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Disclinations

Ferromagnets ni(x) - unit vector field n, - fixed unit vector
n = nOS (@)
P S/ € SO(3) - orthogonal matrix
N o’ =—w’" € s0(3) - Lie algebra element (spin structure)
1
o, = - ijka)fk- rotational angle
&, - totally antisymmetric tensor (&1,3 =1)
Examples f
j: x* 155 QY = Cj)dx”@ L0
& x 0, =¢; ka - Frank vector
; (total angle of rotation)
| C
I i
®@=2x ®=4r ©=,00,



Frank vector

@’ (x) -is not continuous !

A 0 ¥ - outside the cut
o o) =L ¥
¢ lim @ ,@"- on the cut

QO =pdr'm,’ = [[d* A dx’ (0,0,

—0,®,”) - the Frank vector

) U . o T
RW —Gﬂa)v @,

QY = H dx* A deRWij

Back to the spin structure: if n € R

J
a)vk

- SO(3)-connection
(continuous on the cut)

- (uv) - curvature

- definition of the Frank vector
in the geometric theory

then SO(3) > SO(2)



Summary of the geometric approach

(physical interpretation)

Media with dislocations and disclinations =

= ]R3 with a given Riemann-Cartan geometry

_ e, - triad field
Independent variables

a)#ij - SO(3)-connection

= 8ﬂe -, ’Je — (,u < v) -torsion  (surface density of
. . the Burgers vector)
R, = 8ﬂa)v —®, 0, —({<>V) -curvature (surface density of

the Frank vector)

Elastic deformations: Rﬂvij =0, Twi =0

Dislocations: Rﬂvij =0, Twi # 0

Disclinations: Rﬂvij # 0, Twi =0

Dislocations and disclinations: Rﬂvij # 0, Twi =0



‘t Hooft-Polyakov monopole

x*)eR", =0,1,2,3 M,p =diag(+———) - Lorentz metric
e | 8 6, =diag(+++) - metricin target space

1 afi 1 a i 1 2 252 :
L= —ZF Foi +EV o'V, 0, —Zﬂ,((p —a”) - the geometric model

o | . e
Faﬂl g aaAﬂl — 8,814051 + eAa]Aﬂ g]kl
A, - SU(2) gauge field

@ =(¢") € R’ - triplet of scalar fields in adjoint representation of SU(2) group
V.0 =00 + eAajgokgjki - covariant derivative

ecR, A,a>0 -coupling constants
SU(2)

2

SO(3) =



Static solutions

A, =0, @' = const, gpz = a” - vacuum solution

1 Vi 1 I 1
E = ZFﬂ F/m, +EV”¢ Vygpl. +Zﬂ,(g02 — az)2 - the energy

(1+ 3) decomposition:
) =) =", %), (4,)=(4,4,), p=123

AR A (00) S R o) X/ R’ - static solutions
A{)i = () - additional requirement

i W
V.F" +e(V o )p gy =0
- equilibrium equations

_vﬂvﬂ% _2(402 _az)@ =0

= q* - boundary conditions




Spherically symmetric solutions

Assumption:  SU(2) acts simultaneously in coordinate and target spaces

i i

. X . X
A, = ~ 2] (K-1), ¢ =—5H -spherically symmetric ansatz

er er

K(r), H(r) - unknown functions of radius r
P K"=K(K*+H*-1)

H2
r’H"=2HK" + 2| —-a’r’
e

- nonlinear system of equations

The Bogomol'nyi-Prasad-Sommerfield (1975) solution (forA =0 ):

ear ear

K=—— H=——-1
sh (ear) th (ear)



Disclinations and dislocations

SU(2) —» SO(3) acts simultaneously in coordinate and target spaces

Media without elastic stresses: R, gy = 5W, eﬂl =5

y7i
E =1F“ViF +1V” 'V +lﬂ,( *—a%)* - the free ener
4 y73%] 2 (0 ygai 4 (0 gy
qoi - sources for defects
y o . e |
a)ﬂ’J — Aﬂkgklf = (5Lx] - 5;1)61)87 - spherically symmetric solution
' e S8
s I e e AR
R P A= — 2 K —
er er r
K1 - continuous distribution
k k k = of disclinations and dislocations
Tuv =(5ﬂxv—5vxﬂ) >
er



Spin distribution

ny = (ny;) =(0,0,1) - unit vector at the origin along z axis
It is parallelly transported to a point x; along a path x(¢), ¢<[0,1] x(0)=0,

; x(1) = x,

j - path ordered exponent

1
n,(x)=3S"ny; =Pexp J-dt)'c“a)ﬂ Ny ;
0 i :
S/ (x,,x,) is the rotational matrix

The first case x(t)z(xllt, xlzt, xl?’t) — J'C”=(x11,3€12,x13)
- the ray from the origin to the point Xx; = (Xll,xlzaxf)
e S S SRS e
o, =xjx —xx')——=0 = §/ =9
er

The vector n, is not rotated

The second case  x(£)=(y't, y°t,z) = x*=(",»%,0)

- the path from the origin to the point X, = (yl,yz,z)



Spin distribution 2

. T i "
The integrand is x“w,” (¢) = B* (¢)&,”

K-1
s B* = % A=
er er

K -1
2 b

where B' = Y
The integrands commute [)'c”a)ﬂ (1), %" o, (tz)] =0 Vi,

The rotational matrix is Sl.j = exp(Ckekl-j) where

gl wep * pEhh eyt i Jrta ver g )

ep’ O
@ e W pjdtt Sl
0 ,Ot N
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The rotational matrix for the Bogomol’'nyi-Prasad-Sommerfield solution is

Spin distribution 3

2.y
J’22+)’12008C —yl)éz(l—cosC)
o p

Dl
—yl)gz(l—cosC) y12+y2200sC
p PP
ﬁsinC &sinC
p p
5
where C? :Ckaz 5 212
e’p

_Aginc
P

) sin C
yo,

cosC
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Spin distribution 4

The asymptotic: S(0) =1
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S(o0) =1
There is rotational symmetry about z axis.
Therefore we can put y, =0 to visualize the spin distribution.
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Conclusion

1) All ‘t Hooft-Polyakov type solutions have straightforward
physical interpretation in the geometric theory of defects.

2) They describe continuous distribution of dislocations and
disclinations in elastic media.

3) The Bogomol'nyi-Prasad-Sommerfield solution is self-similar
at large distances.
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