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Introduction

The treatment of the supersymmetric Schwarzians as the anomalous terms in the
transformations of the currents superfield J“V)(2) leads to the conclusion that the structure of
the (super)Schwarzians is completely defined by the conformal symmetry and, therefore, it
should exist a different, probably purely algebraic, way to define the (super)Schwarzians. The
main property of the (super)Schwarzians which define their structure, is their invariance with
respect to (super)conformal transformations. The suitable way to construct (super)conformal
invariants is the method of nonlinear realizations equipped by the inverse Higgs phenomenon.
Such approach, demonstrated how the Schwarzians can be obtained via the non-linear
realizations approach, was initiated in Anton Galajinsky paper (A. Galajinsky, 2019) and then it
was applied to different super-conformal algebra in the series of his papers.Later on, this
approach has been extended to the cases of non-relativistic Schwarzians and Carroll algebra(
J. Gomis, D. Hidalgo, P. Salgado-Rebolledo, 2021).

The preference of the non-linear realizations approach for construction of the Schwarzians with
respect to approach related with superconformal transformations, is much more wide area of its
applications. Indeed, the non-linear realization method works perfectly for any (super)algebra
and the set of invariant Cartan forms can be easily obtained.

S. Krivonos (BLTP JINR, Dubna) Supersymmetric Schwarzians MQFT-2022,St Petersburg, 2022 6/26



Introduction

Thus, the main questions in such approach are
@ What is the role and source of the "boundary" time 7 and its supersymmetric partners?

@ Which constraints have to be imposed on the Cartan forms? Which forms nullified and how
to construct the action from the surviving forms?

@ Which additional technique can be used to simplify the calculations?

Of course, these questions was already partially analyzed and answered. However, some
important properties and statements were missing. Moreover, the constraints proposed in the
previous papers looks like the results of illuminating guess. The main puzzle is the fact that the
constraints were imposed on the fermionic projections of the forms, but not on the forms
themselves. Thus, the questions why it is so and what happens with the full Cartan forms after
imposing of such constraints have been not fully analyzed. Finally, in the cases of more
complicate superconformal group the calculations quickly become a rather cumbersome and the
standard technique does not help.
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Tree steps towards Schwarzian

Step one

The bosonic conformal group in d = 1 is infinite-dimensional. Its finite dimensional s/(2, R)
subalgebra spanned by the Hermitian generators of translation P, dilatation D and conformal
boost K, can be fixed by the following relations

i[D,Pl=P, i[D,K]=—-K, i[K,P]=2D.
If we parameterized the SL(2, R) - group element g as

_ eit(P+n12K) eiZKei“D,

then the Cartan forms
g 'dg = iwpP + iwpD + iwx K
read
wp = e Ydt, wp=du—2zdt, wi = e (dz + Z2dt + m2dt) .
The infinitesimal s/(2,R) transformations
iaP

ibD LicK

g — g =€ g e%yg
leaving the Cartan forms invariant read
1 4 cos(2mt) sin(2mt) 1 — cos(2mt) d 1d d
ét=a b G , du= —4t, dz=—-—0u— —dtz.
2 PTom T o dt 2at’! " at
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Tree steps towards Schwarzian

Step two

All Cartan forms are invariant with respect to s/(2, R) transformations. Notice, within the
nonlinear realization approach we implicitly mean that the "coordinates" u and z are functions
depending on time t. However, neither "time" t, nether its differentials dt are invariant under
sl(2,R) transformations. Thus, to get the invariants one has to introduce the "invariant time" =
and parameterize the form wp as

. . t . t t
wp=e Ydt=dr = te“,u.,u.t—<i> .

Let us stress again that the 7 is a new "invariant time" which completely inert under s/(2, R)
transformations. Correspondingly, the rest s/(2, R) forms now read

wp = ([I—Ze”z) dar, wK:eu (Z—|— el (22+m2)) dr.
Now, nullifying the form wp we will express the field z(r) in terms of dilaton u(~) and then in

terms of new time =

1 ot
=0 = z=-elYU=—.
“p 2 o

This is particular case of the Inverse Higgs phenomenon (E.A. lvanov, V.I. Ogievetsky, 1975).

S. Krivonos (BLTP JINR, Dubna) Supersymmetric Schwarzians MQFT-2022,St Petersburg, 2022 9/26



Tree steps towards Schwarzian

Step three

After Second step we are leaving with only one field - "old time" () and only one invariant - form
wy Which now reads (The form wp = dr is also invariant. However, adding this form to the action
evidently does not produce new equations of motion)

—_

WK

T2

F— Ly +2mze2“] gr— | L_3(t +2mP8| dr
2 2|t 2\t

Thus, the Schwarzian action (1) can be re-obtained within our approach as

S[] = —/wK.

It proves useful to re-write the form wyg and, therefore, the Schwarzian action in terms of dilaton
u(t) and "old time" variable t

S[u]:/wK=/dt<(?;)2m2y2), y(t) = eud.

Thus, formally speaking, the action of Schwarzian mechanics is just the action of one
dimensional harmonic oscillator rewritten in terms of time variable t depending on new inert time
variable 7.

S. Krivonos (BLTP JINR, Dubna) Supersymmetric Schwarzians MQFT-2022,St Petersburg, 2022 10/26



Flat space analogue of the Schwarzian

As the first example of the application of the proposed approach, let us consider the nonlinear
realization of the Maxwell algebrain d = 1.

The Maxwell algebra contains the Hermitian generators of translation P, analogue of the
dilatation - central charge generator Z, analogue of the conformal boost K, and the generator of
U(1) rotations obeying the following relations

i[d,Pl]=P, i[J,K]=—-K, i[K,P]=2Z.
If we parameterized the Maxwell - group element g as

g= ei[(P+qJ+m2K) eiZKei”ZeiW,

then the Cartan forms read
wp= e %dl, wzy=du-—2zdt, wy=e® (dz — qzdt + m2dt) . wy=dé.
The constraints
wp=dr, wzy=0
result in the following relations

t=e?, z=_—.
2t

1ot T
= t by - — < t— by .
This is exactly flat space analogue of the Schwarzian constructed in H. Afshar and

H.A. Gonzalez, D. Grumiller, D. Vassilevich, 2020.
S. Krivonos (BLTP JINR, Dubna) Supersymmetric Schwarzians MQFT-2022,St Petersburg, 2022 11/26

Finally,



Schwarzian with su(1, 2) symmetry

As the next non-trivial example we consider the nonlinear realization of the algebra su(1, 2) -
bosonic analogue of the A/ = 2 superconformal algebra in d = 1.
The su(1, 2) algebra in the preferred basis includes the following generators:

@ the generators P, D, K, forming s/(2, R) subalgebra

@ the generators Q, Q, and S, S - the bosonic analogs of the supersymmetric and conformal
supersymmetry generators

@ U(1) generator U
The generators P, D, K and U are Hermitian, while the Q and S-generators obey the following

conjugation rules (Q)" = @, (S)" = S. The non-zero commutators read
i[P,K]=-2D, i[P,D] = —P, i[K,D] = K,
ilP,S1=-0, i[5 =-0, ilKa=5 i[K Q=5

i[D,Q] = %o, 1[0,6] = %6, i[D, 8] = —%s, i[D,E] - —%5,

w.a=q, [uQ=-a [USs=s, [u3]=-5

[0,5] = P, i[o,é] - fg'yUfi'yD, [s,é] = K, 1[3,6] - gyuwa.
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Schwarzian with su(1, 2) symmetry

We parametrize the group element in a standard way as
g=e¢tf £i(9Q+0Q) gi(vS+78) gizK giuD giU

The Cartan forms read

u (dt + 5 (603 - ¢?d¢)) = e AL,

wp =

wp = du—iy(Vde— vdg) —2zAt,

wg = eY|dz+ <z2 + 742v2\72> At —iyz (vdé — Vdo) + %’y(VdV — vav)
—gvv (vdg + Vdd))]

wg = e 27¥[dp— VAL, ©g=e $7%[df—VAL],

wg = ez e [dv = (z + yvv) (d¢p — vAAl) iyvqu_s} ,

Gg = eztie [dv - (z - va) (dd — vAL) + i772d¢} ,

wy = dp— g’y (vdg + vdg — vVAL) .

S. Krivonos (BLTP JINR, Dubna) Supersymmetric Schwarzians MQFT-2022,St Petersburg, 2022 13/26



Schwarzian with su(1, 2) symmetry

The constraints
wp=wg=wq=0
lead to the following expressions

. - - 1 .
v=eYg, v=e"Yp, z= Ee*“u.

The equations of motion follow from the constraints

U +ie" U2, 6= i — ieUyde?,
% ([12 _ e‘2“72¢'>2$2) )

The simplest conserved current reads

©-:
I

2 (e243) =0

S. Krivonos (BLTP JINR, Dubna)
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N = 2 supersymmetric Schwarzian

The N'=2 super-Schwarzian has been introduced in J.D. Cohn,N = 2 super Riemann surfaces,
(1987) and then it was re-obtaines in K. Schoutens, O(N)-Extended superconformal field theory
in superspace, (1988) . The treatment of the A'=2 super-Schwarzian within the nonlinear
realization of the su(1, 1|1) supergroup was initiated in A. Galajinsky, Super-Schwarzians via
nonlinear realizations, (2020). The consideration performed in this paper correctly reproduced
N'=2 super-Schwarzian but unfortunately the constraints used there imposed the further
constraint on the super-Schwarzian to be a constant. Now, | will demonstrate that our variant of
the constraints correctly reproduce N'=2 super-Schwarzian, expressed all su(1,1|1) Cartan
forms in terms of this super-Schwarzian and its derivatives. Finally, we will show that imposing
the constraints on the full Cartan forms makes possible to utilize the Maurer-Cartan equations
which drastically simplify all calculations.

S. Krivonos (BLTP JINR, Dubna) Supersymmetric Schwarzians MQFT-2022,St Petersburg, 2022 15/26



N = 2 supersymmetric Schwarzian

In the case of A'=2 supersymmetry we are dealing with the A'=2 superconformal algebra
su(1,1|1) defined by the following relations

i[D,Pl=P, i[D,K]=-K, i[K,P]=2D,

{0,6} —2pP, {S,E} — 2K, {o,é} — _2D+ 24, {5, s} — _20— 2,
i[J,Q = %o, i[JI)] = —%5, i[J,8] = %s, i[J,E] = —%é,
i[D,Q] = %o, 1[0,5] = %6, i[D, 8] = —%s, i[D,§] = —%3

i[K,Q] = -8, i[K,E] =-5, i[P,S]=Q, i[P,E] =Q.

S. Krivonos (BLTP JINR, Dubna) Supersymmetric Schwarzians MQFT-2022,St Petersburg, 2022 16/26



N = 2 supersymmetric Schwarzian

Defining the "inert" element gy = 6\™P e99+6Q and calculating the "inert" Cartan forms
Qo = g, 'dgo = i (d7 — i(0dd + §d6)) P+ dOQ + dfQ = iATP + doQ + dQ,

one may easily construct the covariant derivatives
D,=0;,,D=— —i0—,D=——i0—, {D,D}=-2i0,
T

Thus, from now we will treated all fields as the superfields depending on the coordinates of
"inert" superspace {r,6,0}.

Similarly to the previously considered cases, we choose the following parametrization of the
general element of the A'=2 superconformal group SU(1,1[1)

g= eit(P+m2K) eEQHEQ GUS+US GizK GiuD ¢

where the parameters t, &, £,1,%, z, u and ¢ are, as we stated above, the superfunctions
depending on {r,6,6}.
The Cartan forms

97 'dg = iwpP + wqQ+ ©gQ + iwpD + wyd + wgS + BgS + iwx K

explicitly read

S. Krivonos (BLTP JINR, Dubna) Supersymmetric Schwarzians MQFT-2022,St Petersburg, 2022 17/26



N = 2 supersymmetric Schwarzian

wp = e YAt = e7Y (dt — i(EdE + £dE)),

wo=e 8% (de+pAl), g =e $71% (dE+ AL,

wp = du — 2z At — 2i(dE + dEy), wy = dp — 2 At + 2(dEy — dep) — 2mPeddt

wg = e3+i% (dw — ivde + 2 (de +p At) — P (1 - i) €t

ps = ot 1% (0P + ipddE + 2 (dE + P At) — nf (1 - ief) Et)

wi = 6" (0z + At — i(w dib +§ dy) + 2iz (dE D + ) + m? (1 +i (€ + B¢))? o) .
Now,identifying the forms wp, wq, @q With AT, dd and dd we will get the following equations

't+i(§£+é£') = e,

e YAt =e"Y (dt +i(dé¢ + ded)) = At = Dt +iDeE =0,
Dt +iDé¢ =0,
1 £+e'y =0,
ez (detpAt)=d) = Dt = e3(U=i®)
D¢ =0,
o ) E+e'd =0,
e 2(Uti¢) (d€ + gAt) = db = Dé = e%(uﬁzﬁ)?
Dé = 0.

S. Krivonos (BLTP JINR, Dubna) Supersymmetric Schwarzians MQFT-2022,St Petersburg, 2022 18/26



N = 2 supersymmetric Schwarzian

Finally, one has to nullify the form wp :
u—2e“z=0,
wp = du — 26z At — 2i(e2 W=D dag + e2WHidgy) =0 = Du = 2i e3(u=i®),
Du = 2 ed(U+io)y,
From these relations one may obtained several important consequences. In particular, we have

Du = iD¢,Du = —iD¢, = [D, B] u=—2¢, [D, B] é = 20,

D’J):Ov 5771’:07 = d 71/_}:_ 6—

D¢DE D¢DE’
Di—ev yo D6 DE DE_ 44 o (D¢ DE
D¢EDE = €Y, u= D£+ 5 Dgie’ ¢1<D§ DE).
Now, one may check that the form w, reads
wy = %ﬁ = %ﬁ —2i Dz%g' + 21m2§§_D§D§] AT =i AT Spo.

Thus we see, that N'=2 Schwarzian Sx/—o appears automatically.

S. Krivonos (BLTP JINR, Dubna) Supersymmetric Schwarzians MQFT-2022,St Petersburg, 2022 19/26



N = 2 supersymmetric Schwarzian

One may check that the other Cartan forms, wg, @g and wg can be also expressed in terms of
the A'=2 Schwarzian only

wp = AT, wq = déb, wQ =df, wy= ISy —2 AT,
; o
wg = f*SN 2d0 — —DSN 2AT, Wg = ESN:Z ad + %DSN:2AT’
1 s 2
wi = 5DSx—2d0— ;DSN_200+ ; (1 [D, D] SN — SN:Z) A,

The transformation laws of the basic superfields t, ¢, &, are induced by left multiplication

g’ = 9o0g. In the case of superconformal transformations go = ©¢Q+€Qg=S+S the transformation
laws of t and &, ¢ read

sm(mt

St = i(€¢ + €€) cos(mt) (Ee+ <€),

§¢ = cos(mt)e 4 iemsin(mt)&€ — smfnm )6 + ie cos(mt)¢E,
8€ = cos(mt)é — iemsin(mt)e€ — &nr)m)s — i€ cos(mt)EE.

The modified A’'=2 Schwarzian Sxr—»

_Dé DE . &
Sv=2=D¢ " b¢ P Dene

is invariant with respect to these transformations.

+ 2im?¢EDEDE

S. Krivonos (BLTP JINR, Dubna) Supersymmetric Schwarzians MQFT-2022,St Petersburg, 2022 20/26



N = 2 supersymmetric Schwarzian

Thus one can expect that the proper Schwarzian action reads

i ~ 1
SNgschW:—%/deGdGS:—E/UJJ/\UJQ/\CJQ:i/wP/\ws/\(:)Q.

The component action is

821‘ 3 (8, (t + i€ SEA\2 iz
Swesorw = — [ or (t+iE+ ice) BJCAGS  £3'(7) P S
P+ i€ + ig (t +iéé + &) (t + i€€ +ige)
*%4’2 - 2Lf£ vomP— Dy ontiiet + am 555&}
E+igd + i€
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Conclusion

@ Within our approach we can construct N=1,2, 3,4
supersymmetric extension of the Schwarzian basing on the
supergroups OSp(1|2), SU(1,1|1), OSp(3|2), SU(1,1|2) and
D(1,2; ).

@ The further extension to the groups SU(1, 1| > 2) does not work

@ The approach works fine for the supergrop OSp(N|2)

@ ltis interesting to analyze the supersymmetric versions of the
Maxwell algebra

S. Krivonos (BLTP JINR, Dubna) Supersymmetric Schwarzians MQFT-2022,St Petersburg, 2022 22/26
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