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Introduction
I. Formulation of the model

The general advection-di�usion equation:

rt� = @iJi + f; rt = @t + (vi@i); fi = 1; : : : ; dg : (1)

The random noise f = f(x) is taken to be Gaussian with zero mean,
�-correlated in time, with the pair correlation function:

hf(x)f(x0)if = �(t� t0)

Z
k>m

dk

(2�)d
Df (k) expfik(x� x0)g; (2)

Df (k) = D0 k
2�d�y; D0 > 0:

The velocity �eld v = fvi(x)g, i = 1; : : : ; d is described by the Kazantsev�
Kraichnan �rapid-change ensemble�. It means that the velocity �eld is taken
Gaussian, with zero mean and the given pair correlation function

hvi(x)vj(x
0)iv = �(t� t0)B0

Z
k>m

dk

(2�)d
1

kd+�
Pij(k) expfik(x� x0)g; (3)

B0 > 0; B0 = w�0; 0 < � < 2; Pij = �ij �
kikj
k2

:



Introduction
I. Formulation of the model

There are physical reasons to believe that the structure and correlation
functions can exhibit scaling behavior in the IR region:

C2n(t; r) = h[�(t;x)� �(0;0)]2ni ' r�2n�� F2n(tr
�t); r = jxj: (4)

G(t; r) = h�(t;x)�0(0;0)i ' r������0F (tr�t): (5)

It is the IR asymptotics that arose the interest, so only the �rst term can
be left in the expression for the current Ji = @iV (�) +O(@3).
Furthermore, function V (�) have the explicit form:

V (�) =

1X
n=1

1

n!
�n0 �

n: (6)

Dimensional analysis shows that to study nonlinear di�usion, all terms in

this sum must be taken into account.



Introduction
II. Field theoretic formulation

In this case, the stochastic advection-di�usion equation takes the form:

rt�(x) = @2V (�(x)) + f(x): (7)

According to the general De Dominicis�Janssen theorem the original
stochastic problem is equivalent to the �eld theoretic model of an extended
set of �elds � = f�0; �;vg with the action functional S(�) = S�(�) + Sv(v),
where

S�(�) =
1

2
�0Df�

0 + �0
�
�rt� + @2V (�)

�
; (8)

Sv(v) = �
1

2

Z
dt

Z
dx

Z
dx0vi(t;x)D

�1
ij (x� x0)vj(t;x

0): (9)

Here D�1
ij is kernel of the integration operation that is reversed to

Dij = hvivjiv.



Introduction
III. Analysis program

The following steps were taken there:

(1) It was shown that the constructed model is multiplicatively
renormalizable. Also we derived the one-loop counterterm in closed
form and calculate the full set of renormalization constants Zn in the
one-loop approximation.

(2) We wrote out the RG functions (anomalous dimensions  and �

functions).

(3) The RG equations was written there. We showed that their
solutions are two attractors in the form of a pair of two-dimensional
surfaces of �xed points in the in�nite-dimensional parameter space.
For each of these surfaces, there was investigated the critical
dimensions of �elds and frequencies that arise in formulas (4) and (5).



Analysis of the constructed model
I. Canonical dimensions

Canonical dimension of any value F :

[F ] � [T ]�d
!

F [L]�d
k

F : (10)

The complete canonical dimension is de�ned as dF = dkF + 2d!F .
It is possible to introduce new parameters (couplings) according to the
following relations:

�n0 = gn0�
(n+1)=2
0 ; �n = gn�

(n+1)=2�y(n�1)=2; n > 1: (11)

Then

Table �1: Canonical dimensions of the model (8), (9).



Analysis of the constructed model
II. Renormalization

Super�cial UV divergences can appear in the 1-irreducible Green's
functions with the formal index of divergence

� = (d+ 2)� d�0N�0 � d�N� � dvNv (12)

When analyzing the divergences of this model, one should take into account
the following considerations:

1. All the 1-irreducible functions without the �elds �0 in fact vanish.

2. In any 1-irreducible diagram each external �eld �0, attached to one of the
vertices �0(vi@i)� or �

0@2�n, �releases� the corresponding external
momentum, and the real index of divergence: � � 2N�0 � �0 � � �N�0 .

3. The counterterm �0@t�, allowed by the formal index �, is in fact forbidden

by the item (2): it does not contain a spatial gradient. On the other hand,

because of the Galilean symmetry of the model there are also forbidden the

counterterm �0(vi@i)�.



Analysis of the constructed model
II. Renormalization

So, the super�cial UV divergences in fact are only presented in the
functions h�0� : : : �i. For all of them � = 2, �0 = 0, and the counterterms can
be reduced to the form �0@2�n. All such terms are already presented in the
action functional (8), therefore, the model is multiplicatively renormalizable.

Renormalized action functional:

SR(�) =
1

2
�0Df�

0 + �0
�
�rt� + @2VR (�)

	
+ SvR(v); (13)

VR(�) =

1X
n=1

1

n!
Zn�n �

n B0 = B = w���:

The functional (13) is obtained from (8) using the relations:

�n0 = �nZn (n � 1); �0 = �Z� ; w0 = w��Zw; (14)

gn0 = gn�
(n�1)y=2Zgn (n � 2):

The constants Zw, Zgn and Z� can be expressed in terms of Zn:

Z� = Z1; Zgn = Zn Z
�(n+1)=2
1 ; Zw = Z�11 : (15)



Analysis of the constructed model
III. Calculation of the One - Loop Counterterm

Generating functional of 1-irreducible Green's functions in the renormalized
theory:

�R(�) =

1X
p=0

�(p)(�); �(0)(�) = SR(�); �(1)(�) = �(1=2)Tr ln(W=W0):

(16)
Here W is a linear operator with the kernel

W (x; x0) = ��2 SR(�) =��(x)��(x
0):

For the Zn only the UV-divergent part �(1)(�) is needed there. In
particular, it causes that (16) is su�cient to know only in the 1st order in

the elements W (��), W (�v) and W (v�) that are linear in �0. All these
considerations make it possible to explicitly write out the divergent part
�(1)(�) as poles in y and � (in the MS scheme):

�(1)(�) =
ad

4y

�
�

m

�y Z
dx �0(x) @2 F (�(x))+ad

(d� 1)

2d

w�

�

�
�

m

�� Z
dx �0(x) @2�(x):

(17)



Analysis of the constructed model
IV. The explicit expression of Zn in the MS scheme

Here ad = Sd=(2�)
d, where Sd = 2�d=2=�(d=2). Function F (�) is de�ned as

F (�) = ��y
V 00 (�)

V 0 (�)
: (18)

Potential function V (�) is given by the expression for VR (�) from (13) with
the substitution Zn = 1.
At the moment, it is not possible to continue the analysis in terms of closed
functional representations
It remains only to expand F (�) back in the powers of �

F (�) =

1X
n=0

1

n!
�y(n�1)=2 �(n+1)=2 rn �

n: (19)

So, from the requirement that the poles in y and � should be canceled in
the loop expansion (16) we get

Z1 = 1�
ad
4

r1
y
�
ad(d� 1)

2d

w

�
; Zn = 1�

ad
4

rn
y

1

gn
(n > 1): (20)



Analysis of the constructed model
V. The RG equation, anomalous dimensions  and � functions

The RG equation for a multiplicatively renormalizable theory:(
D� � �w@w �

1X
n=2

�n@gn � �

)
G(e; : : : ) = 0: (21)

The anomalous dimensions  and � functions are de�ned as

F = eD� lnZF 8F; �w = eD� w; �n = eD� gn: (22)

According to the de�nitions (22)and the expressions (14), (15) all RG
functions can be expressed in terms of the anomalous dimensions n:

� = �w = 1; gn = n � (n+ 1)1=2; (23)

�w = w[�� + 1]; �n = gn[�(n� 1)y=2� n + (n+ 1)1=2]: (24)

Substitution of the one-loop expressions (20) into de�nitions (22) gives:

1 = eD� lnZ1 =
ad
4
r1 +

ad(d� 1)

2d
w; n = eD� lnZn =

ad
4

rn
gn
: (25)



Analysis of the constructed model
VI. Fixed points of the RG equation, calculation of the critical dimensions

Attractors of the RG equation:

�w(w
�; g�n) = 0; �n(w

�; g�n) = 0 (n > 1): (26)

For the �w function, from (24) and (25) we get:

�w = w

�
�� +

ad
4
(g3 � g22) +

ad(d� 1)

2d
w

�
: (27)

Thus, the �rst equation in (26) has two solutions: w� = 0 and

w� = 2d [� � ad(g3 � g22)=4]=(ad(d� 1)):

For the �rst case w� = 0 equation (24) gives:

�n = �gn(n� 1)y=2 + (ad=8) [�2rn + (n+ 1)gnr1] : (28)

Whereas for w� 6= 0 the equation implies:

�n = gn [�(n� 1)y=2 + (n+ 1)�=2]� (ad=4) rn: (29)



Analysis of the constructed model
VI. Fixed points of the RG equation, calculation of the critical dimensions

In both cases, the successive substitution of solutions of the equations
�w = 0, �k = 0 with k � n into the remaining equations �k = 0 with k > n
allows us to express all the quantities g�n with n > 3 through two
parameters g�2 and g�3 .

So we conclude that the attractor for the system (26) consists of a pair of
two-dimensional surfaces.

For the dynamical models critical dimension of the quantity F :

�F = dkF +�!d
!
F + �F ; �! = 2� �� : (30)

From the data of Table �1 and the ratios � = �0 = m = 0 we get

�� = (1� y=2)� (1=2)�!; (31)

��0 = (d� 1 + y=2) + (1=2)�!:

The critical dimension �! depends on the exact solution of the RG

equation.



Analysis of the constructed model
VI. Fixed points of the RG equation, calculation of the critical dimensions

For the surface with w� = 0 we have

�! = 2� ad (g3 � g22)=4; (32)

and, respectively, conclude that the critical dimensions (31) are
nonuniversal. It means that they depend on the speci�c choice of a �xed
point on the attractor surface.
For the second sheet with w� 6= 0:

�! = 2� �: (33)

So

�� =
1

2
(� � y) ��0 = d+

1

2
(y � �) : (34)

For w� 6= 0 the dimensions are universal. In both cases, these dimensions

are subject to exact relations: ��0 +�� = d è 2�v = �� +�!.



Application
The spreading of a cloud of admixed particles

Let us consider the spreading of a cloud of admixed particles in a turbulent
medium. The e�ective radius of the cloud of such particles at time

R2(t) =

Z
dxx2h�(t;x)�0(0;0)i: (35)

Substituting the scaling representation (5) and taking into account the ratio
�� +��0 = d, one can easily arrive at the following propagation law:

R2(t) / t2=�! (36)

or, equivalently:
dR2(t)=dt / R2��! (t) = R�(t); (37)

where we used expression (33) derived for the case w� 6= 0. The special

choice � = 4=3 in the Kazantsev�Kraichnan ensemble corresponds to the

assumptions of the Kolmogorov�Obukhov theory of turbulence. As result,

we have the statement of Richardson's �four-thirds� law: dR2=dt / R4=3.



Conclusion
I. Main results

(1) The multiplicative renormalizability of the model requires taking into
account an in�nite number of the interaction terms in the original di�usion
equation. The result is an in�nite set of coupling constants.

(2) The one-loop counterterm was explicitly constructed in closed form,
which made it possible to �nd the complete set of  and � functions in the
one-loop approximation.

(3) The RG equations have two attractors in the form of a pair of
two-dimensional surfaces of �xed points (w� = 0 and w� 6= 0).

(4) The �rst surface corresponds to the critical dimensions ��, ��0 and

�!, which are nonuniversal. The same critical dimensions for the second

surface turned out to be universal and were found explicitly (see (34)).



Conclusion
II. Prospects for further analysis

As a further study, we can consider the following questions that remained
open in the framework of the work under discussion:

(1) The results obtained in this work can be compared with the results in
the �problem of turbulent advection of a passive scalar impurity�. There
instead of the Kraichnan ensemble, turbulence was described by the
stochastic Navier-Stokes equation. It is proposed to consider an
intermediate ensemble of Gaussian velocities with a �nite correlation time.

(2) An in�nite number of functions �n, and the necessity (for the lack of a

better option) of introduction the coe�cients rn. It would be desirable to

carry out the RG analysis in terms not of an in�nite set of functions, but of

the functional � (V ).
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