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Motivation

What are consistent backgrounds for the superstring?
▶ 10D supergravity solutions (RNS string)
▶ 10D generalized supergravity solutions (GS string)

What are consistent backgrounds for the supermembrane?
▶ 11D supergravity solutions (GS string)
▶ some 11D generalized supergravity solutions? (GS string)
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RNS string and Weyl invariance

RNS action

S =
1

4πα′

∫
d2σ

√
g(Gmn∂Jx

m∂Jxn + iBmnϵ
IJ∂I x

m∂Jx
n + α′ΦR(2)), (1)

to be Weyl invariant

< T J
J >= −

1

2α′ βmn(G)∂Jx
m∂Jxn −

i

2α′ βmn(B)ϵIJ∂I x
m∂Jx

n −
1

2
β(Φ)R(2) = 0, (2)

one loop calculation reproduces NS-NS supergravity equations

β1loop(Φ) = α′(R −
1

12
H2 + 4∇m∇mΦ − 4 (∇Φ)2) = 0 ,

β1loop
mn (G) = α′(Rmn −

1

4
HmklHn

kl + 2∇m∇nΦ) = 0 ,

β1loop
mn (B) = α′(

1

2
∇kH

kmn − Hkmn∇kΦ) = 0 ,

(3)

where Hmnk = 3∇[mBnk] and ∇m covariant with respect to Gmn.
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RNS string GS string

Weyl
symmetry

scale
symmetry κ-symmetry

I/IIA/IIB supergravity I/IIB generalized
supergravity (contains Im)

IIB generalized
supergravity

IIA supergravity with dilaton, breaking Im
isometry

triality

nonlocal generalization
of FT counterterm

formal T-duality
along Im

non-unimodular
YB deformation

Im = 0

Рис.: Ordinary and generalized supergravities in 10D
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GS string and κ-symmetry

GS action
S =

∫
d2σ

√
−G −

∫
Σ
B , G = detGIJ , (4)

GIJ = EI
aEJ

bηab , EI
A = ∂I z

MEM
A(z) , zM = (xm, θµ) . (5)

κ-symmetry transformation (IIB example)

δκz
MEM

a = 0 , δκz
MEM

αi =
1

2
(1 + Γ)αi

βjκ
βj , Γ =

1

2
√
−G

εIJEI
aEJ

bγabσ
3 . (6)
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GS string and κ-symmetry

Constraints on the supertorsion TA = dEA + EB ∧ ΩB
A and H = dB

Hβjγkαi (1 + Γ)αi
δl = 0 , (7)

EI
a
[√

−G G IJTαiβja − εIJHaαiβj

]
(1 + Γ)αi

γk = 0 , (8)

+ Bianchi identities are solved as [Tseytlin, Wulff (2016)]

R −
1

12
H2 + 4∇mXm − 4XmX

m = 0 , (9)

Rmn −
1

4
HmklHn

kl +∇mXn +∇nXm = 0 , (10)

1

2
∇kH

kmn − HkmnXk −∇mX n +∇nXm = 0 , (11)

where Xm = Im +∇mΦ− BmnI n и Im is a Killing vector.
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RNS string and scale invariance

For the scale invariance of RNS string Gmn and Bmn must satisfy

[Arutynov, Frolov, Hoare, Roiban, Tseytlin (2015)]

1

α′ β
1loop
mn (G) = Rmn −

1

4
HmklHn

kl = −∇mXn −∇nXm ,

1

α′ β
1loop
mn (B) =

1

2
∇kH

kmn = HkmnXk +∇mY n −∇nYm = 0 ,

(12)

which is true for the Gmn and Bmn solving generalized supergravity equations (Ym = Xm).

The stress energy tensor

< T J
J >= 2∇J(Xm∂Jx

m + ϵIJYm∂
I xm) (13)

that can be canceled only with non-local generalization of Fradkin-Tseytlin counterterm.

[Fernandez-Melgarejo, Sakamoto, Sakatani, Yoshida (2018)]
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η-deformation of AdS5 × S5 - the real way the generalized supergravity was discovered

GS string on AdS5 × S5 is integrable [Bena, Polchinski, Roiban (2004)]

GS string is integrable on Yang–Baxter (η-) deformed background AdS5 × S5

[Vicedo, Delduc, Magro (2013)]

S = −
(1 + η2)2

2(1− η2)

∫
dτdσ Pab

−

[
Aa .d ◦

1

1− η Rg ◦ d
(Ab)

]
(14)

η–deformed AdS5 × S5

does not solve ordinary supergravity equations [Arutyunov, Borsato, Frolov (2015)]

solves equations of generalized supergravity [Arutynov, Frolov, Hoare, Roiban, Tseytlin (2015)]

formally Т–dual to HT background (IIA solution) [Hoare, Tseytlin (2015)]
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Double field theory

DFT action
SDFT =

∫
d20X e−2d Q, (15)

where the DFT curvature

Q = HABFAFB+FABCFDEF

(
1

4
HADηBEηCF −

1

12
HADHBEHCF

)
−FAFA−

1

6
FABCFABC , (16)

HAB =

(
hab 0
0 hab

)
, ηAB =

(
0 δba
δab 0

)
, (17)

and DFT fluxes
LEAEB

M = FAB
CEC

M , LEAd =
1

2
FA, (18)

FABC = 3EN[C∂AE
N
B], FA = ENA∂

BEN
B + 2∂Ad . (19)

For the consistency ∀ DFT fields f , g must satisfy section constraints

ηMN∂M f ∂Ng = 0, ηMN∂M∂N f = 0. (20)
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10D supergravity from DFT

Supergravity parametrization

EM
A =

(
eam 0

−ekaBkm ema

)
, d = ϕ−

1

4
log G , (21)

∂M = (∂m, ∂
m ≡ 0), ∂A = EM

A ∂M . (22)

The DFT EOMs ⇔ 10D supergravity EOMs

δd : R −
1

12
H2 + 4∇m∇mϕ − 4 (∇ϕ)2 = 0 , (23)

δema : Rmn −
1

4
HmklHn

kl +∇m∇nϕ+∇n∇mϕ = 0 , (24)

δbmn :
1

2
∇kH

kmn − Hkmn∇kϕ = 0 . (25)
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Yang–Baxter deformation

Yang–Baxter deformation — local O(d,d) rotation

E ′
M

A = O[β]M
NEN

B , OM
N =

(
δnm −βnm

0 δmn

)
= exp(βmnTmn), (26)

with bi-Killing ansatz
βmn = rabkm

a kn
b . (27)

Fluxes deform as
δFABC ∝ CYBE , δFa = 2Imbmne

n
a , δFa = 2I a, (28)

where
Im = ∇kβ

km =
1

2
rabfab

ckc
m, fde

[arb|d|r c]e = 0 (CYBE). (29)
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DFT Bianchi identities and constraints on Im

DFT Bianchi identities
0 = ∂[AFBCD] −

3

4
F[AB

EFCD]E ,

0 = 2∂[AFB] + ∂CFCAB −FCFCAB ,

0 = ∂AFA −
1

2
FAFA +

1

12
FABCFABC .

(30)

After the deformation
F ′

ABC = FABC ,

F ′
A = FA + XA,

(31)

for the BIs to be satisfied XM must obey

LXE
′
A
M = 0, LXd

′ = 0, XMXM = 0. (32)
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10D generalized supergravity from flux shift in DFT

EM
A

F

EoMs(F)=0

EoMsSUGRA(g ,B, d) = 0

L L

E ′
M

A

F ′ = F + δF

EoMs(F ′ − δF)=0

EoMsI (g ′,B′, d ′) = 0

10D generalized supergravity EOMs

δd : R −
1

12
H2 + 4∇mXm − 4XmX

m = 0 , (33)

δema : Rmne
na −

1

4
HnkmH

nk
le

la +∇mXn e
na +∇nXm ena = 0, (34)

δbmn :
1

2
∇kH

kmn − HkmnXk −∇mX n +∇nXm = 0 , (35)

where Xm = Im +∇mΦ− BmnI n и Im is a Killing vector.
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Generalization to 11D case

In string theory, the appearance of generalized supergravity can be associated with a violation

Weyl invariance scale invariance
supergravity generalized supergravity

In M-theory, there is no Weyl symmetry for membranes. This was one of the arguments why 11D
generalized supergravity should not exist. However, when the supergravity is considered in a split
form, there is a violation

GL(11) invariance GL(d)×GL(11-d) invariance
supergravity generalized supergravity

that allows to build generalization.
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Exceptional field theory
Exceptional field theory (ExFT) - this is a generalization of 11-dimensional supergravity in split
form d + (11− d), explicitly covariant with respect to the U-duality group.

11D SUGRA Gµ̂ν̂ Cµ̂ν̂ρ̂

7D + 4D split gµν Aµa hab Aµmn Cmnk Cµνρ Bµνm

#d .o.f . metr. 4 vect. 10 sc. 6 vect. 4 sc. 3-for. 4 2-for.
2-for. 4 3-for.

dual
SL(5) ExFT gµν Aµ

MN mMN BµνM Cµνρ
M

mMN = EMAENBmAB (36)

Parametrization that corresponds to supergavity

mMN = EMAENBmAB , EMA = e
1
10

[
e−

1
2 ema e

1
2 V a

0 e
1
2

]
, e = det(eam), Vm =

1

3!
εmnklCnkl ,

(37)
section condition

ϵMNKLPϵMQRST ∂NK • ⊗ ∂LP • = 0, ∂5m = ∂m, ∂mn = 0 (SUGRA), (38)
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Ansatz for fields

We consider theory on the background M11 = M7 ×M4

gµν = e−2ϕ(xm)e
2
5 ḡµν(y

µ), mMN = e−ϕe
1
5 MMN ,

Aµ
MN = 0, BµνM = 0.

(39)

Lagrangian

m L′ = YABYCDm
ACmBD −

1

2
YABYCDm

ABmCD + 32ZABCZDEFmADmBEmCF

+ 32ZABCZDEFmACmBDmEF −
7

3
θABθCDm

ACmBD + ēR[ḡ(7)],

(40)

Fluxes
LEABE

M
C = FABC

DEM
D , (41)

FABC
D =

3

2
EN

D∂[ABE
N
C ] − EM

C∂MNE
N
[Bδ

D
A] −

1

2
EM

[B|∂MNE
N
|A]δ

D
C , (42)

FABC
D =

3

2
ZABC

D −
1

2
θ[ABδC ]

D + δ[A
DYB]C , (43)
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Generalized Yang-Baxter deformation

E ′
M

A = O[Ω]M
NEN

B , O[Ω] =

 δmn 0

1
3!
ϵmpqrΩpqr 1

 . (44)

For the deformation parameters, we use the poly-Killing ansatz

Ωmnk =
1

6
ραβγkα

mkβ
nkγ

k , (45)

satisfying the condition (a generalization of the Yang-Baxter equation)

6ρ[i2|i7j1ρ|i3i4|j2fj1j2
|i5] + ρj1j2[i2ρi3i4i5]fj1j2

i7 = 0. (46)

Under such deformations, the fluxes transform as

δFABC
D =

1

4
Em

CE
n
AE

k
BEl

E J lpϵkmnp , Jmn = ki1
mki4

nρi1 i2 i3 fi2 i3
i4 , (47)

that under reduction gives

Jmn = ρi1 i2 i3 fi2 i3
i4ki1

mki4
n −→

i=(∗,α),m=(∗,m̄)
I m̄ ≡ J∗m̄ = ρ∗αβ fαβ

γkγ
m̄ (gCYBE). (48)
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Constraints from SL(5) ExFT BI

SL(5) ExFT Bianchi identities

1

2
∂ABFDFC

E +
1

2
∂BCFDFA

E −
1

2
δ
E
A∂CGFDFB

G −
1

4
δ
E
C∂BGFDFA

G +
1

4
δ
E
C∂AGFDFB

G +
1

2
δ
E
B∂CGFDFA

G

−
1

2
∂ACFDFB

E − FBGC
EFDFA

G + FAGC
EFDFB

G + FABG
EFDFC

G − FABC
GFDFG

E −
1

2
∂DFFABC

E = 0

(49)

also satisfied after the deformation

F ′
ABC

D = FABC
D + δFABC

D , (50)

if
LeaJ

kl + Jnl∂nϕ ea
k = 0, Jmn∂nϕ = 0,

∇m
(
e−ϕImn

)
= 0, Jm[nJkl ] = 0,

(51)

∇[mZn] −
1

3
JklFmnkl = 0,

∇k

(
e−ϕJk[lV p]

)
= 0,

∇k (J
(pl)V k )−∇k (V

(pJ l)k ) = 0.

(52)

where
Zm = ∂mϕ−

2

3
εmnkl I

nkV l . (53)
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Construction of generalized supergravity equations

EM
A

F

EoMs(F)=0

EoMsSUGRA(g ,C) = 0

L L

E ′
M

A

F ′ = F + δF

EoMs(F ′ − δF)=0

EoMsJ(g ′,C ′) = 0

flux deformation
δFmnk

l =
1

4
ϵmnkpJ

lp . (54)
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Generalization of 11D supergravity

Generalized equations

0 = Rmn[h(4)]− 7 ∇̃(mZn) −
1

3
hmn(∇V ) + 8(1 + V 2)

(
SmnJ

k
k − 2Jk (mJn)k

)
+ 4VmVn

(
JklJkl − 2JklJlk

)
+ 4VkVl

(
4J(m

kJn)
l − Jk (mJ

l
n) − 2SklSmn

)
+ 8VkV(m

(
2J l n)J

k
l − 2Sn)

kJ l l + JklJn)l

)
,

0 =
1

7
e2ϕ R[ḡ(7)] +

1

6
(∇V )2 + ∇̃mZm − 6ZmZ

m − 2JmnJmn +
4

3
JmnJ

nm,

0 = ∇̃mFmnkl − 6ZmFmnkl + 6
(
2JpmCm[nkJl ]p − JpmJp[nCkl ]m

)
,

0 = Rµν [ḡ(7)]−
1

7
ḡµνR[ḡ(7)],

(55)

where Smn = J(mn), Fmnkl = 4∂[mCnkl ] and

∇̃m = ∇m − ∂mϕ . (56)
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Example of solution - deformed AdS4 × S7

AdS4 Killing vectors
Pa = ∂a, Ka = x2∂a + 2xaD,

D = −xm∂m, Mab = xa∂b − xb∂a,
(57)

где a, b = 0, 1, 2 и m, n = 0, 1, 2, z, x2 = ηmnxmxn, xa = ηabx
b.

deformation along D ∧M ∧M:

Ω =
4

R3
ρaϵ

abc D ∧Mbd ∧Mc
d

gives deformed background

ds2 =
R2

4z2
K

2
3

{
dxadx

a +
1

z2
ρax

axbdxbdz +

(
1−

xaxaρbx
b

z3

)
dz2

}
+ R2K− 1

3 dΩ2
(7),

F = −
3

8

R3

z4
K2

(
1 +

1

12

xaxaρbρcx
bxc

z4

)
dx0 ∧ dx1 ∧ dx2 ∧ dz.

(58)

solving generalized equations if
GYBE = ρaρa = 0. (59)
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ExFT

GS membrane

RNS string GS string

11D supergravity 11D generalized supergravity

10D supergravity 10D generalized supergravitynon-unimodular Yang-Baxter
deformations [1, 2, 3, 4]

Im = 0

+
κ-s

ym
metr

y [5,
6]

+
W

ey
l s

ym
m

et
ry

[7
, 8

, 9
]

+ scale symmetry [1]
+ non-local FT term [10]

+
κ
-sym

m
etry

[1,
6]

triality [11]

+κ-sy
mmetr

y [12
, 13] +κ-symmetry?

generalized YB deformations [14, 15]

Jmn = 0

sec
tio

n co
nd

itio
n

flux deformation [16]
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Thank you for your attention!

Рис.: "Deformations open the way to the world of new knowledge"
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Equations of motion

From C -frame lagrangian

ē−1h−
1
2 L = e−5ϕR[ḡ(7)] + e−7ϕ

(
R[h(4)] + 42hmn∂mϕ∂nϕ+

1

2
∇mV

m∇nV
n

)
, (60)

we obtain the equations of motion for dynamic fields ϕ, hmn и Vm

δϕ :
5

7
e2ϕ R[ḡ(7)] +R[h(4)] + 12∇m∇nϕ hmn − 42∇mϕ∇nϕ hmn +

1

2
(∇V )2 = 0,

δVm : ∂m(∇V )− 7 (∇V )∂mϕ = 0,

δhmn : Rmn[h(4)]− 7 ∂mϕ∂nϕ + 7∇m∇nϕ

+ hmn

(
−
1

2
e2ϕR[ḡ(7)]−

1

2
R[h(4)] + 28 ∂kϕ∂lϕ hkl − 7∇k∇lϕ hkl +

1

4
(∇V )2

)
= 0,

(61)
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Generalized Lie derivatives

DFT
LΛV

M = ΛN∂NV
M − VN∂NΛ

M + ηMNηKL∂NΛ
KV L,

LΛd = ΛM∂Md −
1

2
∂MΛM ,

(62)

ExFT
LΛV

M =
1

2
ΛKL∂KLV

M − V L∂LKΛ
MK +

1

4
VM∂KLΛ

KL + λV ∂KLΛ
KLVM , (63)
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=

1

2

3

1

2

3

QYBE
R12(u − v)R13(u)R23(v) = R23(v)R13(u)R12(u − v). (64)

In classical limit
Rij = 1 + ϵ rij +O(ϵ2). (65)

CYBE
[r12, r13] + [r12, r23] + [r13, r23] = 0. (66)

using
[r12, r13] = rα1β1 rα1β1 · [eα1 , eα2 ]⊗ eβ1

⊗ eβ2
, (67)

we obtain
rα1[β1|rα2|β2 fα1α2

γ] = 0. (68)
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Tetrahedron equation
R123R124R134R234 = R234R134R124R123. (69)

In classical limit
Rijk = 1 + ϵ rijk +O(ϵ2). (70)

classical tetrahedron equation

ϵ2 · | [r123, r124] + [r123, r134] + [r123, r234] + [r124, r134] + [r124, r234] + [r134, r234] = 0. (71)
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