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Disclinations
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- unit vector field - fixed unit vector

- orthogonal matrix
- Lie algebra element (spin structure)

- rotational angle

- totally antisymmetric tensor
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- Frank vector
(total angle of rotation)

Ferromagnets
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- is not continuous !

- SO(3)-connection
(continuous on the cut)

( )ij ij ij ijdx dx dxµ µ ν
µ µ ν ν µω ω ωΩ = = ∧ ∂ − ∂∫ ∫∫

( )ij ij ik j
kRµν µ ν µ νω ω ω µ ν= ∂ − − ↔

ij ijdx dx Rµ ν
µνΩ = ∧∫∫

- curvature

- definition of the Frank vector
in the geometric theory

Back to the spin structure:  if 2n∈ then (3) (2)→ 

- outside the cut

- on the cut

- the Frank vector

Frank vector
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Summary of the geometric approach
(physical interpretation)

3
 with a given Riemann-Cartan geometry

Independent variables
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- triad field

- SO(3)-connection
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ω µ ν

ω ω ω µ ν

= ∂ − − ↔

= ∂ − − ↔

- torsion       (surface density of 
the Burgers vector)

- curvature   (surface density of 
the Frank vector)
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= ≠
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≠ ≠

Elastic deformations:

Dislocations:

Disclinations:

Dislocations and disclinations:

Media with dislocations and disclinations =
=
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‘t Hooft-Polyakov monopole

2 2 21 1 1 ( )
4 2 4

i i
i iL F F aαβ α

αβ αϕ ϕ λ ϕ= − + ∇ ∇ − −

1,3( ) , 0,1,2,3xα α∈ =

:i i i j k i
jkF A A eA Aαβ α β β α α β ε= ∂ − ∂ +

iAα - gauge field(2)

- the geometric model

- Lorentz metric

- covariant derivative

: diag( )αβη = + − −−
: diag( )ijδ = + + + - metric in target space, 1,2,3i j =

3( )iϕ ϕ= ∈ - triplet of scalar fields in adjoint representation of              group(2)

:i i j k i
jkeAα α αϕ ϕ ϕ ε∇ = ∂ +

, , 0e aλ∈ > - coupling constants

2

(2)(3) = 

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Static solutions

2 2 21 1 1 ( )
4 2 4

i i
i iE F F aµν µ

µν µϕ ϕ λ ϕ= + ∇ ∇ + −

2 20, const,i iA aα ϕ ϕ= = =

3( ), ( ),i i iA Aα α ϕ= ∈x x x

- the energy

- vacuum solution

- additional requirement0 0iA =

(1 3)+
0 0

0( ) ( , ) ( , ), ( ) : ( , ), : 1,2,3i i ix x x x A A Aα µ
α µ µ= = = =x

- boundary conditions
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( ) 0

0

j k
i ikj

i i

F e
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νµ µ
ν

µ
µ

ϕ ϕ ε

ϕ λ ϕ ϕ

∇ + ∇ =

−∇ ∇ − − =

- static solutions

decomposition:

2 2
0 0,i

r r
A aϕ

=∞ =∞
= =

- equilibrium equations
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Spherically symmetric solutions

2 2( 1),
ij i

ji ix xA K H
er er
µ

µ
ε

ϕ= − =

(2)

, 1
sh ( ) th ( )

ear earK H
ear ear

= = −

Assumption:

- spherically symmetric ansatz

2 2 2

2
2 2 2 2

2

( 1)

2

r K K K H

Hr H HK a r
e

λ

′′ = + −

 
′′ = + − 

 

( ), ( )K r H r

0λ =The Bogomol’nyi-Prasad-Sommerfield              solution ( for           ):

- unknown functions of radius

- nonlinear system of equations

acts simultaneously in coordinate and target spaces

(1975)

r
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Disclinations and dislocations

3, , i ig eµν µν µ µδ δ= =
(2) (3)→ 

Media without elastic stresses:

iϕ

,i i ijeµ µ µδ ω= - Cartan variables

- sources for defects

acts simultaneously in coordinate and target spaces

2 2 21 1 1 ( )
4 2 4

i i
i iE F F aµν µ

µν µϕ ϕ λ ϕ= + ∇ ∇ + − - the free energy

2
1( )ij k ij i j j i

k
KA x x
erµ µ µ µω ε δ δ −

= = − - spherically symmetric solution
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j k
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k k k

x xK KR K
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KT x x
er

µν
µν µν

µν µ ν ν µ

ε
ε

δ δ

 ′ −′= − − 
 

−
= −

- continuous distribution
of disclinations and dislocations
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0 0( ) : (0,0,1)in n= =
It is parallelly transported to a point      along a path

1

1 0 0
0

( ) Pexp
j

j
i i j j

i

n x S n dt x nµ
µω

 
= =   

 
∫ 

The first case

z- unit vector at the origin along     axis

( ), [0,1]x t t∈

0 1( , )j
iS x x is the rotational matrix

1

(0) 0,
(1)

x
x x

=
=

1 2 3 1 2 3
1 1 1 1 1 1( ) ( , , ) ( , , )x t x t x t x t x x x xµ= ⇒ =

- the ray from the origin to the point 1 2 3
1 1 1 1( , , )x x x x=

1 1 2
1( ) 0ij j i i j j j

i i
Kx x x x x S
er

µ
µω δ−

= − = ⇒ =

The second case 1 2 1 2( ) ( , , ) ( , ,0)x t y t y t z x y yµ= ⇒ =

- the path from the origin to the point 1 2
1 : ( , , )x y y z=

Spin distribution

1x

- path ordered exponent

The vector      is not rotated0n
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1 2 3
2 12 2

1 1, , 0K KB y zt B y zt B
er er
− −

= − = =

1 2 1 2( ), ( ) 0 ,x t x t t tµ ν
µ νω ω  = ∀  

( ) ( )ij k ij
kx t B tµ

µω ε=The integrand is

where

The integrands commute

1 2 32 1
2 2, , 0y z y zC I C I C

e eρ ρ
= − = − =

1
2

2 2 2
0

1: KI dt t
t z

ρ
ρ

−
=

+∫2 2 2
1 2: y yρ = +

Spin distribution 2

The rotational matrix is ( )expj k j
i kiS C ε= where
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Spin distribution 3

2 2
2 1 1 2 1
2 2 2
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1 2 1 2 2
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ρρ ρ ρ
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ρ ρ

 
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 
 

= − − + − 
 
 
 
 
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2
2 2

2 2: k
k

zC C C I
e ρ

= =where

2 2

2 2

tanhln
tanh

zzI
zz

ρ

ρ

 + =
 + 

The rotational matrix for the Bogomol’nyi-Prasad-Sommerfield solution is
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There is rotational symmetry about     axis.

2 21 1

lnz zC
ey y z

 
 ≈
 + 

Therefore we can put              to visualize the spin distribution.

(0) 1S =The asymptotic: ( ) 1S ∞ =

Spin distribution 4

2 0y =
z

The spin distribution is self-similar at large distances.
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Conclusion

1)  All ‘t Hooft-Polyakov type solutions have straightforward
physical interpretation in the geometric theory of defects.

2) They describe continuous distribution of dislocations and
disclinations in elastic media.

3) The Bogomol’nyi-Prasad-Sommerfield solution is self-similar
at large distances.
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