, and ﬁg¢¢
At the WF fixed point A = \* = O(€) the crossover exponent is

2 — /ngbqb()\*)
2 — /Bmz(A*)

The latter is known at 6 loops from [Kompaniets &Wiese'19].

¢e =
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Matching large-charge and PT expansion in O(/N)-model
m O(N) operators with total charge Q:

SOQ = dil...io¢1---¢iQ, di.i.=0
m Scaling dimensions can be computed non-pertubatively [Badel et al'19, Antipin et al'20]
Ag = Z(A*)’A,()\*N) = g\ Q) + AN Q)+ ..., AN = fixed

i==1

m Expanding A_; and A, in small 't Hooft-like coupling A*Q, one predicts
leading and subleading terms in large @ at arbitrary high loop :

y
/

Large-Q [Antipin et ai20] compared with explicit PT results [jack & Jones 21] at 4 loops
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Matching large-Q and PT expansions in O(/N)-model at 5 loops

m In PT anomalous dimensions of ©? are polynomials in \, Q, and N
Do =Q(L—e)+7(\) 8 =@° (véf‘o) + N+ NP6 + NP + N“véi?)
Yo = Q> NG, +Q (1 + N+ N N+ )

=1
= + @ (43 + N+ NEAE + e f))

,y(’) — Z Qr Z NS’)/(I)

¢ & s 3(.05) 5) | p2a ()

0 r=0 s=0 +Q Y30 t+ N’73,1 +N V3.2
Yo, = 0
(A3 +NA2)

+Q° 1y

m Q° and Q* coeffs are known from [antipin et al20].
m Lower-Q coeffs can be fixed by computing ADs of ©® for Q@ < 4

m Unpublished 5-loop result:) agrees with [inLi22]
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Matching large-Q and PT expansions in O(/N)-model at 6 loops

m At 6 loops our general formula + large-Q give only 4-+2 out of 7 constraints
Ag = Q(l —€) +7a(A) 2§ =@ (43 + Nl + WAL N e ) e 5 )

Yo = Q Z A, Q!

R I
r=0 s=0

(-9
(

0 _ g +Q* (T + NS+ NP2+ N2 ALY ) Lorge N
(
(

6 6 6 6 6
A+ N+ N+ N e ) e 4 )

A+ N+ WAL+ N+ e 4 )

70/ N [Derkachov,Manashov'97]

Explicit 6L: KR’ for ¢! HQU (U3 + M+ v 54T )
[Bednyakov'Pikelner'22]

Full 6-loop result Ag
for arbitrary Q!

Small J = Q/N
[Giombi,Hyman’20]

+06 ,y(ﬁ) _ Large Q
[Antipin et al’20]
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Anomalous dimensions in hypercubic theories
m O(N) model with cubic anisotropy (6L study [adzhemyan et aI19]):

0 i
L= % + ;kl¢ QiPkPrs A = % (050w + 00 + dudj) + &20iu

m invariant under group of symmetries on an N-dim. hypercube Hy € O(N).
m four fixed points are predicted. At 1 loop (d =4 — ¢):

(g°.&°) = (0,0). (el &) = (0.5).

(878 = <N3+€ 30 (&) = (7 N3/_V4E>

m 1-loop scaling dimensions of operators from reps. of Hy [AntipinBersini'19].

m Example: Traceless symmetric tensor ¢;0; — %6,-@2 splits into

|| dlagonal 5U(¢2 - = ) (¢axia| exponent [Aharony'76,Aharony et a|’22])
m off- dlagonal ¢ ¢J ( #J) (¢diag exponent [Aharony'76,Aharony et a|'22])
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Anomalous dimensions in hypercubic theories
Projectors: [Kousvos,Stergiou'21]

OaPp = E”i’_ﬁ¢i¢j + 5:}2@@ + @@@

v Daxial Pdiag
1 a / a I 1 a /
o D R '
abij ? abij 9
b J b i "> J
a I a / a I

b——J b J b J
_ 5AB pA

PlosPE i Tr(P*) = dim(A)

aBij
We compute critical exponents by considering

0L > (82Ph; + 8xPiyy) i

Alexander Bednyakov (JINR) General 6-loop RGE: recent applications 16 /19



Anomalous dimensions in hypercubic theories (in progress)

B In [Kousvos Stergion21] the projectors for all possible representations that can
appear in the product of two, three, or four powers of order parameter ¢;.

m use the projectors and our general RGs, e.g., by

_ ¢ @ A I
hape = 8¢, P1abc +84, P3iabe 1 8a P122abc +8i P153abc
PRS oRZ PRX PRZ

Aabed D 8x, Pllllabcd +8x, 'D 111abed T+ 8z 'D 1211abcd T 82, P12llabcd
N—— —— N—— ——

X®S XRX ZRS ZRX

X Xz TotS
+ 8a, P 15923bcd T8% Pios1abed T8x2 Piyssabea T87ots Piosanbed
— — — —

Z&X 707 707 707

m compute 6-loop ADs for all non-vanishing (eigen)operators.

[Bednyakov,Henriksson,Kousvos, Pikelner'22] (Work in progress)
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6-loop RG functions in general ¢*: summary

m we provide convenient tool for computing 6-loop RG functions in arbitrary*
scalar models w/o necessity to evaluate Feynman diagrams (FORM code)

B we compute

vacuum-energy anomalous dimension in O(n) [n = 4 - the SM scalar sector]
anomalous dimensions of quadratic perturbations in the O(n) x O(m) model
quartic coupling S-functions in U(n) x U(m) and [O(n)]* models
RG functions in model with the Higgs field in the adj. rep of SU(n)
B-functions for the scalar sector of general Two-Higgs-Doublet Model

[Bednyakov, Pikelner'21]

m Anomalous dimension ¢®-operators in O(n)
[Bednyakov, Pikelner'22]
m Spectrum of anomalous dimension in hypercubic theories

[Bednyakov,Henrikkson,Kousvos, Pikelner,22,in progress|
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6-loop RG functions in general ¢*: outlook

Our results can be used
m to obtain high-precision e-expansion for critical exponents
m as a playground for re-summation methods

m to facilitate comparison/matching with non-perturbative results
(large-N, large-charge, (numerical) conformal bootstrap, Monte-Carlo)

Thank you for your attention!
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