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Setup
Let g=g_ @ bh D g+ be simple complex Lie algebra
U = Uq(g) be its quantized universal enveloping algebra
U~ U~ ® U°® Ut (triangular decomposition)
where UE = Uy(g™) n U° = Uy(h)
R is its root system
Rt C R is set of positive root
I is basis of simple positive roots

p= %ZaeR+ a, Bektop Belins



U-modules

Let V be a U a-module
Vector v € V is of weight A € h* if
hv = X(h)v, Yheh
Weight vector v is called singular (extremal) if g, v = 0.
V is of highest weight \ if generated by a singular vector of w. \.

Verma module V) is generated by a highest vector of weight A
freely over U™, i.e. U™ ~ V).

Every module of highest weight X if a quotient of V).

Every singular vector in V) is a highest of a submodule.



The problem: describe explicitly singular vectors in V),
De Concini-Kac-Kazhdan 'hyperplane’

P,B,m = {)\ c b*|q2(>‘+p7ﬁv) — qm(a,a)}’ B c RJ’_’ m € N7

V) is reducible iff A € Ug mPg m.
Let A € Pg m, then there is a singular vector vy_m3 € Vj,

Vi—mg = Hg,va, 957,,-, e U =V,

If 8 €1 (simple), then 05 m = f" (where f3 is root vector).
» Bernstein-Gelfand-Gelfand (1971) (reduction to products of

05,m)
» Malikov-Feigin-Fuchs (1986) (description of g p, via an
interpolation procedure)

P Zhelobenko (1990) (factorization of 03 m = 077';)
» Musson (2017) (Lie super algebras)
> AM. (2015) (Uq(sl(n)))



"Adjoint" U-module and its Hasse diagram

Let £ € RT be maximal root.
Let § be fin.dim U-module of h.w. &
Let V denote Ut-module §/§..
V[-a] ~C if « € R" and V[0] ~ b.
Basis in V:
Fo € V[—a] with a € Rt and H, = e, - F,, € V[0] with a € N

Hasse diagram $)( V') associated with V

» Nodes are basis elements of V.

» Arrow from node ato node bisa €1 if eqaoc b .



Example of Hasse diagram $(V)

g =sl(4)

Ho, e, F,,
o o
€as
oz1+a2
€as
Ha e / \
2 (&%)
\ / al+a2+a3
az+a3
Ha3 €a3 Fa €as

[e]

o



Builing bricks

Let R = g~ 2ihi®hR ¢ Ut @ U~ be Cartan-cut R-matrix.

SetC= —A=x(R-1©1),  limg1C =3 cps € ®fa

Put C = (r®id)(C) € End(V) ® U™.

For each 11 € b* put h, € h s.t. A(h,) = (A, i), YA € h*.
For each weight p € I = Z I put

1
M = hy + (1 p) = 5 () € H & C. (1)

—z

Set [z]g = Cg__;’—l




Shapovalov elements of degree 1

Write 1 < v for p,v € RT if F, = F,.

Suppose that « € I and 3 € R™ are such that a < 3. Define

_1k77uk.“ My
957a=CU+Z Z c,-k...c( )q qa

1j )
k>1 aj’Yk'<-~~‘<’Yl‘<ﬁ [n#k]q e [n#l]q

where

Vi = Ha, vj = Fg,

Vm = F,, with o Xy, < 8
Um=0—Ym m=1....k—1.

Kk = Yk-



Factorization of Shapovalov elements

For v € h* denote by 7,,: U° — U an automorphism

(F)A\) =9\ +v), YFelU’ Xeb

Theorem. (A.M.,2022)

Suppose B =La+ ..., a €1 and let w, be fundamental weight.
Then

1. 63 =03, is a Shapovalov element of degree 1
2. ForallmeN, 0, = (TQZL_IHB) (T¢a95) 03,

where
(5.5)
(o, )

¢o¢:



