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Gauge symmetry vs Unfree gauge symmetry

Assumptions implied by the second Noether theorem:

the gauge parameters are arbitrary functions of space-time coordinates

any on-shell vanishing local quantity reduces to a linear combination of the
l.h.s. of Lagrangian equations and their derivatives

For the case of unfree gauge symmetry, these assumptions are violated:

gauge parameters have to obey differential equations,

δεφ
i = Γi

α(φ)εα , Γa
α(φ)εα = 0 (1)

the completion functions τa exist such that vanish on-shell, while they cannot
be expanded in the l.h.s. of Lagrangian equations with local coefficients

∃ τa(φ) : τa(φ) ≈ 0 , τa(φ) 6= K i
a(φ)∂iS (2)

Modified Noether identities read

Γi
α(φ)∂iS(φ) + Γa

α(φ)τa(φ) = 0 (3)
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Motivation

The examples of unfree gauge symmetry have been known for a long time:

unimodular gravity (∇µεµ = 0)

Maxwell-like higher spin models

higher spins with transverse symmetry

The usual general formalism of gauge theory does not admit existence of constraints
on gauge parameters and completion functions

Our aim is to extend the formalism to the class of theories with unfree gauge
symmetry

for Lagrangian formalism, see arXiv:1904.04038, arXiv:1907.03443

for constrained Hamiltonian formalism, see arXiv:1911.11548, arXiv:2009.02848

Here we adjust the BFV-BRST Hamiltonian quantization method for the case of
the unfree gauge symmetry
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Example. Linearized unimodular gravity (LUG)

S =
1

4

∫
d4x

(
∂µhνρ∂

µhνρ − 2∂µhνρ∂
νhµρ

)
, ηµνhµν = 0 , (4)

where µ, ν, ρ = 0, 1, 2, 3, ηµν = diag(1,−1,−1,−1)
Gauge identities read

2∂µ
δS

δhµν
− ∂ντ ≡ 0 , τ =

1

2
∂µ∂νhµν (5)

Once ∂ντ ≈ 0, τ is a constant on-shell, so we have τ − Λ ≈ 0, where the specific
value of the constant Λ is determined by the asymptotics of h

Unfree gauge symmetry transformations read

δεhµν = ∂µεν + ∂νεµ −
1

2
ηµν∂ρε

ρ ,

δεS ≡
∫

d4x ∂µε
µτ

(6)

So, the action is invariant off-shell under the condition ∂µε
µ = 0
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Example. Constrained Hamiltonian formalism for LUG

SH [h,Π, λ] =

∫
d4x

(
Πij ḣij − H − λiTi

)
, (7)

H = ΠijΠ
ij − 1

2
Π2 +

1

4

(
2∂ ihij∂kh

kj − ∂ih∂ ih − ∂ihjk∂ ihjk
)
, Ti = −2∂jΠji , (8)

where i , j , k = 1, 2, 3, h = ηijhij , Π = ηijΠ
ij , λi = h0i

Conservation of primary constraints Ti leads to the secondary constraint,

Ṫi = {Ti ,H} = −∂iτ0 = 0 , τ0 ≡ ∂ i∂jhij − ∂i∂ ih − Λ = 0 (9)

The secondary constraint conserves by virtue of the primary ones:

τ̇0 = {τ0 ,H} = −∂ iTi (10)

Unfree gauge symmetry transformations read

δεhij = ∂iεj + ∂jεi , δεΠ
ij = −∂ i∂jε0 + ηij∂k∂

kε0 , δελ
i = ε̇i + ∂ iε0 (11)

Variation oh the action reads

δεSH ≡
∫

d4x
(
(ε̇0 + ∂iε

i )τ0 − ∂0(Tiε
i + τ0ε

0)
)

(12)

So, gauge parameters have to obey equation

ε̇0 + ∂iε
i = 0 (13)
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Modification of the FP-ansatz

The ghosts assigned to unfree gauge transformations are assumed to obey equations

Γa
α(φ)Cα = 0 , gh(Cα) = 1 , ε(Cα) = 1 , (14)

where Γa
α(φ) are operators of gauge parameter constraints

We impose independent gauges χI (φ), the FP matrix is rectangular,

δεχ
I

δεα
= Γi

α(φ)∂iχ
I (φ) (15)

The FP ansatz for path integral is adjusted to the case of unfree gauge symmetry:

Z =

∫
[dΦ] exp

{ i

~
SFP(φ)

}
, Φ = {φ, πI ,Cα, C̄I , C̄a} , (16)

gh(C̄I ) = gh(C̄a) = 1 , ε(C̄I ) = ε(C̄a) = 1 , gh(πI ) = ε(πI ) = 0 , (17)

where the FP action reads

SFP = S(φ) + πIχ
I (φ) + C̄IΓ

i
α(φ)∂iχ

I (φ)Cα + C̄aΓa
α(φ)Cα (18)
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Hamiltonian BFV-BRST formalism

Minimal sector

Every first-class constraint is assigned with canonical pair of ghosts,

{Cαr , P̄βr } = δαr

βr
, gh(Cαr ) = −gh(P̄αr ) = 1 , ε(Cαr ) = ε(P̄αr ) = 1 (19)

Hamiltonian BFV-BRST generator of minimal sector begins with constraints,

Qmin =
n∑

r=1

CαrTαr + . . . , gh(Qmin) = 1 , ε(Qmin) = 1 , (20)

where . . . stands for P̄-depending terms iteratively defined by the equation

{Qmin ,Qmin} = 0 (21)

The ghost extension of the Hamiltonian begins with original Hamiltonian H,

H = H(q, p) + . . . , gh(H) = 0 , ε(H) = 0 , (22)

where P̄-dependent terms are defined by the equation

∂

∂t
Qmin + {Qmin ,H} = 0 (23)
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Non-minimal sector

The number of gauge-fixing conditions coincides with the number of primary con-
straints, so the same number of non-minimal sector ghosts is introduced,

{Pα1 , C̄α1} = δα1

β1
, gh(Pα1 ) = −gh(C̄α1 ) = 1 , ε(Pα1 ) = ε(C̄α1 ) = 1 (24)

The Lagrange multiplier canonical pairs are introduced for primary constraints Tα1

and gauge-fixing conditions χα1 ,

{λα1 , πβ1} = δα1

β1
, gh(λα1 ) = gh(πα1 ) = 0 , ε(λα1 ) = ε(πα1 ) = 0 (25)

Complete BSRT-charge reads

Q = Qmin + πα1P
α1 (26)

Given the gauge conditions,

λ̇α1 − χα1 (q, p) = 0 , (27)

the gauge fermion is introduced,

Ψ = C̄α1χ
α1 + λα1 P̄α1 , (28)

and gauge-fixed Hamiltonian is defined by the usual rule,

HΨ = H+ {Q ,Ψ} (29)
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The gauge-fixed BFV-BRST action reads

SΨ
BRST =

∫
dt
(
pi q̇

i + πα1 λ̇
α1 +

n∑
r=1

P̄αr Ċ
αr + C̄α1 Ṗ

α1 − HΨ

)
(30)

The transition amplitude reads

ZΨ =

∫
[DΦ] exp

{ i

~
SΨ

BRST

}
, (31)

where Φ = {qi , pi , λα1 , πα1 ,C
α1 , P̄α1 ,C

α2 , P̄α2 , . . . ,C
αn , P̄αn ,P

α1 , C̄α1}

Specifics of unfree gauge symmetry:

the non-minimal sector is asymmetric with the minimal one unlike the usual
BFV-formalism

the secondary constraints, being a part of the BRST-generator Q, may be
explicitly time-dependent, even though the original action does not involve
time explicitly
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Example. Hamiltonian BFV-BRST formalism for LUG

The BRST-charge reads

Q = −2C i∂jΠji + C 0(∂ i∂jhji − ∂i∂ ih − Λ) + πiP
i (32)

Impose three independent gauge conditions,

λ̇i − χi = 0 , χi = −∂jh ji (33)

Introduce gauge fermion Ψ = C̄iχ
i + λi P̄i , and define gauge-fixed Hamiltonian,

HΨ = H −C 0∂ i P̄i −C i∂i P̄0 + ∂j C̄i∂
jC i + ∂j C̄i∂

iC j − πi∂jh ji +λiTi −P i P̄i (34)

The partition function reads

ZΨ =

∫
[DΦ] exp

{ i

~

∫
d4x

(
Πij ḣij − H − λiTi + πi (λ̇

i + ∂jh
ji ) + P̄0(Ċ 0 + ∂iC

i )

+ C̄i (∂j∂
jC i + ∂ i∂jC

j) + P̄i (Ċ
i + ∂ iC 0) + P i (P̄i + ˙̄Ci )

)}
, (35)

where Φ = {hij ,Πij , λi , πi ,C
0, P̄0,C

i , P̄i ,P
i , C̄i}

Integrating over P i , P̄i ,Π
ij , we get Lagrangian representation of Z ,

ZΨ =

∫
[DΦ′] exp

{ i

~

∫
d4x

(
L+ πi∂µh

µi + C̄i�C i + P̄0∂µC
µ
)}
, (36)

where Φ′ = {hµν , πi , P̄0,C
µ, C̄i}, and L is the original Lagrangian
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Summary

We explain how the Hamiltonian BFV-BRST formalism is adjusted for the
case of unfree gauge symmetry

The main distinction is in the content of the non-minimal sector and gauge
fixing procedure

For the case when there are no higher-order ghosts vertices, we deduce from
the phase-space integral the modified FP-quantization rules such that account
for unfree gauge symmetry by imposing corresponding constraints on ghosts
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Education of the Russian Federation, Project No. 0721-2020-0033
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