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Introduction

See-saw mechanism
We extend SM by adding i = 1, 2, ..., k heavy neutral leptons Ni, l = (e, µ, τ):

Lν = −ν̄lL(mD)liNiR −
1

2
N
c
iR(mN )ijNjR + h.c.

where mD - mass matrix for light neutrinos and mN - for heavy neutrinos. The
matrix equation for the physical masses of the observed neutrinos:

mν = −mDm
−1
N mT

D



Model with Dirac lepton sector
The transition from flavor states to mass states is described by the
Pontecorvo-Maki-Nakagawa-Sakata matrix:

U =

1 0 0
0 c23 s23
0 −s23 c23

 ×
 c13 0 s13e

−iδ
0 1 0

−s13e
iδ 0 c13

 ×
 c12 s12 0
−s12 c12 0

0 0 1


︸ ︷︷ ︸

rotation matrices with ordinary phases

×


1 0 0

0 e
i
α21
2 0

0 0 e
i
α31
2


︸ ︷︷ ︸

Majorana phases

where sij = sin θij and cij = cos θij , i, j = 1, 2, 3. Then

νlL =
3∑
i=1

(UPMNS)liνiL. Weak charged current for neutrinos:

LCC = − g√
2
l̄nγανnLW

α + h.c. = − g√
2
l̄nγα(UPMNS)niνiLW

α + h.c.

Here ln - SM leptons e, µ, τ . Writing the terms by analogy with the quark
sector, we get:

L1 = −Y lmnL̄′mHln + h.c. L2 = −Y νijUliL̄′iH̃νj + h.c.

L′m - "rotated" lepton doublet with mixing, the masses of physical neutrinos
are obtained from eigenvalues of Yukawa matrix yν : mνi = yν√

2
v, where v -

Higgs vacuum, j = 1, 2, 3.
The result of CompHEP for the total decay width of the Z0-boson
ΓZtot = 2, 502 GeV. Electroweak radiation corrections are small. Experimental
value ΓZtot = 2.4952± 0.0023 GeV.



Model with a Majorana lepton sector

The complete mass matrix Mν for neutrinos is obtained and diagonalized by
the see-saw mechanism. The mechanism requires a hierarchy of mD � mN

and detmN 6= 0, so an inverse matrix exists.

mν = −mDm
−1
N mT

D, MN = mN

Simplified model with a single heavy neutrino
Let’s consider a light neutrino νL with real mass mD and heavy neutral lepton
- Majorana neutrino NR with real mass mN . Lagrangian:

Lν = −mD ν̄LNR −
mN

2
N̄c
RNR + h.c. =

= −1

2

(
ν̄L N̄c

R

)( 0 mD

mD mN

)(
νcL
NR

)
+ h.c.

Transition to massive states ν′L and N ′R from SU(2) states νL и NR have the
form: (

νL
NR

)
=

(
sα cα
−cα sα

)(
ν′L
N ′R

)
Where sinα = sα and cosα = cα. After substituting in the Lagrangian, we get
the following expressions for angles:

s2α =
1

2
(1±

√
1− a), c2α =

1

2
(1∓

√
1− a)



Model with a Majorana lepton sector

Using the obtained form of angles, we can obtain relations for the masses of
physical states mne and mNe:

mN = mne +mNe, mD =
√
−mnemNe

By finding eigenvalues and eigenvectors, we can get the vectors of mass states:

ν′ =

(
1− m2

D

2m2
N

−mD
mN

)
, N ′ =

( mD
mN

1− m2
D

2m2
N

)

The mixing parameter and the flavor state have the form:

U = −mD

mN
=

√
−mnemNe

mne +mNe
, ν = ν′(1− U2

2
) + UN ′

We consider the process e+e− → Z0 with decays Z0 → Neνe, Ne →W+e−

and W+ → jets. Diagrams for e+e− → νee
−ud̄ are shown on fig. 1. Contours

and surfaces for cross sections are shown on fig. 2 and 3.
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Figure 1 : Feynman diagrams for the process e+e− → νee−ud̄
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Figure 2 : Contour and surface: mixing parameter |U |2 as a function mN for mass
of light neutrino from 0.08 to 0.8 GeV and mass of heavy from 85 to 205 GeV. Levels
on contours are divided by characteristic luminosities for the number of events N = 10
from 0.1 to 1000 fb−1.
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Figure 3 : Contour and surface: mixing parameter |U |2 as a function mN for mass
of light neutrino from 5× 10−7 to 0.05 GeV and mass of heavy from 0.5 to 100 GeV.
Levels on contours are made by characteristic luminosities for the number of events
N = 10 from 0.1 to 1000 fb−1.
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Complete model with three heavy neutrinos

Generaly we can add k heavy right neutrino fields NiR, i = 1, ..., k.

Lν = −ν̄lL(mD)liNiR −
1

2
N
c
iR(mN )ijNjR + h.c.

The complete mass matrix is diagonalized in the block form:

WT

(
0 mD

mT
D mN

)
W =

(
U∗mU† 0

0T V ∗MV †

)
Where W is (3 + k)× (3 + k) unitary matrix, m = diag(m1,m2,m3) -
diagonal mass matrix for light, M = diag(M1,M2, ...,Mk) - for heavy massive
states. The diagonalizing matrix can be expressed as the exponent of the
anti-hermitian matrix:

W = exp

(
0 R

−R† 0

)
=

(
1− 1

2
RR† R

−R† 1− 1
2
R†R

)
+O(R3)

R is 3× k complex matrix, second equation were obtained under the condition
that R is "small".
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Charged and neutral currents for heavy Majorana fields Nj :

LCC = − g

2
√

2
l̄γα(RV )lk(1− γ5)NkW

α + h.c.

LNC = − g

2cw
ν̄lLγα(RV )lkNkLZ

α + h.c.

The mixing are characterized by matrix RV . Using the equation for
diagonalization of the block mass matrix and the explicit form for W , we can
obtain that R∗ ' mDm

−1
N and express the mass of light and heavy neutrinos

by mN and R:

mν = U∗m̂U† = −R∗mNR
†; V ∗M̂V † ' mN +RTR∗mN +mNR

†R

Using unitary transformations by the W matrix, one can first make "block"
diagonalization, and then diagonalization of non-zero mass "blocks" using the
U and V matrices. Using the existing upper limits on the squares of neutrino
masses and mixing angles obtained from oscillation experiments, it is possible
to obtain possible ranges of mν values. We took a rough estimation
|(mν)l′l)| . 1 eV, l′, l = e, µ, τ . Then we can express:∑

k

|(RV )∗l′kMk(RV )†kl| . 1eV, l′, l = e, µ, τ (1)
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The main difficulty is to "adjust" all matrices in our model so that
diagonalization actually occurs and they satisfy the expression (1). A general
way to set the mD matrix is to parameterize it as follows:

mD = iU∗PMNS

√
m̂Ω

√
M̂V †

where Ω - an arbitrary complex orthogonal matrix. Hence, choosing a
convenient form of the Ω matrix, you can always construct a Dirac matrix for
neutrinos with the necessary orders of eigenvalues, from which the physical
parameters follow.
For example, we can consider the simplest case of an orthogonal complex
matrix Ω = iI and take mN = M̂ - the case of a diagonal matrix for heavy
neutrinos, i.e. V = I.
For simplicity we write Pontecorvo-Maki-Nakagawa-Sakata matrix as:

UPMNS =

 Ue1 Ue2 Ue3
Um1 Um2 Um3

Ut1 Ut2 Ut3


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Then, substituting all matrices in the parametrization, we get the form of the
matrix R:

RV = R = −


Ue1
√

m1
M1

Ue2
√

m2
M2

Ue3
√

m3
M3

Um1

√
m1
M1

Um2

√
m2
M2

Um3

√
m3
M3

Ut1
√

m1
M1

Ut2
√

m2
M2

Ut3
√

m3
M3


One can test this model using the LanHEP package and plot contours and
surfaces for this test model in CompHEP. The structure of mixing is non-trivial,
since the non-zero widths of all three heavy leptons are taken into account at
the same time. For the lightest lepton, the contour and surface are shown in 4.
We took values M1 = 10 Kev, M2 = 400 MeV, M3 = 420 MeV for example
calculation.
Since N1 is considered to play the role of dark matter, its contribution to the
see-saw matrix must be insignificant in order to play no role in the baryogenesis
of the Universe.
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Figure 4 : Contour and surface: mixing parameter |U |2 as a function mN1
for mass

of light neutrino from 10−9 to 10−3 KeV and mass of heavy from 0.01 to 1 MeV.

As it can be seen from fig. 4, width of N1 relatively small and there is almost
no dependence on mixing.
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Figure 5 : Contour and surface: mixing parameter |U |2 as a function mN2
for

mass of light neutrino from 10−7 to 0.1 MeV and mass of heavy from 85 to 205 GeV.
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Figure 6 : Contour and surface: mixing parameter |U |2 as a function mN3
for

mass of light neutrino from 10−7 to 0.1 MeV and mass of heavy from 85 to 205 GeV.



Conclusions

The model using only the Dirac type of neutrino mass is hard to compare
the precision experimental data of the LEP2 Collider.

Two models were considered for Majorana neutrinos: a simplified model
with one light neutrino and a heavy lepton, and a complete model with
three generations. Block diagonalization of the total neutrino mass matrix
was performed.
The results were presented as calculations of cross sections, cross section
contours and surfaces for simple and complete models for the
e+e− → νee

−ud̄ process. The levels on the contours were divided
according to the characteristic luminosities for the number of events
N = 10 from 0.1 to 1000 fb−1. Based on the characteristic luminosities, it
is possible to determine which experiments can use such parameters to
detect heavy leptons.

For the complete model, contours were calculated for the specific case of
parametrization of the Dirac mass matrix.



Conclusions

Thank you for your attention!


