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A detailed investigation of the IVC breakpoint and the breakpoint region
width gives important information [1],[2] concerning the peculiarities of stacks
with a finite number of intrinsic Josephson junctions. In [3] IVC for a stack
of n Josephson junctions is defined numerically using the fourth- order Runge-
Kutta method. The current voltage characteristic has the shape of a Hysteresis
loop. On the back branch of the Hysteresis loop, near the breakpoint I, voltage
V(I) decreases to zero rapidly. In addition, in numerical modelling (non-periodic
boundary condition) IVC branching is observed near [;,. It is interesting to study
this phenomenon analytically developing asymptotic methods. A numerical-analytical
method was proposed in [4]. The general scheme of suggested numerical-analytical
method of the hysteresis loop calculation is following: the right branch of the
hysteresis loop and the back branch (not nearing some finite distance to Ip)
are calculated using the "asymptotic" formulas. The rest points (I,V (1)) of
the hysteresis loop are calculated numerically using the fourth- order Runge-
Kutta method. This method showed good results in IVC branching calculation in
particular. I succeeded to calculate analytically the whole hysteresis loop in the
case of periodic boundary conditions. The approximate solution at the breakpoint
region had been developed using the Bogolyubov-Krylov method.
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Solving the system

él = lzn: Al,l’(l - Sin(QSl/) - ﬁél’)? [ = 17 ey T, (1)
=1

for different I : [ = In+kAI < I,04; I = I,,,. — kAI, the current-voltage
characteristics of stacks as hysteresis loops are found [3|. For initial value of the
current (I = I) the system (1) is solved with zero initial data on an interval
[0, Thpaz). For each next I : [ = I;yq, found ¢;(Iy, Thnaz), QBZ(]kaTmax) are used as
initial data.

In the case of periodic boundary conditions A matrix is
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square matrix of order n. The parameter a gives the coupling between junctions,
[ is the dissipation parameter.

The dynamics of phase differences ¢;(t) had been simulated by solving the
equation system (1) using the fourth order Runge-Kutta method. After simulation
of the phase differences dynamics the voltages on each junction were calculated
as

=1
The total voltage V of the stack is obtained by
n T7nam
VoSV, Vie————— [ v (4)
=1 7 Tmax - Tmin Trin

The calculation can be simplified using specific properties of the matrix A. This
matrix has complete system of orthonormal eigenvectors E; with real eigenvalues
A; . The fundamental matrix D (whose columns are Ej) reduces A-matrices to
the diagonal form.

After changing the variables

S =DV, ¢ => dyvr, V=DW, Vi=)> diy/Wy
I'=1 I'=1

we get a system:
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where S is the sum of E; elements: S;=dy;+day+ ... + dpy.
Relations (3),(4) are transformed in

_ T wl(Tmax) - @Dl(Tmm)
awl/at a )‘lVVlv VVZ N Al(Tmax - Tmm)

respectively. As a result, we get the total voltage of the stack as

V = ZSZ*V_VZ (6)
=1
81:\/%, SZZO, l:2,...,n.

As result calculating IVC for a stack of n Josephson junctions of given zero
initial data is reduced to solving a unique equation

i(t) = =0n(t) + I — sin(n(t)).

Solution of this equation with initial data n(0) = &1, 7(0) = & . is equvalent
to solution of an integral eauation

({2 —w)
s

Solving this equation we find ~ ¢1(t) = /nn(t). Therest components ¢,(t), j =
2,...,n are equal zeros. The equation (7) is solved by the simple iterations method.
Starting from 7y = 0, we obtain 7;(t) = & + (& — w)(1 — e 7)) /8 + wt,

(1—e ) 4wt —

n(t) =&+ [ =P )sin(y(s))ds. (7)

|

sin(wt + A+ arctg(B/w))
AT TR

Herew=1/8, A=& + (& —w)/B, 0= —cos(A)/(wp).
Remark that V' (I,n) = v/nWi(1I) (see (5),(6)) and

M =wt+ A+0+ +O(w 3 4 e, (8)

(
T n(IaTmax) — 77(]7Tmzn) n(IaTmaz) - n(IaTmm)
] — I —=
Wl( ) \/ﬁ Tmax - Tmin ’ V< ,n) " Tmcwc - Tmin

In Fig.1 the pictures of the back way of the hysteresis loop for 9 Josephson
junctions are shown. The solid line refers to numerical calculation and the circles
on this line refers to "asymptotic" (using (8)) calculation.

In Fig.2 the solid line is the same as in Fig.1, while the circles on this line
refer to calculation performed by the following mixed analytical and numerical
method. The right way of the hysteresis loop and the back way on the interval
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0.45 > I < 1.45 are computed using (8). The rest points of the hysteresis loop
are computed numerically.

For studying branching IVC analytically we hope to develope "asymptotics'proper
for all 7;. This moment a little step had been made.

We developed approximate solution for the equation

i(t) = =pn(t) —sin(n(t)) + 1

with given initial data n(0) = dy, 1(0) = ds, in the case of small 3, I, using the
Bogolyubov-Krylov method.
We consider = 0.2, 0.2 < I < 0.4. Let ny = arcsin([),I = sin(no),

sin(1o) (0 — 0)? — cos (7o)

3
; 0y — ) -

sin(n) — I = cos(ny)(n —no) —

New variable ¢ = n — 1, satisfying equation ¢ = —3¢ — cos(1o) ¢ + %QSQ T
%ﬁ’, which can be rewritten as

3 2

BB+ io- 5 —tgm) ) =0, +wto=51(p.9)

w? = cos(ng) = (1 — I?)Y/4. This equation has solution

¢ =acos(v), ¢=—aw sin(y), ¥ =wt+40,

where a and 1 are determined of the first approximation equations

da I} dy a’
il %ZW(l_TG)'
Following step by step to H.H.Bozomobo06 u 0. A. "Mumponoavcrut "Acumn-
momuneckue Memoodvt 6 meoput Heauretnovir kKosebanut OM, Mockea 1963, cmp. 4 8.

we obtain the approximate solution

ag(exp(—ft) — 1)) n 9) . (9)

1 =10 + ag exp(—pFt/2) cos (w(t + 1643

ap and 6 are determined of given initial data:
d1 =1y + ap COS(@), d2 = —aoﬂ/Q — aow(l — a3/16) sin(ﬁ)

On such way we could to correct Fig.1. In Fig.4 the back branches of the
hysteresis loop for the case of periodic boundary conditions are presented.
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The solid line refers to numerical calculation. The circless on this line were
found analytically using mixed analytical method: all points of the hysteresis
loop were calculated using

sin(wt + A+ arctg(8/w))
=wt+A+06
Ch AT

excepting two points (I= 0.3, 0.25) calculated using

aj(exp(—ft) — 1)
167 ) + 9) : (9)
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+O0(w 3 +e ), (8)

n = 1o + ag exp(—pBt/2) cos (w(t +



