
Self-consistent equations for description of critical behavior of

quantum-�eld systems

Yury Pismak

Department of High Energy and Elementary Particle Physics,

State University of Saint-Petersburg

De�nitions. Problem statement We consider a quantum �eld model with a polynomial action
functional

S(ϕ) = S0(ϕ) + SI(ϕ)

The generating functional of Green's functions is used to describe quantum physics

G(j) = c

∫
eiS(ϕ)+jϕDϕ, c−1 =

∫
exp(iS0(ϕ) + jϕ)Dϕ

Full Green's functions are the following

Gk(x1, ...xk) = c

∫
eiS(ϕ)ϕ(x1) · · ·ϕ(xk)Dϕ =

δk

δj(x1) · · · δj(xk)
G(j)

∣∣∣∣∣
j=0

Generating functional of connected Green's function:

W (j) = lnG(j) = Connected ðart of G(j)

We will calculate the full connected Green's functions

Wk(x1, ...xk) =
δk

δj(x1) · · · δj(xk)
W (j)

∣∣∣∣∣
j=0

in the Euclidean massless �eld theory at a critical point in a space of dimension d.
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Functional Legendre transformations Let us consider the functional

G(A) =

∫
exp

{
n∑
k=1

Akϕ
k

k!

}
Dϕ, with Akϕ

k =

∫
· · ·
∫
Ak(x1, ..., xk)ϕ(x1) · · ·ϕ(xk)dx1 · · · dxk

from a set of potentials A = {A1, ..., An}. It satis�es the Schwinger equations

δ

δAk
G(A) =

1

k!

δk

δAk1
G(A), 1 < k ≤ n,

(
A1 +

n∑
k=2

Ak
δ

δAk−1

)
G(A) = 0

By substituting G(A) = expWA we obtain the Schwinger equations for W (A):

δW (A)

δAk
=

1

k!
e−W (A) δ

k

δAk1
eW (A), 1 < k ≤ n, A1 +

n∑
k=2

Ak
δW (A)

δAk−1
= 0

Fennman rules.

W (A) =
1

2
Tr ln ∆ +W ′(A)

where W ′(A) is the sum of all connected diagrams with vertices Ak, n ≤ k 6= 2 and lines ∆ = −A−1
2 .
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Legendre transform of order m ≤ n of functional W (A)

Γ(m)(α, Ā) = W (A)−
m∑
k=1

∫
αk(x1, ..., xk)Ak(x1, ..., xk)dx1...dxk,

whose arguments are a set of functions α = (α1, ..., αm) and potentials Ā = (Am+1, ..., An). It is assumed
that the potentials A1, ..., Am are expressed in terms of the arguments (α, Ā) so that the relations

αk =
δW (A)

δAk
, k = 1, ...,m.

Hence,

δΓ(m)(α, Ā)

δαk
= −Ak, k = 1, ...,m,

and the functional

Φ(m)(α,A) = Γ(m)(α, Ā) +

m∑
k=1

∫
αk(x1, ..., xk)Ak(x1, ..., xk)dx1 · · · dxk

can be considered as an e�cient action for solving the problem of �nding the Green's functions α1, ..., αm.
They are solutions to the system of stationarity equations

δ

δαk
Φ(m)(α,A) = 0, k = 1, ...,m

for the functional Φ(m)(α,A). Substituting the found solutions of these equations into Φ(m)(α,A), we obtain
the generating functional of the connected Green's functions W (A).
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To describe the diagrammatic representation of Γ(k)(α, Ā) for k = 2, it is convenient to pass from α1, α2

to the variables β1, β2, using the relations

α1 = β1, α2 =
1

2
(β2 + β2

1).

Then Γ(2)(β, Ā) can be written as

Γ(2)(β, Ā) =
1

2
Tr lnβ2 + Γ̃(2)(β, Ā),

where the functional Γ̃(2)(β, Ā) is the sum of the Feynman diagrams at the vertices β1 and A3, ..., An, where
the lines β2 connect Ak vertices to each other, and β1 vertices are attached to them directly. The β1 vertices
are not connected to each other by a line. All diagrams have the usual symmetry coe�cients and are 2-
irreducible. A diagram is called 2-irreducible if it is connected and does not split into two non-trivial parts
if no more than two lines break in it. A vertex or a line is considered trivial.

4



Stationarity equations for the functional Φ(2)(β, Ā) have the form

δ

δβ1
Φ(2)(β, Ā) = A1 +A2β1 +

δ

δβ1
Γ̃(2)(β, Ā) = 0,

δ

δβ2
Φ(2)(β, Ā) =

1

2
β−1

2 +
1

2
A2 +

δ

δβ2
Γ̃(2)(β, Ā) = 0,

and the last equation can be hung in the form of the Dyson-Schwinger

D−1 = ∆−1 − Σ,

where D = β2 is the full propagator, ∆ = −A−1
2 is the seed propagator, and Σ = 2 δΓ(2)(β, Ā)/δβ2 is

the self-mass operator. In the model, the last equation can be written in the form of the Dyson-Schwinger
equation.

Σ = A3β1 +
1

2
A3β

2
2A3 +O′(A3

3),

where O′(A3
3) is the sum of diagrams with three or more vertices A3 and the second equation has the form

A1 +A2β1 +
1

2
A3β

2
1 +

1

2
A3β2 = 0,
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For Γ(3)(α, Ā) it is convenient to express the variables α1, α2, α3 in terms of β1, β2, β3

α1 = β1, α2 =
1

2
(β2 + β2

1), α3 =
1

3!
(β3

1 + 3β1β2 + β3
2β3)

Then Γ(3)(β, Ā) has the form

Γ(3)(β, Ā) =
1

3
Tr lnβ2 −

1

3!
β3β

3
2β3 + Γ̃(3)(β, Ā),

and the lines of the diagrams Γ̃(3)(β, Ā) are β2, the vertices are β3, A4, ...An. In Γ̃(3)(β, Ā) is the sum of all
3-irreducible diagrams with ordinary coe�cients, containing only two vertices β3, included in Γ̃(3)(β, Ā) with
a minus sign.
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Stationarity equations for the functional Φ(2)(β, Ā) have the form

δ

δβ1
Φ(2)(β, Ā) = A1 +A2β1 +

δ

δβ1
Γ̃(2)(β, Ā) = 0,

δ

δβ2
Φ(2)(β, Ā) =

1

2
β−1

2 +
1

2
A2 +

δ

δβ2
Γ̃(2)(β, Ā) = 0,

For the model with n = 3, in which the interaction action is determined by the potential A3,

Γ̃(2)(β, Ā) =
1

3!
A3β

3
1 +

1

2
A3β2β1 +

1

2 · 3!
A3β

3
2A3 +O(A3

3)

where O(A3
3) denotes the Γ̃(2)(β, Ā) contribution to Γ̃(2)(β, Ā) of all diagrams with three or more vertices

A3 and lines β2. In this case, the stationarity equations are written in the form

A1 +A2β1 +
1

2
A3β

2
1 +

1

2
A3β2 = 0, D−1 = ∆−1 − Σ,

where D = β2 is the full propagator, ∆ = −A−1
2 is the seed propagator, and Σ is the self-mass operator.

Σ = 2 δΓ(2)(β, Ā)/δβ2 = A3β1 +
1

2
A3β

2
2A3 +O′(A3

3).
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Scale transformations and the theory of critical phenomena.
The element Sλ of a continuous Abelian scaling group is given by number λ > 0. For the α parameter, by
de�nition

Sλα = αλ = λ∆αα.

where the number ∆α is called the dimension of α. If ∆α 6= 0, then α is called a dimensional parameter, and
if ∆α = 0 is dimensionless. By de�nition, λ in Sλ is considered dimensionless.

For the function F (α1, . . . , αn)

SλF (α1, . . . , αn) = Fλ(α1, . . . , αn) = F (Sλα
1, . . . , Sλα

n) = F (α1
λ, . . . , α

n
λ).

That's why

Sλ

(
n∏
k=1

αk

)
=

n∏
k=1

αkλ = λ∆(n)
α

n∏
k=1

αk, ∆(n)
α =

n∑
k=1

∆αk ,

Sλ2 (Sλ1α) = λ∆α
1 Sλ2α = λ∆α

1 λ∆α
2 α = (λ1λ2)∆αα = Sλ1λ2α.

Thus, the dimension of the product of the parameters is equal to the sum of their dimensions, and Sλ2
Sλ1

=
Sλ2λ1 = Sλ1Sλ2 . In addition, (Sλ)λ=1 = 1 and (Sλ)−1 = Sλ−1 .
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Functions F (α1, . . . , αn) for which

Sλf(α1, ..., αn) = f(λ∆α1α1, ..., λ∆αnαn) = λ∆f f(α1, ..., αn),

are called generically homogeneous. They play an important role in the theory of critical phenomena. If in
(1) we put λ = (αn)−1/∆αn , then we get

f(α1, ..., αn) = (αk)
∆f

∆
αk f(a1, . . . , an−1),

where aj = αj/|αn|βj , βj = ∆j/∆n .
We consider the interaction model g(ϕ2)2 in the Euclidean space of dimension d.
For the coordinates xi, i = 1, . . . d of its point, we de�ne the scaling transformation as follows xiλ = xi/λ,

that is, ∆xi = −1, and xλ = x/λ, ∆x = −1 for the vector x = {x1, . . . , xn} . We assume that the action
is invariant under scaling g → λ∆g and replacing ϕ(x) → λ∆ϕϕ(λx). As a result, we get ∆ϕ = d/2 − 1,
∆g = 4− d and

G(λx1, ..., λx2n) = λ−2n∆ϕG(x1, ..., x2n)
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Green's functions with the contribution of a composite operator .
Let us denote

G(A, V ) =

∫
V (ϕ)e−S(A,ϕ)Dϕ =

∫  n∑
j=1

1

j!
Bjϕ

j

 exp

{
n∑
k=1

1

k!
Akϕ

k

}
Dϕ,

G(A,B, λ) =

∫
e−S

′(A,B,λ,ϕ)Dϕ =

∫
exp

{
n∑
k=1

1

k!
(Ak + λBk)ϕk

}
,

Gk(A, V ;x1, ..., xk) =
δkG(A, V )

δA1(x1) · · ·A1(xk)
=

∫
V (ϕ)e−S(A,ϕ)ϕ(x1) · · ·ϕ(xk)Dϕ,

W(A,B, λ) = lnG(A,B, λ) = ln

(∫
e−S

′(A,B,λ,ϕ)Dϕ

)
, W(A, V ) =

∂

∂λ
W(A,B, λ)

∣∣∣
λ=0

.

It follows that W(A, V ) is the sum of connected Feynman graphs,

G(A, V ) =
∂

∂λ
G(A,B, λ)

∣∣∣
λ=0

=W(A, V )G(A),

è W(A, V ) = ñâÿçíàÿ ÷àñòü G(A, V ).
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For large n we get the following result

η = η1
1

n
+O

(
1

n2

)
, σ = 2 + η1

1

n
+O

(
1

n2

)
, λA2B =

η1Γ(ξ − 1, ξ + 1)

2

1

n
+O

(
1

n2

)
where

η1 =
4(2− ξ) sin(πξ)Γ(d− 2)

πΓ(ξ − 1, ξ + 1)
=

2(2− ξ) sin(πξ)Γ(2ξ)

(2ξ − 1)πξΓ(ξ)2
.

In the one-loop approximation, neglecting the contributions of O(λ2) on the right-hand sides (51), (52),
we obtain for β2(A3, V ), β′2(A3, V ) the system of equations

β−1
2 β2(A3, V )β−1

2 = λβ′2β2(A3, V ) + λβ2β
′
2(A3, V ),

β′−1
2 β′2(A3, V )β′−1

2 = λβ2β2(A3, V ).

As a result of their solution, we get the following result

ρ = 1− k +
η

2(k + ξ − 2)(k + ξ − 1)

(
(1− k)(k + 2ξ − 2) +

ξΓ(1 + k, 2ξ − 1)

Γ(k + 2ξ − 3)

)
,

ρ = −k +
η

2(k + ξ − 1)(k + ξ)

(
(1− k)k + 2ξ(1− k − ξ) +

ξΓ(2 + k, 2ξ − 1)

Γ(k + 2ξ − 2)

)
,

ρ = ξ − 1 +
η

2(k + ξ − 2)(k + ξ − 1)

(
(k − 1)(k + 2ξ − 2)− ξΓ(1 + k, 2ξ − 1)

Γ(k + 2ξ − 3)

)
,

ρ0 = ξ +
η

2(k + ξ − 1)(k + ξ)

(
(k − 1)k + 2ξ(k + ξ − 1)− ξΓ(2 + k, 2ξ − 1)

Γ(k + 2ξ − 2)

)
.
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1 Ââåäåíèå

Îäíèì èç íàèáîëåå ðàñïðîñòðàíåííûõ ìåòîäîì ðàñ÷åòîâ â êâàíòîâîé òåîðèè ïîëÿ è ñòàòèñòè÷åñêîé
ôèçèêå ÿâëÿåòñÿ òåîðèÿ âîçìóùåíèé. Îäíàêî, åñòü ïðîáëåìû, êîòîðûå, äëÿ êîòîðûõ òàêèå ìåòîäû
íåïðèìåíèìû. Ïðèìåðîì òîìó ÿâëÿþòñÿ çàäà÷è ðàñ÷åòîâ õàðàêòåðèñòèê êðèòè÷åñêèõ ÿâëåíèé. Â ýòîé
îáëàñòè âîçíèêëè ìåòîäû, â ðàìêàõ êîòîðûõ ïðèáëèæåííûå ðåçóëüòàòû íàõîäÿòñÿ â âèäå íà÷àëüíûõ
îòðåçêîâ ñòåïåííûõ ðÿäîâ, íî êîíñòàíòû âçàèìîäåéñòâèÿ íå ÿâëÿþòñÿ èõ ïàðàìåòðàìè ðàçëîæåíèÿ.
Òàêèå ïîäõîäû ìîæíî ðàññìàòðèâàòü êàê ìîäèôèêàöèþ òåîðèè âîçìóùåíèé íà îñíîâå èñïîëüçîâàíèÿ
äëÿ åå ïîñòðîåíèÿ âåëè÷èí, êîòîðûå ìîæíî ñ÷èòàòü ìàëûìè â ðàññìàòðèâàåìîé ôèçè÷åñêîé ñèòóàöèè.
Äëÿ êîëè÷åñòâåííîãî îïèñàíèÿ êðèòè÷åñêèõ ÿâëåíèé èñïîëüçóþòñÿ êâàíòîâî ïîëåâûå ìîäåëè, â êîòî-
ðûõ ïðîâîäÿòñÿ ðàñ÷åòû â ðàìêàõ ε 1/n-ðàçëîæåíèé, ãäå ε- îòêëîíåíèå ðàçìåðíîñòè ïðîñòðàíñòâà d îò
íåêîòîðîãî åãî õàðàêòåðíîãî äëÿ êàæäîé ìîäåëè çíà÷åíèÿ dlog (òàê íàçûâàåìîå îòêëîíåíèå îò ëîãà-
ðèôìè÷íîñòè), à n - ÷èñëî êîìïîíåíò ïîëÿ. Ðåçóëüòàòû ðàçëè÷íûõ èññëåäîâàíèé, ïîëó÷åííûå òàêèìè
ìåòîäàìè ïðåäñòàâëåíè â êíèãà Âàñèëüåâà.

Äëÿ ïîñòðîåíèè òàêîé ìîäèôèöèðîâàííîé òåîðèè âîçìóùåíèé áîëüøîå çíà÷åíèå èãðàþò ñèììåò-
ðèéíûå ñâîéñòâà ñèñòåì. Äëÿ ìîäåëåé êðèòè÷åñêèõ ÿâëåíèé ((â d-ìåðíîì åâêëèäîâîì ïðîñòðàíñòâå)),
êðîìå èíâàðèàíòíîñòè îòíîñèòåëüíî òðàíñëÿöèé è âðàùåíèé â åâêëèäîâîì ïðîñòðàíñòâå ðàçìåðíîñòè
d âàæíûìè îêàçûâàþòñÿ ìàñøòàáíàÿ è êîíôîðìíàÿ èíâàðèàíòíîñòè.

Ýëåìåíò Sλ íåïðåðûâíîé àáåëåâîé ãðóïïû ìàñøòàáíûõ ïðåîáðàçîâàíèé çàäàþòñÿ ÷èñëîì λ > 0.
Ïàðàìåòðàìè ìîäåëè ìû íàçûâàåì òå åå êîíñòàíòû, êîòîðûå ìîãóò áûòü çàäàíû ðàçëè÷íûì îáðàçîì.
Îíè ìîãóò, â ÷àñòíîñòè, ìåíÿòüñÿ ïðè ìàñøòàáíûõ ïðåîáðàçîâàíèé. Äëÿ ïàðàìåòðà α ïî îïðåäåëåíèþ

Sλα = αλ = λ∆αα.

ãëå ÷èñëî ∆α íàçûâàåòñÿ ðàçìåðíîñòüþ α. Åñëè ∆α 6= 0, òî α íàçûâàþò ðàçìåðíûì ïàðàìåòðîì, à ïðè
∆α = 0 áåçðàçìåðíûì. Ïî îïðåäåëåíèþ λ â Sλ ñ÷èòàåòñÿ áåçðàçìåðíûì.

Äëÿ ôóíêöèè F (α1, . . . , αn)

SλF (α1, . . . , αn) = Fλ(α1, . . . , αn) = F (Sλα
1, . . . , Sλα

n) = F (α1
λ, . . . , α

n
λ).

Ïîýòîìó

Sλ

(
n∏
k=1

αk

)
=

n∏
k=1

αkλ = λ∆(n)
α

n∏
k=1

αk, ∆(n)
α =

n∑
k=1

∆αk ,

Sλ2
(Sλ1

α) = λ∆α
1 Sλ2

α = λ∆α
1 λ∆α

2 α = (λ1λ2)∆αα = Sλ1λ2
α.

Òàêèì îáðàçîì, ðàçìåðíîñòü ïðîèçâåäåíèÿ ïàðàìåòðîâ ðàâíà ñóììå èõ ðàçìåðíîñòåé, è Sλ2Sλ1 =
Sλ2λ1

= Sλ1
Sλ2

. Ïðè λ = 1 ïðåîáðàçîâàíèå S1 = 1 ÿâëÿåòñÿ òîæäåñòâåííûì è (Sλ)−1 = Sλ−1 .
Ôóíêöèè F (α1, . . . , αn), äëÿ êîòîðûõ

SλF (α1, ..., αn) = F (λ∆α1α1, ..., λ∆αnαn) = λ∆FF (α1, ..., αn), (1)

íàçûâàþòñÿ îáîáùåííî îäíîðîäíûìè. Îíè èãðàþò âàæíóþ ðîëü â òåîðèè êðèòè÷åñêèõ ÿâëåíèé. Åñëè
â (1) ïîëîæèòü λ = (αk)−1/∆

αk , òî ìû ïîëó÷èì

F (α1, ..., αn) = (αk)
∆F
∆
αk F (k)(a1, . . . , an−1),

ãäå aj = αj

(αk)

SλF (α1, . . . , αn) = λ∆FF (α1, . . . , αn)
Â òåîðèè êðèòè÷åñêèõ ÿâëåíèé èñïîëüçóþòñÿ êâàíòîâîïîëåâûå ìîäåëè â åâêëèäîâîì ïðîñòðàíñòâå

ðàçìåðíîñòè d. Äëÿ êîîðäèíàò xi, i = 1, . . . d åãî òî÷êè ìû îïðåäåëèì ìàñøòàáíîå ïðåîáðàçàâàíèå
ñëåäóþùèì îáçàçîì xiλ = xi/λ, òî åñòü, ∆xi = −1, è xλ = x/λ, ∆x = −1 äëÿ âåêòîðà x = {x1, . . . , xn}.

Ìàñøòàáíûì ïðåîáðàçîâàíèåì ôóíêöèè F (α1, ..., αn) íàçûâàåòñÿ
a ∆F - ðàçìåðíîñòüþ ôóíêöèè F .
Åñëè Fλ(α1, ..., αn) = F (α1, ..., αn), òî
Ïðîèçâåäåíèå ìàñøòàáíûõ ïðåäáðàçîâàíèé
Ïðîèçâîäÿùèé ôóíêöèîíàë ôóíêöèé Ãðèíà â ìîäåëè êâàíòîâîé òåîðèè ïîëÿ ñ äåéñòâèåì S(ϕ) =

S0(ϕ) + Sint(ϕ) çàïèñûâàåòñÿ â âèäå

G(J) = c

∫
eiS(ϕ)+JϕDϕ, c−1 =

∫
eiS0(ϕ)+JϕDϕ (2)
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ãäå S0(ϕ) - äåéñòâèå ñâîáîäíîé òåîðèè, è Sint(ϕ) îáîçíà÷àåò äåéñòâèå âçàèìîäåéñòâèÿ. Äèôôåðåíöèðóÿ
åãî ïî J è ïîëàãàÿ J = 0, ìû ïîëó÷àåì ôóíêöèè Ãðèíà

Gn(x1, ..., xn) = c

∫
eiS(ϕ)ϕ(x1)...ϕ(xn)Dϕ.

Cîñòàâíîìó îïåðàòîðó V(ϕ̂(x)) ïîëÿ ϕ̂ â ðàìêàõ ôóíêöèîíàëüíîãî ïîäõîäà ñîîòâåòñâóåò ëîêàëü-
íûé ôóíêöèîíàë V (ϕ(x)), îò ïîëÿ ϕ è åãî ïðîèçâîäíûõ. Ñâîéñòâà ñèñòåìû, ñâÿçàííûå ñ ñîñòàâíûì
îïåðàòîðîì V(ϕ̂) õàðàêòåðèçóþòñÿ ôóíêöèÿìè,

Gn(V, x, x1, ..., xn) = c

∫
V (ϕ(x)) eiS(ϕ)ϕ(x1)...ϕ(xn)Dϕ,

äëÿ êîòîðûõ ïðîèçâîäÿùèì ôóíêöèîíàëîì ÿâëÿåòñÿ

G(V, J ;x) = c

∫
V (ϕ(x)) eiS(ϕ)+JϕDϕ. (3)

Åñëè îáîçíà÷èòü

S′(ϕ) = S(ϕ) +

∫
λ(x)V (ϕ(x))dx, G′(J) = c

∫
eiS
′(ϕ)+JϕDϕ,

òî

G(V, J, x) = −i δ

δλ(x)
G′(J)|α=0. (4)

Â äàëüíåéøåì ìû áóäåì ðàññìàòðèâàòü êâàíòîâîïîëåíâûå ìîäåëè â Åâêëèäîâîì ïðîñòðàíñòâå ñ ôóíê-
öèîíàëàìè äåéñòâèÿ è ñîñòàâíûìè îïåðàòîðàìè ïîëèíîìèàëüíîãî âèäà. Â êà÷åñòâå çàïèñè íàèáîëåå
îáùåãî âèäà ïðîèçâîäÿùåãî ôóíêöèîíàëà ôóíêöèé Ãðèíà ìû áóäåì èñïîëüçîâàòü âûðàæåíèå [1]

G(A) =

∫
e−S(A,ϕ)Dϕ =

∫
exp

{
n∑
k=1

1

k!
Akϕ

k

}
Dϕ. (5)

ãäå Ak = Ak(x1, ..., xk) - ôóíêöèè k àðãóìåíòîâ, êîòîðûå ìû áóäåì íàçûâàòü ïîòåíöèàëàìè. Ìû ðàñ-
ñìàòðèâàåì èõ â êà÷åñòâå àðãóìåíòîâ ôóíêöèîíàëà G(A), ãäå A îáîçíà÷àåì ìíîæåñòâî âñåõ ïîòåíöè-
àëîâ A1, ..., An. Ýòîò ôóíêöèîíàë óäîâëåòâîðÿåò óðàâíåíèÿì

δ

δAk
G(A) =

1

k!

δk

δAk1
G(A), k = 2, ..., n, (6)(

n∑
k=2

Ak
δ

δAk−1
+A1

)
G(A) = 0, (7)

ãäå (6) óðàâíåíèÿ, ñâÿçè ïðïîèçâîäíûõ ïî ðàçëè÷íûì ïîòåíöèàëàì, à (7) - ýòî óðàâíåíèå Øâèíãåðà
[1]. Â ðàìêàõ òåîðèè âîçìóùåíèé ôóíêöèùíàë G(A) - ýòî ñóììà âñåõ äèàãðàìì Ôåéíìàíà ñ ëèíÿìè
∆ = −A−1

2 è âåðøèíàìè Ak, ïðè 1 ≤ k ≤ n, k 6= 2, óìíîæåííàÿ íà c−1 = exp( 1
2 tr ln ∆) . Ôóíêöèîíàë

W(A) = lnG(A) ïðåäòñòàâëÿåò ñîáîé ñâÿçíóþ ÷àñòü G(A), ò.å. ñóììó âñåõ ñâÿçíûõ äèàãðàìì G(A) c
îáû÷íûìè ñèììåòðèéíûìè êîýôôèöèåíòàìè è 1

2 tr ln ∆. Òàêèì îáðàçîì, äëÿ ðàññìàòðèâàåìîé íàìè
ìîäåëè W(A) ÿâëÿåòñÿ ïðîèçâîäÿùèì ôóíêöèîíàëîì ñâÿçíûõ ôóíêöèé Ãðèíà.

Äëÿ ïîñòðîåíèÿ óðàâíåíèé, êîòîðûì óäîâñëåòâîðÿþò ôóíêöèè Ãðèíà, õàðàêòåðèçóþùèå ñîñòàâíûå
îïåðàòîðû, óäîáíî âîñïîëüçîâàòüñÿ ôîðìàëèçìîì ôóíêöèîíàëüíûõ ïðåîáðàçîâàíèé Ëåæàíäðà. Ôóíê-
öèëíàëüíûì ïðåîáðàçîâàíèåì Ëåæàíäðà ïîðÿäêà m ïðîèçâîäÿùåãî ôóíêöèîíàëà ñâÿçíûõ ôóíêöèé
Ãðèíà W(A) ÿâëÿåòñÿ ôóíêöèîíàë

Γ(m)(α, Ā) =W(A)−
m∑
k=1

∫
αk(x1, ..., xk)Ak(x1, ..., xk)dx1...dxk, (8)

àðãóìåíòàìè åîòîðîãî ÿâëÿåüñÿ íàáîð ôóíêöèé α = (α1, ..., αm) è ïîòåíöèàëîâ Ā = (Am+1, ..., An).
Ïðåäïîëàãàåòñÿ, ÷òî m ≤ n è ïîòåíöèàëû A1, ..., Am â ïðàâîé ÷àñòè (8) âûðàæåíû â òåðìèíàõ àðãó-
ìåíòîâ (α, Ā) òàê, ÷òî âûïîëíÿþòñÿ ñîîòíîøåíèÿ

αk =
δW (A)

δAk
, k = 1, ...,m. (9)
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Âñëåäñòâèå ýòîãî,

δΓ(m)(α, Ā)

δαk(x1, ..., xk)
= −Ak(x1, ..., xk), k = 1, ...,m, (10)

è ôóíêöèîíàë

Φ(m)(α,A) = Γ(m)(α, Ā) +

m∑
k=1

∫
αk(x1, ..., xk)Ak(x1, ..., xk)dx1 · · · dxk (11)

ìîæíî ðàññìàòðèâàòü êàê ýôôåêòèâíîå äåéñòâèå äëÿ ðåøåíèÿ çàäà÷è íàõîæäåíèÿ ïîëíûõ íåñâÿçíûõ
ôóíêöèé Ãðèíà áåç âàêóóìíûõ ïåòåëü

αk =
δ

δAk
W(A) =

1

G(A)

δ

δAk
G(A) =

1

k!G(A)

δk

δAk1
G(A), k = 1, ...,m. (12)

â ðàììàòðèâàåìîé ìîäåëè. Îíè ÿâëÿþòñÿ ðåøåíèÿìè ñèñòåìû óðàâíåíèé ñòàöèîíàðíîñòè

δ

δαk
Φ(m)(α,A) = 0, k = 1, ...,m (13)

äëÿ ôóíêöèîíàëà Φ(m)(α,A). Ïðè ïîäñòàíîâêå íàéäåííûõ ðåøåíèé ýòèõ óðàâíåíèé â Φ(m)(α,A) ìû
ïîëó÷àåì ïðîèçâîäÿùèé ôóíêöèîíàë ñâÿçíûõ ôóíêöèé Ãðèíà W(A).

Äëÿ ôóíêöèîíàëüíûõ ïðåîáðàçîâàíèé Ëåæàíäðà ïðîèçâîëüíîãî ïîðÿäêà ñóùåñòâóþò ïðåäñòàâëå-
íèÿ â âèäå áåñêîíå÷íîé ñóììû äèàãðàìì Ôåéíìàíà. Äëÿ ïîñòàâëåííîé íàìè çàäà÷è ìû îãðàíè÷èìñÿ
èñïîëüçîâàíèåì âòîðîãî ïðåîáðàçîâàíèÿ Ëåæàíæðà Γ(2)(α, Ā). Äëÿ îïèñàíèÿ äèàãðàììíîãî ïðåäñòàâ-
ëåíèÿ ýòîãî ôóíêöèîíàëà áîëåå óäîáíûûìè, ÷åì (α, Ā) ÿâëÿþòñÿ àðãóìåíòû (β, Ā), ãäå β = (β1, β2) è
α = (α1, α2) ñâÿçàíû ñîîòíîøåíèÿìè

α1 = β1, α2 =
1

2
(β2 + β2

1),

èç êîòîðûõ ñëåäóåò, ÷òî βk = δkW(A)

δAk1
ïðè k = 1, 2 - ýòî ïîëíûå ñâÿçíûå ôóíêöèè Ãðèíà: ñðåäíåå ïîëå

β1 è ïîëíûé ïðîïàãàòîð β2. Âòîðîå ïðåîáðàçîâàíèå Ëåæàíäðà Γ(2)(β, Ā) ìîæåò áûòü çàïèñàíî â âèäå

Γ(2)(β, Ā) =
1

2
Tr lnβ2 + Γ̃(2)(β, Ā), (14)

ãäå ôóíêöèîíàë Γ̃(2)(β, Ā) ÿâëÿåòñÿ ñóììîé äèàãðàìì Ôåéíìàíà â âåðøèíàìè β1 è A3, ..., An, â êîòîðûõ
ëèíèè β2 ñîåäèíÿþò ìåæäó ñîáîé âåðøèíû Ak, a âåðøèíû β1 ïðèñîåäèíÿþòñÿ ê íèì íåïîñðåäñòâåííî,
ò.å. ïðèñîåäèíÿþùèì èõ r âåðøèíàì Ak ëèíèÿì ñîîòâåòñòâóåò åäèíèöà. Âåðøèíû β1 ìåæäó ñîáîé
ëèíèåé íå ñîåäèíÿþòñÿ. Âñå äèàãðàììû èìåþò îáû÷íûå ñèììåòðèéíûå êîýôôèöèåíòû è ÿâëÿþòñÿ
2-íåïðèâîäèìûìè. Äèàãðàììà íàçàâàåòñÿ 2-íåïðèâîäèìîé, åñëè îíà ñâÿçíà è íå ðàñïàäàåòñÿ íà äâå
íåòðèâèàëüíûå ÷àñòè ïðè ðàçðûâå â íåé íå áîëåå äâóõ ëèíèé. Òðèâèàëüíîé ñ÷èòàåòñÿ âåðøèíà èëè
ëèíèÿ. Èç âûøå ñêàçàííîãî ñëåäóåò, ÷òî

Γ̃(2)(β, 0) = 0, Γ̃(2)(β, Ā)
∣∣∣
β2=0

=

n∑
k=3

1

k!
Akβ

k
1 ,

è ëèíåéíàÿ ïî ïîòåíöèàëàì Ā ÷àñòü Γ̃(2)(β, Ā) ìîæåò áûòü çàïèñàíà â âèäå

exp

{
1

2

δ

δβ1
β2

δ

δβ1

} n∑
k=3

1

k!
Akβ

k
1 .

Äëÿ ìîäåëè ñ n = 3, â êîòîðîé äåéñòâèå âçàèìîäåéñòâèÿ îïðåäåëÿåòñÿ åäèíñòâåííûì ïîòåíöèàëîì A3,

Γ̃(2)(β, Ā) =
1

3!
A3β

3
1 +

1

2
A3β2β1 +

1

2 · 3!
A3β

3
2A3 +O(A3

3) (15)

ãäå O(A3
3) îáîçíà÷àåò íå çàâèñÿùèé îò β1 âêëàä â Γ̃(2)(β, Ā) âñåõ äèàãðàìì ñ òðåìÿ è áîëåå âåðøèíàìè

A3 è ëèíèÿìè β2.
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Óðàâíåíèÿ ñòàöèîíàðíîñòè äëÿ ôóíêöèîíàëà Φ(2)(β, Ā) èìåþò âèä

δ

δβ1
Φ(2)(β, Ā) = A1 +A2β1 +

δ

δβ1
Γ̃(2)(β, Ā) = 0, (16)

δ

δβ2
Φ(2)(β, Ā) =

1

2
β−1

2 +
1

2
A2 +

δ

δβ2
Γ̃(2)(β, Ā) = 0, (17)

è (17) ìîæíî çàâèñàòü â âèäå óðàâíåíèÿ Äàéñîíà-Øâèíãåðà

D−1 = ∆−1 − Σ, (18)

ãäå D = β2 - ïîëíûé ïðîïàãàòîð, ∆ = −A−1
2 - çàòðàâî÷íûé ïðîïàãàòîð è Σ = 2 δΓ(2)(β, Ā)/δβ2 -

îïåðàòîð ñîáñòâåííîé ìàññû. Â ìîäåëè (15)

Σ = A3β1 +
1

2
A3β

2
2A3 +O′(A3

3), (19)

ãäå O′(A3
3) - ñóììà äèàãðàìì ñ òðåìÿ è áîëåå âåðïøèíàìè A3 è óðàâíåíèå (16) èìååò âèä

A1 +A2β1 +
1

2
A3β

2
1 +

1

2
A3β2 = 0, (20)

Ôóíêöèè Ãðèíà ñ âêëàäîì ñîñòàâíîãî îïåðàòîðà.
Îáîçíà÷èì

G(A, V ) =

∫
V (ϕ)e−S(A,ϕ)Dϕ =

∫  n∑
j=1

1

j!
Bjϕ

j

 exp

{
n∑
k=1

1

k!
Akϕ

k

}
Dϕ, (21)

G(A,B, λ) =

∫
e−S

′(A,B,λ,ϕ)Dϕ =

∫
exp

{
n∑
k=1

1

k!
(Ak + λBk)ϕk

}
, (22)

Gk(A, V ;x1, ..., xk) =
δkG(A, V )

δA1(x1) · · ·A1(xk)
=

∫
V (ϕ)e−S(A,ϕ)ϕ(x1) · · ·ϕ(xk)Dϕ, (23)

W(A,B, λ) = lnG(A,B, λ) = ln

(∫
e−S

′(A,B,λ,ϕ)Dϕ

)
, W(A, V ) =

∂

∂λ
W(A,B, λ)

∣∣∣
λ=0

. (24)

Èç (21), (22) ñëåäóåò, ÷òî W(A, V ) - ñóììà ñâÿçíûõ ãðàôîâ Ôåéíìàíà,

G(A, V ) =
∂

∂λ
G(A,B, λ)

∣∣∣
λ=0

=W(A, V )G(A), (25)

è W(A, V ) = ñâÿçíàÿ ÷àñòü G(A, V ). Òàê êàê

β1(A, V ) ≡ δ

δA1
W(A, V ) =

G1(A, V )

G(A)
− G(A, V )G1(A)

G(A)2
, (26)

β2(A, V ) ≡ δ2

δA2
1

W(A, V ) =
G2(A, V )

G(A)
− 2
G1(A, V )G1(A)

G(A)2
+ 2
G(A, V )G2

1(A)

G(A)3
− G(A, V )G2(A)

G(A)2
(27)

è βk(A, V ) = ñâÿçíàÿ ÷àñòü βk(A, V ), k = 1, 2 , ìû âèäèì, ÷òî

βk(A, V ) = ñâÿçíàÿ ÷àñòü Gk(A, V ), k = 1, 2. (28)

Ïîëüçóÿñü òåõíèêîé ôóíêöèîíàëüíûõ ïðåîáðàçîâàíèé Ëåæàíäðà ìû ïîëó÷èì àíàëîãè÷íûå (16-17)
óðàâíåíèÿ äëÿ ôóíêöèé β1(A, V ), β2(A, V ).

δ

δβ1
Φ(2)(β,A+ λB) = A1 + λB1 + (A2 + λB2)β1 +

δ

δβ1
Γ̃(2)(β, Ā+ λB̄) = 0, (29)

δ

δβ2
Φ(2)(β,A+ λB) =

1

2
β−1

2 +
1

2
(A2 + λB2) +

δ

δβ2
Γ̃(2)(β, Ā+ λB̄) = 0, (30)

Ïðîäèôôåðåíöèðîâàâ ýòè ðàâåíñòâà ïî λ è ïîëîæèâ λ = 0, ìû ïîëó÷èì
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P1 +Q11β1(A, V ) +Q12β2(A, V ) = 0, P2 +Q21β1(A, V ) +Q22β2(A, V ) = 0 (31)

ãäå

P1 = B1 +B2β1 +

n∑
k=3

Bk
δ2Γ̃(2)(β, Ā)

δAkδβ1
, Q11 = A2 +

δ2Γ̃(2)(β, Ā)

δβ2
1

, Q12 =
δ2Γ̃(2)(β, Ā)

δβ1δβ2
,

P2 =
1

2
B2 +

n∑
k=3

Bk
δ2Γ̃(2)(β, Ā)

δAkδβ2
, Q21 =

δ2Γ̃(2)(β, Ā)

δβ2δβ1
, Q22 =

δ2Γ̃(2)(β, Ā)

δβ2
2

− 1

2
β−2

2 .

Ïðåîáðàçîâàíèå Ëåæàíäðà Γ(2)(β, Ā) óäîâëåòâîðÿåò óðàâíåíèþ [1]

δΓ(2)(β, Ā)

δβ1
=

1

2
A3(β2 + β2

1) +

n−1∑
k=3

Ak+1
δΓ(2)(β, Ā)

δAk
, (32)

2
δΓ(2)(β, Ā)

δβ2
= β−1

2 +
δ2Γ(2)(β, Ā)

δβ2
1

− δ2Γ(2)(β, Ā)

δβ1δβ2

[
δ2Γ(2)(β, Ā)

δβ2
2

]−1
δ2Γ(2)(β, Ā)

δβ2δβ1
, (33)

δΓ(2)(β, Ā)

δAk
=

1

k!
(β1 +D)k, D = β2

[
δ

δβ1
− δ2Γ(2)(β, Ā)

δβ1δβ2

(
δ2Γ(2)(β, Ā)

δβ2
2

.

)−1
δ

δβ2

]
, 3 ≤ k ≤ n. (34)

è âñëåäñòâèå (10),

δΓ(2)(β, Ā)

δβ2
=
δα2

δβ2

δΓ(2)(α, Ā)

δα2
= −1

2
A2.

Òàêèì îáðàçîì,

Q11 =
δ2Γ(2)(β, Ā)

δβ1δβ2

[
δ2Γ(2)(β, Ā)

δβ2
2

]−1
δ2Γ(2)(β, Ā)

δβ2δβ1
− β−1

2 =
δ2Γ(2)(β, Ā)

δβ2
1

− 2
δΓ(2)(β, Ā)

δβ2
.

Óðàâíåíèÿ (31) ìîãóò áûòü çàïèñàíû â âèäå

(Q11 −Q12Q
−1
22 Q21)β1(A, V ) + P1 −Q12Q

−1
22 P2 = 0, (35)

(Q22 −Q21Q
−1
11 Q12)β2(A, V ) + P2 −Q21Q

−1
11 P1 = 0. (36)

Ýòî íóæíî ïðîâåðèòü !!!
Â ðàññììîòðèì ìîäåëü ñ Ak = 0 ïðè k > 3. Â ýòîì ñëó÷àå óðàâíåíèÿ óëðàâíåíèÿ (32-34) ïðèîáðå-

òàþò âèä

δΓ(2)(β,A3)

δβ1
=

1

2
A3(β2 + β2

1), (37)

2
δΓ(2)(β,A3)

δβ2
= β−1

2 +A3β1 −
1

4
A3

(
δ2Γ(2)(β,A3)

δβ2
2

)−1

A3, (38)

δΓ(2)(β,A3)

δA3
=

1

3!
(β1 +D)2β1, D = β2

[
δ

δβ1
− 1

2
A3

(
δ2Γ(2)(β,A3)

δβ2
2

)−1
δ

δβ2

]
. (39)

è

Q11 =
1

4
A3

(
δ2Γ(2)(β,A3)

δβ2
2

)−1

A3 − β−1
2 = A3β1 − 2

δΓ(2)(β,A3)

δβ2

Åñëè â òðàíñëÿöèîííî èíâàðèàíòíîé êâíòíîâî-ïîëåâîé ñèñòåìå ðåàëèçóåòñÿ ìàñøòâáíàÿ èíâàðè-
àíòíîñòü ( êðèòè÷åñêàÿ òî÷êà), òî âñå ïàðíûå êîððåëÿöèîííûå ôóíêöèè ëîêàëüíûõ îïåðàòîðîâ ñ íåñîâ-
ïàäàþùìè ðàçìåðíîñòÿìè, à òàêæå èõ ñðåäíèå çíà÷åíèÿ ðàâíû íóëþ.

Â ýòîì ñëó÷àå P1 = P2 = β1(A, V ) = 0 è óðàâíåíèÿ (31) ïðåäñòàâëÿþò ñîáîé ñèñòåìó äâóõ îäíîðîä-
íûõ ëèíåéíûõ óðàâíåíèé äëÿ β2(V,A)

Q12β2(A, V ) = 0, Q22β2(A, V ) = 0. (40)
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Åñëè â êà÷åñòâå β2(A, V, x1, x2) ïîäñòàâèòü â (31) ôóíêöèþ âèäà

T
(n)
µ1,...,µn(x1 − x2)

(x1 − x2)2α
(41)

ãäå T
(n)
µ1,...,µn(x1−x2) òåíçîð, ïîñòðîåííûé èç ñèìâîëîâ Êðîíåêåðà è êîìïîíåíò âåêòîðà x1−x2, òî ïåðâîå

èç ýòèõ óðàâíåíèé óäîâëåòâîðÿåòñÿ òðèâèëüíûì îáðàçîì, òàê êàê â ðàìêàõ ðàçìåðíîé ðåãóëÿðèçàöèè
ìàñøòàáíî èíâàðèàíòíûå ôóøêöèè îäíîé ïåðåìåííîé ðàâíû íóëþ. Â îáùåì ñëó÷å â ïðàâîé ÷àñòè
âòîòîðãî èç óðàâíåíèé (31) âîçíèêíåò ñóììà âûðàæåíèé àíàëîãè÷íûõ (41) ñ òîé æå ðàçìåðíîñòüþ

2α−n+2k, ãäå k - ÷èñëî ñèìâîëîâ Êðîíåêåðà â òåíçîðå T
(n)
µ1,...,µn è ðàçìåðíîñòü êîîðäèíàòû x ñ÷èòàåòñÿ

ðàâíîé −1. Òàêèì îáðàçîì, ðåøåíèÿ β2(A, V, x1, x2) óðàâíåíèé (41) ìû ìîæåì èñêàòü â âèäå ëèíåéíîé
êîìáèíàöèè òåíçîðíûõ ôóíêöèé (41) îäèíàêîâîãî ðàíãà n è ðàçìåðíîñòè α.

Â òåðìèíàõ ïðåîáðàçîâàíèÿ Ëåæàíäðà ôóíêöèÿ β2(A, V, x1, x2) óäëâëåòâëðÿåò îäíîðîäíîìó ëèíåé-
íîìó èíòåãðàëüíîìó óðàâíåíèþ∫ ∫ (

β−1
2 (x1, y1)β−1

2 (x2, y2)− 2
δ2Γ̃(2)(β2, Ā)

δβ2(x1, x2)δβ2(y1, y2)

)
β2(A, V, y1, y2)dy1dy2 = 0, (42)

ãäå Γ̃(2)(β2, Ā) = Γ̃(2)(β, Ā)
∣∣
β1=0

. Ñëåäîâàòåëüíî, β2(A, V, y1, y2) - ñîáñòâåííàÿ ôóíêöèÿ ñ ñîáñòâåííûì

çíà÷åíèåì 1
2 èíòåãðàëüíîãî îïåðàòîðà ñ ÿäðîì

β2
2

δ2

δβ2
Γ̃(2)(β2, Ā). (43)

Çäåñü ïðåäïîëàøàåüñÿ, ÷òî β2 - ýòî ïîëíûé ïðîïàãàòîð ïîëÿ ϕ ðàññìàòðèâàåìîé ìîäåëè, êîòîðûé, åñëè
àíîìàëüíàÿ ðàçìåðíîñòü ϕ íåòðèâèàëüíà, ÿâëÿåòñÿ ìàñøòàáíî èíâàðèàíòíûì ðåøåíèåì ñàìîñîãëàñî-
âàííîãî óðàâíåíèÿ Øâèíãåðà-Äàéñîíà

β−1
2 = 2

δΓ̃(2)(β2, Ā)

δβ2
. (44)

Îíî ñëåäóåò èç (18) åñëè â ýòîì óðàâíåíèè ïîëîæèòü D = β2, β1 = 0 è îòáðîñèòü ∆−1, ò.å. îñòàâèòü
òîëüêî òå âåëè÷èíû, êîòîðûå èìåþò ðàçìåðíîñòü îáðàòíîãî ïîëíîãî ïðîïàãàòîðà β−1

2 , íå ñîâïàäàþùóþ
ñ ðàçìåðíîñòüþ ∆−1, â ñèëó ïðåäïîëîæåíèÿ î íàëè÷èÿ àíîìàëüíîé ðàçìåðíîñòè ó ïîëÿ ϕ.

2 Ïðîñòîé ïðèìåð

Ïðîäåìîíñòðèðóåì ìåòîäû ðàñ÷åòîâ àíîìàëüíûõ ðàçìåðíîñòåé ñîñòàâíûõ îïåðàòîðîâ ñ ïîìîùüþ óðàâ-
íåíèÿ ñàìîñîãëàñîâàíèÿ (44) â ìîäåëè áåçìàññîâîãî ñêàëÿðíîãî n-êîìïîíåíòíîãî ïîëÿ ϕ = (ϕ, . . . , ϕn)
â Ýâêëèäîâîì ïðîñòðàíñòâå ðàçìåðíîñòè d ñ äåéñòâèåì

S(ϕ) =
1

2

d∑
µ=1

∂µϕ
2 +

1

4
λ(ϕ2)2 (45)

ãäå ìû âîñïîëüçîâàëèñü îáîçíà÷åíèÿìè ∂µϕ
2 =

∑n
k=1

∂ϕk
∂xµ

∂ϕk
∂xµ , ϕ

2 =
∑n
k=1 ϕ

2
k.

Ïðîèçâîäÿùèé ôóíêóîíàë ôóíêöèé Ãðèíà â ýòîé ìîäåëè ìîæíî ïðåäñòàâèòü â âèäå

G(J) = c

∫
e−S(ϕ)+ϕJDϕ = c′

∫
e−S(ϕ,ψ)+ϕJDϕDψ (46)

ãäå

S(ϕ,ψ) =
1

2

d∑
µ=1

∂µϕ
2 +

1

2
ψ2 +

1

2

√
λϕ2ψ (47)

è íîðìèðîâî÷íûå êîíñòàíòû c, c′ îïðåäåëÿþòñÿ óñëîâèåì G(0)
∣∣
λ=0

= 1.
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Îáîçíà÷èì

G(J, J ′) = c′
∫
e−S(ϕ,ψ)+ϕJ+ψJ′DϕDψ, W (J, J ′) = lnG(J, J ′) (48)

ïðîèçâîäÿùèé ôóíêöèîíàë ôóíêöèé Ãðèíà ñèñòåìû ïîëåé ϕ,ψ, à òàêæå ñâÿçíûå ôóíêöèè Ãðèíà

β1(x) =
δW (J, J ′)

δJ(x)

∣∣∣∣∣
J=J′=0

, β2(x1, x2) =
δ2W (J, J ′)

δJ(x1)δJ(x2)

∣∣∣∣∣
J=J′=0

,

β′1(x) =
δW (J, J ′)

δJ ′(x)

∣∣∣∣∣
J=J′=0

, β′2(x1, x2) =
δ2W (J, J ′)

δJ ′(x1)δJ ′(x2)

∣∣∣∣∣
J=J′=0

.

Ðàññìàòðèâàÿ βi, β
′
i êàê êîìïîíåíòû âåêòîðà ~βi = (βi, β

′
i) äëÿ i = 1, 2, ââåäåì â êà÷åñòâå ïîòåíöèàëà

âçàèìîäåéñòâèÿ A3 ñèììåòðè÷íûé òåíçîð òðåòüåãî ðàíãà äëÿ êîòîðîãî åãî ñâåðòêà A3
~βi ñ âåêòîðàìè

~β1 èìååò âèä

A3
~β 3

1 =
√
λβ2

1β
′
1 =
√
λ

k∑
k=1

∫
βk1 (x)2β′1(x)dx.

Ècïîëüçóÿ âòîðîå ïðåîáðàçîâàíèå Ëåæàíäðà

Γ(2)(~β,A3) = Γ(2)(~β1, ~β2, A3) =
1

2
Tr lnβ2 +

1

2
Tr lnβ′2 + Γ̃(2)(~β1, ~β2, A3),

ãäå

Γ̃(2)(~β1, ~β2, A3) =
1

2

√
λβ′1β2 +

1

4
λβ′2Tr(β2β2) +O(λ3/2)

ìîæíî âû÷èñëèòü ôóíêöèè Ãðèíà ~βi = (βi, βi), i = 1, 2. ðåøèâ óðàâíåíèÿ ñòïàöèîíàðíîñòè äëÿ ñîîòâåò-

ñâóþùåãî ôóíêöèîíàëà Φ(2)(~β,A). Â êðèòåòè÷åñêîé òî÷êå β1 = β′1 = 0 è óðàâíåíèå (44) ïðåäñòàâëÿåò
ñîáîé ñèñòåìó äâóõ óðàâíåíèé äëÿ β2 è β

′
2

β−1
2 = 2

δΓ̃(2)(β2, β
′
2, A3)

δβ2
= λβ2β

′
2 +O(λ2), (49)

β′−1
2 = 2

δΓ̃(2)(β2, β
′
2, A3)

δβ2
=

1

2
λTrβ2β2 +O(λ2), (50)

à äëÿ (42) çàïèñûâàåòñÿ â âèäå äâóõ óðàâíåíèé äëÿ β2(A3, V ), β′2(A3, V )

β−1
2 β2(A3, V )β−1

2 = 2
δ2Γ̃(2)(β2, β

′
2, A3)

δβ2δβ2
β2(A3, V ),+2

δ2Γ̃(2)(β2, β
′
2, A3)

δβ2δβ′2
β′2(A3, V ) = (51)

= λβ′2β2(A3, V ) + λβ2β
′
2(A3, V ) +O(λ2),

β′−1
2 β′2(A3, V )β′−1

2 = 2
δ2Γ̃(2)(β′2, β

′
2, A3)

δβ′2δβ2
β2(A3, V ),+2

δ2Γ̃(2)(β2, β
′
2, A3)

δβ′2δβ
′
2

β′2(A3, V ) = (52)

=
λ

2
β2β2(A3, V ) +O(λ2).

Ìû ïðåäïîëàãàåì, ÷òî ñèñòåìà â êðèòè÷åñêîé òî÷êå îáëàäàåò ñâîéñòâàìè òðàíñëÿöèîííîé è ðîòàöè-
îííîé èíâàëèàíòíîñòè, ïðåäïîëàãàåì òàêæå, ÷òî îíà èíâàðèàíòíà îòíîñèòåëüíî âðàùåíèÿ b - êîì-
ïîíåíòíîãî ïîëÿ ϕïàëàòî. Òîãäà, â ñèëó ìàñøòàáíîé èíâàðèàíòíîñòè, ïðîïàãàòîð β2(x, x′) ïîëÿ ϕ,
êîòîðûé ÿâëÿåòñÿ n × n - ìàòðèöåé, è ïðîïàãàòîð β′2(x, x′) ïîëÿ ψ â ñàìîì îáùåì ñëó÷àå ìîãóò áûòü
ïðåäñòàâëåíû â âèäå

β2(x, x′) = 1
A

(x− x′)2α
, β′2(x, x′) =

B

(x− x′)2σ
(53)

ãäå 1 - åäèíè÷íàÿ n × n - ìàòðèöà, à A,S, α, σ ïîñòîÿííûå ïàðàìåíòðû. Èç íèõ α - ðàçìåðíîñòü ïîëÿ
ϕ è σ - ðàçìåðíîñòü ïîëÿ ψ.
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Ìû èñïîëüçåì ñëåäóþùèå ñîîòíîøåíèÿ äëÿ èíòåãðàëîâ â ïðîñòðàíñòâå ðàçìåðíîñòè d∫
eipxdxd

x2α
= πξH(α)

(
4

p2

)α′
, (54)∫

dyd

(x− y)2α(y − x′)2β
=
πξH(α, β, d− α− β)

(x− x′)2(α+β−ξ) . (55)

Çäåñü p, x, x′, y - ýòî âåêòîðà d-ìåðíîãî ïðîñòðàíñòâà, ξ = d/2, H(α) - ýòî îòíîøåíèå äâóõ ãàììà-
ôóíêöèé:H(α) = Γ(α′)/Γ(α), ãäå α′ = ξ−α, èñïîëüçîâàíî îáîçíà÷åíèåH(α1, . . . , αn) = H(α1) · · ·H(αn),
êîòîðîå, è åìó àíàëîãè÷íîå Γ(α1, . . . , αn) = Γ(α1) · · ·Γ(αn) áóäåò ïîëåçíûì è â äàëüíåéøåì äëÿ ñîêðà-
ùåíèÿ çàïèñè ôîðìóë.

Èç (54) ìû ïîëó÷àåì ïðåäñòàâëåíèå äëÿ äåëüòà-ôóíêöèè

δ(x) =
1

(2π)d

∫
eipxdpd =

1

(4π)ξ
lim
α→0

H(α)

(
4

x2

)ξ−α
=

1

πξ
lim
α→0

H(α)

x2α′
. (56)

Âîñïîëüçîâàâøèñü (55), äëÿ èíòåãðàëüíûõ îïåðàòîðîâ K,K ′ â êîîðäèíàòíîì ïðåäñòàâëåíèè c ÿäðàìè

K(x, y) =
c

(x− y)α
, K ′(x, y) =

1

c(x− y)2(d−α−ε) , (57)

ãëå c, α, ε - çàäàííûå ÷èñëà, ìû ïîëó÷àåì

lim
ε→0

∫
K(x, y)K ′(y, x′)dyd = πξH(α, d− α) lim

ε→0

H(ε)

(x− x′)2ε′
= πdH(α, d− α)δ(x− x′). (58)

Ñëåäîâàòåëüíî, ÿäðî îáðàòíîãî ê K îïåðàòîðà èìååò âèä

K−1(x, y) = p(α)K ′(x, y) =
p(α)

c(x− y)2(d−α)
, p(α) =

1

πdH(α, d− α)
=
H(α′,−α′)

πd
. (59)

Â ñëåäñòâèå òîãî, ÷òî Γ(x,−x) = Γ(x)Γ(−x) = −π/(x sin(πx)), äëÿ p(α) èìååòñÿ òàêæå ïðåäñòàâëåíèå

p(α) = −α
′ sin(πα′)Γ(α, d− α)

πd+1
. (60)

Â ãëàâíîì îäíîïåòëåâîì ïðèáëèæåíèè óðàâíåíèÿ (49), (50) â êîîðäèíàòíîé ôîðìå çàïèñè èìåþò
âèä

p(α)

A(x− y)2(d−α)
= −λ AB

(x− y)2(α+σ)
,

p(σ)

B(x− y)2(d−σ)
= −λn

2

A2

(x− y)4α
. (61)

Èç (61) ñëåäóåò, ÷òî

σ = d− 2α, λA2B + p(α) = 0, np(α) = 2p(d− 2α). (62)

Çàïèñàâ α â âèäå α = ξ − 1− η/2 è âîñïîëüçîâàâøèñü (60), (62), ìû ïëó÷àåì óðàâíåíèå

n(1 + η/2) sin(π(1 + η/2))Γ(ξ − 1− η/2, ξ + 1 + η/2) = 2(ξ − 2− η) sinπ(ξ − 2− η)Γ(2 + η, d− 2− η).

Ïðè áîëüøèõ n ìû ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò

η = η1
1

n
+O

(
1

n2

)
, σ = 2 + η1

1

n
+O

(
1

n2

)
, λA2B =

η1Γ(ξ − 1, ξ + 1)

2

1

n
+O

(
1

n2

)
(63)

ãäå

η1 =
4(2− ξ) sin(πξ)Γ(d− 2)

πΓ(ξ − 1, ξ + 1)
=

2(2− ξ) sin(πξ)Γ(2ξ)

(2ξ − 1)πξΓ(ξ)2
. (64)

Â îäíîïåòëíâîì ïðèáëèæåíèè, ïðåíåáðåãàÿ âêëàäàìè O(λ2) â ïðàâûõ ÷àñòÿõ (51), (52), ìû ïîëó÷èì
äëÿ β2(A3, V ), β′2(A3, V ) ñèñòåìó óðàâíåíèé

β−1
2 β2(A3, V )β−1

2 = λβ′2β2(A3, V ) + λβ2β
′
2(A3, V ), (65)

β′−1
2 β′2(A3, V )β′−1

2 = λβ2β2(A3, V ). (66)
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Îáîçíà÷èì t
(k)
µ1...µk(x) ñèììåòðè÷åûé òåíçîð ðàíãà k ïîñòðîåííûé èç êîìïîíåíò xµ âåêòîðà x =

{x1, ..., xd} â d-ìåðíîì ïðîñòðàíñòâå òàêîé ÷òî åãî ñëåä ïî ëþáîé ïàðå êîìïîíåíò c íîìåðàìè i, j ðàâåí
íóëþ:

Tr(ij)t(k)
µ1...µk

(x) =

d∑
µi,µj=1

δµiµj t
(k)
µ1...µk

(x) = 0 (67)

ãäå δµiµj - ñèìâîë Êðîíåêåðà. Êðîìå òîãî, ïðåäïîëàãàåòñÿ, ÷òî

t(k)
µ1...µk

(x) = xµ1 · · ·xµk + t̃µ1...µk(x), (68)

è t̃µ1...µk(x) ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé òåíçîðîâ, êàæäûé èç êîòîðûõ ïîñòðîåí èç ïðîèçâåäåíèÿ

n > 0 ñèìâîëîâ Êðîíåêêåðà, k−2n ≥ 0 êîìïîíåíò âåêòîðà x è (x2)n. Ýòèìè óñëîâèÿìè òåíçîð t
(k)
µ1...µk(x),

êîòîðûé ìû áóäåì íàçûâàòü íåïðèâîäèìûì, îïðåäåëÿåòñÿ îäíîçíà÷íî.
Åñëè ∂x - âåêòîð ∂x = {∂1, . . . ∂d}, ãäå ∂µ = ∂

∂xµ
, òî

t(k)
µ1...µk

(x) =
(−1)kx2(γ+k)Γ(γ)

2kΓ(γ + k)
t(k)
µ1...µk

(∂)
1

x2(γ)
=

x2k

2kΓ(k)
t(k)
µ1...µk

(∂x) lnx2, (69)

Íåòðóäíî òàêæå óáåäèòüñÿ, âîñïîëüçîâàâøìñü (55),(69), ÷òî∫ ∫
dx

(d)
1 dx

(d)
2

1

(x− x1)2a

t
(k)
µ1...µk(x1 − x2)

(x1 − x2)2b

1

(x2 − x′)2c
= (70)

=
(−1)kΓ(b− k)

2kΓ(b)
t(k)
µ1...µk

(∂x)

∫ ∫
dx

(d)
1 dx

(d)
2

1

(x− x1)2a

1

(x1 − x2)2(b−k)

1

(x2 − x′)2c
=

=
(−1)kπdH(a, b− k, c, 3ξ − a− b− c+ k)Γ(b− k)

2kΓ(b)
t(k)
µ1...µk

(∂x)
1

(x− x′)2(a+b+c−k−d)
=

=
πdH(a, b− k, c, 3ξ − a− b− c+ k)Γ(b− k, a+ b+ c− d)

Γ(b, a+ b+ c− k − d)

t
(k)
µ1...µk(x− x′)

(x− x′)2(a+b+c−d)
.

Èùåì ðåøåíèå óðàâíåíèé (65), (66) â êîîðäèíàòíîì ïðåäñòàâëåíèè â âèäå

β2(A3, V ) = β2(A3, V ;x, x′)µ1,...,µk = C
t
(k)
µ1...µk(x− x′)

(x− x′)2γ
, (71)

β̄2(A3, V ) = β̄2(A3, V ;x, x′)µ1,...,µk′ = C̄
t
(k̄)
µ1...µk̄(x− x′)

(x− x′)2γ̄
(72)

ãäå C, C̄, γ, γ̄ ïîñòîÿííûå ïàðàìåòíû, ìû âèäèì, ÷òî (59), (65), (66) ìîãóò óäîâëåòâîðÿòüñÿ òîëüêî ïðè

k = k̄. Ïðè ýòîì èõ ïðàâàâÿ è ëåâàÿ ÷àñòè îêàçûâàþòñÿ ïðîïîðöèîíàëüíû òåíçîðó t
(k)
µ1...µk(x− x′) , è â

êà÷åñòâå ñëåäñòâèé èç (65), (66) ìû ïîëó÷àåì óðàâíåíèÿ

Cp(α)q(k)(α, γ)

A2(x− x′)2(d−2α+γ)
+

λBC

(x− x′)2(σ+γ)
+

λAC̄

(x− x′)2(α+γ̄)
= 0, (73)

C̄p(σ)q(k)(σ, γ̄)

B2(x− x′)2(d−2σ+γ̄)
+

nλAC

(x− x′)2(α+γ)
= 0, (74)

â êîòîðûõ ìû èñïîëüçîâàëè îáîçíà÷åíèå q(k)(ζ, χ) äëÿ ôóíêöèè

q(k)(ζ, χ) =
H(ξ − ζ, d− ζ, χ− k, 2ζ − χ+ k − ξ)Γ(χ− k, d− 2ζ + χ)

Γ(χ, d− 2ζ + χ− k)
(75)

Äëÿ òîãî, ÷òîáû óðàâíåíèÿ (73), (74) èìåëè ðåøåíèå, äîëæíû âûïîëíÿòüòñÿ ñîîòíîøåíèÿ

γ̄ = γ + σ − α = γ + d− 3α (76)

Cp(α)q(k)(α, γ) + λA2BC + λA3C̄ = 0, (77)

2C̄p(σ)Q(k)(σ, γ̄) + nλAB2C = 0. (78)
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Çäåñü ðàâåíñòâà (76) îáåñïå÷èâàþò ñîâïàäåíèå ïîêàçàòåëåé ñòåïåíåé ïðè (x − x′)2 â (73) è (74), à
(77), (78) - ýòî ñèñòåìà îäíîðîäíûõ ëèíåéíûõ óðàâíåíèé äëÿ êîíñòàíò C, C̄. Óñëîâèå åå ðàçðåøèìîñòè
çàïèñûâàåòñÿ â âèäå

p(σ)q(k)(σ, γ̄)(p(α)q(k)(α, γ) + λA2B) + nλ2A4B2 = 0.

Ïîäñòàâèâ ñþäà p(α) = λA2B, p(σ) = nλA2B/2, σ = d− 2α, γ̄ = γ + d− 3α, ìû ïîëó÷àåì óðàâíåíèå

q(k)(σ, γ̄)(q(k)(α, γ) + 1) = 2. (79)

Îáîçíà÷èâ α−γ = σ− γ̄ = ρ, è ïîäñòàâèâ â (79) γ = α−ρ, γ̄ = σ−ρ ìû çàïèøåì (79) â âèäå óðàâíåíèÿ
íà èíäåêñ ρ

Q(k)(σ, ρ)(Q(k)(α, ρ) + 1) = 2, (80)

ãäå èñïîëüçîâàíî îáîçíà÷åíèå

Q(k)(ζ, ρ) =
H(ξ − ζ, d− ζ, ζ − ρ− k, ρ+ ζ + k − ξ)Γ(ζ − ρ− k, d− ζ − ρ)

Γ(ζ − ρ, d− ζ − ρ− k)
=

=
Γ(ζ,−ζ ′, d− ζ − ρ, ρ+ k + ζ ′)

Γ(ζ ′, d− ζ, ζ − ρ, ρ+ k − ζ ′)
. (81)

Ïðè k = 0 ìû ïîëó÷àåì

Q(0)(ζ, ρ) = H(ξ − ζ, d− ζ, ζ − ρ, ρ+ ζ − ξ).

Äëÿ àíàëèçà ðåøåíèé óðàâíåíèÿ (80) íàì óäîáíî çàïèñàòü åãî â âèäå

Q(k)(α, ρ)− 2

Q(k)(σ, ρ)
+ 1 = 0, (82)

à óíêöèè Q(k)(α, ρ), 2/Q(k)(σ, ρ) ïðåäñòàâèòü êàê ïðîèçâåäåíèÿ äâóõ ôóíêöèé:

Q(k)(α, ρ) = u
(k)
1 (α, ρ)u

(k)
2 (α, ρ),

2

Q(k)(σ, ρ)
= v

(k)
1 (σ, ρ)v

(k)
2 (σ, ρ),

ãäå ïðè α = ξ − 1− η/2, σ = 2− η

u
(k)
1 (α, ρ) =

(η − 2ρ+ 2ξ − 2)(η − 2ρ+ 2ξ)(η + 2(ρ+ k − 1))(η + 2(ρ+ k))

(η + 2ξ − 2)(η + 2ξ)(η − 2)η
, (83)

u
(k)
2 (α, ρ) =

Γ(1 + η/2, 1− η/2 + ρ+ k, 1 + η/2 + ξ, 1− η/2− ρ+ ξ)

Γ(1− η/2, 1 + η/2 + ρ+ k, 1− η/2 + ξ, 1 + η/2− ρ+ ξ)
, (84)

v
(k)
1 (σ, ρ) = Γ(2− η − ρ, 2− η + ρ+ k − ξ), (85)

v
(k)
2 (σ, ρ) =

2Γ(η + ξ − 2, η + 2ξ − 2)

Γ(2− η, 2− η − ξ, η + ρ+ k + ξ − 2, η − ρ+ 2ξ − 2)
. (86)

Ìû èùåì ðåøåíèå óðàâíåíèÿ (82) â âèäå ρ = ρ(η) = ρ0 + ρ1η + O(η2). Ïðè η = 0 ôóíêöèÿ u
(k)
1 (α, ρ)

ìîæåò áûòü ñèíãóëÿðíîé, à u
(k)
2 (α, ρ) ïðè ìàëûõ η êîíå÷íà:

u
(k)
1 (α, ρ) =

2(ρ0 + k − 1)(ρ0 + k)(ρ0 − ξ)(1 + ρ0 − ξ)
η(1− ξ)ξ

+O(η0), u
(k)
2 (α, ρ) = 1 +O(η). (87)

Ôóíêöìÿ v
(k)
1 (α, ρ) ñèíãóëÿðíà â òî÷êå η = 0 ïðè ρ0 = 2+n è ρ0 = ξ−2−n−k, ãäå n ≥ 0 - öåëîå ÷èñëî:

v
(k)
1 (α, ρ)

∣∣
ρ0=2+n

=
(−1)n+1Γ(4 + k + n− ξ)

η n!(1 + ρ1)
+O(η0), (88)

v
(k)
1 (α, ρ)

∣∣
ρ0=ξ−2−n−k =

(−1)n+1Γ(4 + k + n− ξ)
η n!(1− ρ1)

+O(η0). (89)
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Ôóíêöèè v
(k)
2 (α, ρ) ïðè ýòèõ çíà÷åíèÿõ ρ0 è η = 0 êîíå÷íà è

Q(k)(α, ρ)
∣∣∣
ρ0=2+n

=
2F

(k)
1 (ξ, n)

η
+O(η0), Q(k)(α, ρ)

∣∣∣
ρ0=ξ−2−n−k

=
2F

(k)
1 (ξ, n)

η
+O(η0), (90)

1

Q(k)(σ, ρ)

∣∣∣∣∣
ρ0=2+n

=
F

(k)
2 (ξ, n)

η(1 + ρ1)
+O(η0),

1

Q(k)(σ, ρ)

∣∣∣∣∣
ρ0=ξ−2−n−k

=
F

(k)
2 (ξ, n)

η(1− ρ1)
+O(η0), (91)

ãäå

F
(k)
1 (ξ, n) =

(1 + k + n)(2 + k + n)(2 + n− ξ)(3 + n− ξ)
(1− ξ)ξ

, (92)

F
(k)
2 (ξ, n) =

(−1)n+1Γ(4 + k + n− ξ, ξ − 2, 2ξ − 2)

n! Γ(2− ξ, n+ k + ξ, 2ξ − n− 4)
. (93)

ρ(k)(ξ, n) = 2 + n− ρ(k)
1 (ξ, n)η, ρ(k)(ξ, n) = ξ − 2− n− k + ρ

(k)
1 (ξ, n)η, (94)

ρ
(k)
1 (ξ, n) = 1 +

(−1)n+1Γ(4 + k + n− ξ, ξ − 2, 2ξ − 2)

n!(1 + k + n)(2 + k + n)(2 + n− ξ)(3 + n− ξ)Γ(−ξ, k + n+ ξ, 2ξ − 4− n)
. (95)

Åñëè ρ0 = 1 − k,−k, ξ, ξ − 1 , òî u
(k)
1 (α, ρ) êîíå÷íî ïðè η → 0 è ρ1 îïðåäåëÿåòñÿ ïîäñòàíîâêîé

ρ = ρ0 + ρ1η â (82) è òðåáîâàíèåì, ÷òîáû ïîëó÷åííîå òàêèì îáðàçîì óðàâíåíèå óäîâëåòâîðÿëîñü ñ
òî÷íîñòòüþ äî O(η). Âîñïîëüçîâàâøèñü (83- 86), íåòðóäíî óáåäèòüñÿ, ÷òî åñëè ρ = ρ0 + ρ1η, è ρ0 =

1− k,−k, ξ, ξ− 1 òî Q(k)(α, ρ) = u
(k)
1 (α, ρ) íåñèíãóëÿðíî ïðè η → 0 è 1/Q(k)(σ, ρ) = 1/Q(k)(2, ρ0) +O(η).

Ó÷èòûâàÿ ýòè ôóíêöèè â ïðèáëèæåíèè η = 0, ìû ïîëó÷àåì 4 óðàâíåíèÿ äëÿ ρ1

(1 + 2ρ1)(k + ξ − 2)(k + ξ − 1)

(1− ξ)ξ
+

2k!Γ(2ξ − 2)

Γ(2ξ + k − 3)
+ 1 = 0, ïðè ρ0 = 1− k,

(1 + 2ρ1)(1− k − ξ)(k + ξ)

(1− ξ)ξ
− 2(k + 1)!Γ(2ξ − 2)

Γ(k + 2ξ − 2)
+ 1 = 0, ïðè ρ0 = −k,

(1− 2ρ1)(2− k − ξ)(1− k − ξ)
(1− ξ)ξ

+
2k!Γ(2ξ − 2)

Γ(k + 2ξ − 3)
+ 1 = 0, ïðè ρ0 = ξ − 1,

(1− 2ρ1)(1− k − ξ)(k + ξ)

(1− ξ)ξ
− 2(k + 1)!Γ(2ξ − 2)

Γ(2ξ + k − 2)
+ 1 = 0, ïðè ρ0 = ξ.

Â ðåçóëüòàòå èõ ðåøåíèÿ ìû ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò

ρ = 1− k +
η

2(k + ξ − 2)(k + ξ − 1)

(
(1− k)(k + 2ξ − 2) +

ξΓ(1 + k, 2ξ − 1)

Γ(k + 2ξ − 3)

)
, (96)

ρ = −k +
η

2(k + ξ − 1)(k + ξ)

(
(1− k)k + 2ξ(1− k − ξ) +

ξΓ(2 + k, 2ξ − 1)

Γ(k + 2ξ − 2)

)
, (97)

ρ = ξ − 1 +
η

2(k + ξ − 2)(k + ξ − 1)

(
(k − 1)(k + 2ξ − 2)− ξΓ(1 + k, 2ξ − 1)

Γ(k + 2ξ − 3)

)
, (98)

ρ0 = ξ +
η

2(k + ξ − 1)(k + ξ)

(
(k − 1)k + 2ξ(k + ξ − 1)− ξΓ(2 + k, 2ξ − 1)

Γ(k + 2ξ − 2)

)
. (99)

Ñèíãóëÿðíàÿ ÷àñòü
Ñèíãóëÿðíîñòè ìîãóò âîçíèêàòü è â
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