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Outline of the Talk

1. A little bit of the history (KF model, FPU model, FPU
paradox, Concept of Soliton Is the explanation of the FPU
paradox by ZK, 50 years of IST)

2. Properties of the higher-order nonlinear partial differential
equation corresponding to FPU model.

3. Properties of higher-order nonlinear partial differential
equation corresponding to the generalized of the KP model
and the FPU model.



The Frenkel-Kontorova-Fermi-Pasta-Ulam model

dzyi
dt

m

= (Yiz1 —2¥ + Y1) [ k+a(Yiz1 — vio1)+

: . [(2Ty;
+B (Yiy + Y7 + Yy — YisrVi — Yir1Yio1 — ’yz‘yz‘—l)] — fo sin ( - ):

where g; measures the displacement of the i-th mass from equilibrium in time
t, the force Ij.;; describes the nonlinear interaction between atoms in the
crystal lattice in case of dislocations

Fipri =7 Wir1 — 9) + o (Yie1 — 4:)* + B (yiz1 — v:)°, (2)

and fy, a, v, o, J are constant parameters of system (1).
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The Frenkel-Kontorova model

d*y; -

) 2T Y;
m < =k (gosr = 20+ 1) — fo sin (22

)y =1,....N),

The system of equations (1) is the generalization of some well-known dy-
namical systems. At @« = 0 and [ = 0 the system of equations (1) is the
mathematical model introduced by Frenkel and Kontorova for the description
of dislocations in the rigid body. It was suggested that the influence of atoms
in the erystal is described by term fp sin % but the atoms in case of dislo-
cations interact by means of linear low. Assuming that N — oo and h — 0
where h is the distance between atoms, we can get the Sine-Gordon equation.

Upr = SINU,

T.A. Kontorova, Ya. I. Frenkel, On theory of plastic deformation, 8 (1938)
JETP, 89, 1340, 1349 (in Russian)



The Fermi-Pasta-Ulam model

In case of f =0 and 5 = 0 system of equations (1) is the well-known Fermi-
Pasta-Ulam model which was studied many times.

d’ Yi
dt

m = (Yir1 —2vi +yi1) k+aWiy1 —vi-1)|], (@E=1,...,N),

E. Fermi, J.R. Pasta, S.Ulam, Studies of nonlinear problems, Report LA-1940,
1955. Los Alamos: Los Alamos Scientific Laboratory

Result of numerical modeling is the FPU paradox.




The Fermi — Pasta — Ulam model (1)

Jhon Pasta (1918-1981)

Stiv Ulam (1909 - 1984)
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Fermi-Pasta-Ulam paradox
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Martin D Kruskal (September 28, 1925 — December 26, 2006)




The concept of Soliton

The main result of work by M. Kruskal and N. Zabusky was the introduction
of solitons as solutions of the Koryeweg-de Vries equation.

g + wi, + 0%y, = 0.

where 6 is the parameter of equation.

The paradox was solved in the work by N.J. Zasbusky and M.D. Kruskal in 1965.
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FIG. 1. The temporal development of the wave form
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The Lax pair for the KdV equation

Uow +(u+AN) W =0,

Uy = (C'Hup) W —2(u—2\)W,.
(ll’rmﬂ:)t — (lljt):m:-

wy +06ut, + tUpp, =0

C.S. Garcln\er, J.M. Greene, M.D. I’(r\uskall, R.M. Miura; Method for \_s'rolving the K;)rteweg-de Vries equation, Phys. Rev.
Lett. (ISSN: 0031-9007) 19 (19) (1967) 1095-1097. http://dx.doi.org/10.1103/PhysRevLett.19.1095.
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Two cases of this talk

dzy-i
m Jt = (yi+l — 2y + y-i—l) [k T o (yi—H - yi—1)+
_ 2T y;
+3 (yiq + y.? -+ y3—1 — Vit1Yi — Yir1li—1 — yz’y-i—l)} — fo sin ( o )1

(i: 1:**':*NT):'

First of all we want to study more exact model than M. Kruskal and N.
Zabusky taking into account

fo=0, B=0 a#0, k#0, h—0, N — .

Secondly we consider

fo#0, B8#0, a#0, k#0, h—0 N — 0.
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~ Questions for the Fermi-Pasta-Ulam model. v

What higher-order nonlinear equations can be used for description of the
Fermi-Pasta-Ulam model?

Properties (integrable or not) of these equations?

Are there the recurrence of initial condition for the higher-order nonlinear
partial differential equations?

Are there exact solutions the higher-order nonlinear partial differential equa-
tions?

What results of numerical modeling of nonlinear waves in the chain by Fermi-
Pasta-Ulam?
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Derivation of more exact nonlinear differential equations

Taking into account the expansion in the Teylor series, we have

h? h3 h*

Ype1 = Y £ N Z;I+7612x + G Yse t 5 Yaa +
N h® N 1 h' hS N
120 5= T 750 Y62 T 5020 Y7 T Zo320 VB T
where
Yo = di” Yma = d:r"’i’ (m =2,..., 8)

Why we took into account nine terms in expansion in Teylor series?
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Derivation of more exact nonlinear differential equations

Using the parameter in the form

h = cvm
| =
We have
5 2ac3\/m m c? a c® my/m
Ytt — C Yxa — = Yoe Y22 T 12 A Uiz + G~2 /7 Yz Ytz
+{1 & m/m N m?2 ® N ac’m?./m N
Y2+ Ys Ye Y2 + Y5
2 Y2z Y3z 502 762 03 ~— zY52
342 /5 360 ~ 603 /5
e’ mz m actm?/m m?> ®
+ Yz Yax + Yzr Y6z +

20160 13 Y o -

363 /7 18073 /7
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Derivation of nonlinear evolution differential equations

yx,t)= f(x,T)+ e y1(x,0),

where

X =x—ct, T=c¢t

(primes are omitted) we obtain the equation in the form

2.3 2 5...3
m-“c 20 C c’m
2fxT+ 12}/ fxxxx‘|‘ V\/f_fxfxx 350]/2 fxxxxxx
L ac msz f L ac mszf
3}/2‘\/_ XX XXX 6 \/_ X XXXX_
Assuming
cT
T = —, U= fy,
5 fx
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Nonlinear evolution equation of fifth order

N m c2 N 24 o
u E— u uiu
12y Y cymy

m? c* ( 120 60 o )
u ' Uy Uyy I U Uyyx

T XXXXX 1
360 y 2 c/my c/my
=0.
Taking into account variables in the form:
mc? c. /)
2= = A (13)
12y 24 52

(primes are omitted too) we write the fifth-order nonlinear evolu-
tion equation (10) can be written in the form
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Nonlinear higher-order differential equations: v

2
Up + U Uy + 0 Upgy + 2 0% Uy Upy + 0 U Uy + - 0 Ugzzze = 0. (16)

2

Uy + U Uy + 0% Uy + 207 Uy Ugy + 07 U Uggy + - 0" Ugppzzt

2 6 3
+= 54 UUgprrrr + 2 54 Ugy Ugzr T = 54 Uy Ugpzzx T = 56 Urrrrrzrr — 0
5 3 39

(17)

N.A. Kudryashov, Refinment of the Korteweg-de Vries equation from the Fermi-
Pasta-Ulam. Phys Lett A 2015; 379 (40-41):2610-14
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Painleve test for fifth-order differential equation v

Up + ULy + 82Uy + 282U Uy + 82Ul + =0 Uysynx = O.

5
Using the variables
u(z,t) = w(z), z=x—Cpt
we have
%54 W,ony + 02 Ww,, + % 5° wf — %wz + 6w, —Cow+C; =0
(00.p) = (~1.2). h=-l =8 =iz
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First integral for the fifth-order differential equation

There Is the first integral for the fifth-order differential

equation
C'y . 1 | P 1 . .
Lo =Co +Ciw — —w? 4+ —w? 4+ 2582w+ =5 ww?t
2 2 ! 2 G 2 =19 :
2 . |
+ =8 w w... — =5t w? =0
5 O -
_ _ _ 7 1V 11
1= —1, j2,3:;i 5

=
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Results of the Painleve test of higher-order equations

= The fifth and seventh-order nonlinear evolution equations
do not pass the Painleve test

*The Cauchy problems for these equations cannot be
solved by means of the inverse scattering transform.

*There are expansions for solutions of these equations In
the Laurent series.

= Some exact solutions of these equations can be found.
20



Exact solution of higher order differential equation 'y’

o 1 Bk? C_,Bkﬁ 1 k4
=738 10 =720 T28p2  80°
14+ 8k* k2 , (k(z—zp)
= — 1 — tanh
w1(2) 128 +4 an >
1 2 k2 k(z—2z
= — +’Bk +k COS 2 (z U)
128 ' 4 2

[r— T T p—

Fig. 1. Solitary wave solutions w)(z) (left) and wggy(z) (right), of equations (17) and (15) at k1 =1.0, k2 = 1.2, k3 = 1.4 and at Cé” =1, Céz’ =1.44, Cégj =1.96.
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Elliptic solution of higher order differential equation '

w(z) = A+ Bz — 20, 82, &3),

I 2
wy(z) = —= — 007

( 5 2Cy—1 5 3C0—|-4C}—2)
7 < — 20, .

12 & 216 56

1111
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Test for mathematical modeling
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Interactions of solitary waves for the fifth-order
differential equations

n t=0 t=12
(W]
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1 =1.1475

Comparison with numerical solution of the KdV model Y’
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The Frenkel-Kontorova-Fermi-Pasta-Ulam model

dQ“ya‘
dt

+B (Y21 + U7 + Y21 — Yisr¥i — Yisr¥ios — Yitio1)| — fo sin (

m—— = (Yir1 — 2 + Yi—1) (k4 a (Yir1 — yic1)+

2’”%)

fo#0, B#0 a#0, k#0, h—0, N — .
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__Questions for the Frenkel-Kontorova-Fermi-Pasta-Ulam model V

What higher-order nonlinear partial differential equations can be used for
description of the Kontorova-Frenkel-Fermi-Pasta-Ulam model?

Properties (integrable or not) of these equations?

Are there exact solutions the higher-order nonlinear partial differential equa-
tions?

What results of numerical modeling of nonlinear waves in the chain by Kontorova-
Frenkel-Fermi-Pasta-Ulam?
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Equation for description of nonlinear dislocations

h? h3 h?
Yit1 = Y Yi, +23J? 5 Vi +24’9, T

kh? (27
muyy = k h? Yow + 2&}33% Yz + 35h4y3 Yrz + —VYpzze — fo SIN (Ty)

12
hVE Ahx ., Bh
C — y € = ) IB — T
v/ m ak 2
2T ,  akh a fi
U(“T:T):?y(z‘?q-): Y :48})3? 5:4?1_;3-

2 2 9 9 ' 9 2
Vit = C VUpy +QC EVL Ve + 38 C €V, Uy +77 €€ Vpgpy — 0C” € sSINV.
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Equation for description of nonlinear dislocations

Using the nonlinear wave with a motion in the right hand side
v(z,t) =u(z ,t) +cvi(z,t),

where
I ! I C
r =xr—ct, t = —=¢t

2

(primes are omitted) we obtain the equation in the form

2 .
Ugt + O Up Upy + 3 BUS Uy + Y Uz = 0 SINU.
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Painleve test of equation for nonlinear dislocations

u(z,t) = y(z), z=x—Cpt.

P}(yzzzz_l‘gﬁygyzz‘l_&yzyzz _Cﬂyzz_(s Si_'[l’y: 0.

3 2 2 4 . 2
VYU Vsrny —4YV U, Vssy + 12700, 0, — 67V, — 1@V U, V,,+

1.5 1
+iarvvf——SﬁvvgvzanSﬁvj—5(51}“’+§5t}3—

—Cyv3 v, + Cyv*v? = 0.
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Painleve test of equation for description of dislocations V

48(y — 89)
1) —

d 24

3"}/ T \/1925”}/— 15’}/2

jl = —1, jﬂ :4: j3,4_
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Painleve test of equation for description of dislocations V

Table 1

Some results of the Painlevé test: the parameters of Eq. (11) when
the Fuchs indices are integers.

N g b J1 J2 J3 a
5 1 1 —1 5) —2 0
6 1 3 —1 6 ~3 0
7 1 IE—T —1 7 —4 0
9 1 15 —1 9 —6 0

11 1 % —1 11 —8 0

where N is one integer Fuchs index. In the case we obtain the following Fuchs indices

J1=-1, jg2=N, jg3=3—N.
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Lax pair corresponding to special case at =0 and v =20 V

1

%’5’1,3: = —1AYP; — EU.«ML’Q?
1 .

Yop = Eum’fﬁ’1+3/\’ffb2,

P11 = h + e,

wlt — f?rbl _ ’”/}2:
h_—ﬁCOSH—iBH2/\+8i6A3
4 ’ ’
X
f:—LSinu—ﬁumx—éuerQiﬁum)\Jrélﬁum)\Q,
4 )\ 2
10 ) 8 3 . 2
e:—ﬂSlnu+ﬁu$m+§um+236um)\—4ﬁu$/\.
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The solution of the Cauchy problem

Ugt + 3 BUE Upy + 2 BUgges = 0 SIDU

/ lu,| de < oo, lim uw=mk.

50 Tr—+o0

Kule, 20+ [ Kia(e,y,t) fy+ 21) dy,

Kin(w,2,t) = fle+2t) = [ Kule,y:t) f(y+ 2 1)dy =0

f(X;t)—% _oo zii)) exp(ikX—k%—iﬁk%) dk—
ol it
—i ) ¢, exp {z'(:nX—I— e —@,Bgﬁt}. u(jj:t) = —2 KlQ(I:l‘: t)-
n=1 n
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Multi-soliton solutions of the forth-order equration Y

i {det(l + Az, 1)) }

)= —=1
@, t) = =5 I\ G T A1)

Api(z,t) = $ exp(ikj$+g/\£28)\§t).

A+ /\j ]
0 0t 3
u(xjt):iﬁlarctan(e)? 9:ﬂ+)\:c+7—25/\“t
A+ A O _ gb2
u(zx,t) = £4 arctan 1T A2 € ‘ :,
)\1 — /\2 1 -+ 6914—92

ot

(4
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The evolution of the one -soliton solutions v

U - u 1
s 5 3
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Fig. 1. The evolution of the one-soliton solution for equation (25) at § = —1, 5 = 0.5
and A = 1.0 in time ¢ = 0.0, 1.0, 2.0 (left); The one-soliton solution of equation
(25) in time t = 0.5 at 8 = 0.5 for different values of \: A = 0.1, 0.2, 0.3 (right).
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The evolution of the two-soliton solutions

Fig. 4. The two-soliton solution of equation (25) at § = —1, u; = 0.0, ps = 5.0,
A1 = 1.1, Ay = 2.2 and 8 = 0.5 for different values of time: ¢ = 0.0, 0.4, 0.8, 1,2
(curve line 1 - 4 in left); t = 1.6, 2.0, 2.4, 2.8 (curve lines 1-4 in right).
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The breather solution for nonlinear dislocations V'

L Sin(/\:zr—2,,3)\3t+6,3)\p2t+}ﬁT’$+b)—

‘A cosh (/_L.’I?—FZI,BLLBt—6.,5/\2f— /\—24% +a)_ |

u(z) = £4 arctan

where 1, A\, a and b are arbitrary constants; S and 0 are parameters.

T
S

“ ] 50 V 0 70V Yo '& 100 110

0.5

; |

Fig. 7. The dependence of the breather solution in moments ¢t = 2.4, 3.2, 4.0 at
5=10,0=10, A=20, u=1.0.
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The Hierarchy of nonlinear integrable equations '

Equation is the first member of the following integrable hierarchy

0 J P Upe U2 .
Uyt + 2 [ ?da‘ (uI—sz)L [ > —i—I] = J sinu, (68)

where L, |v] is the Lenard recursion operator which is determined by means
of formula [18]

Ln—-l—l ['1"1] 0" 0 v
. =|—+4v— + 2 L,lv|, Lilv| = v. 69
Ox (da‘ i Ldi‘ i Ox ] o] = (69)
J g T 15
Ugpt T 5 Uy Uppzrr T = 5 (T g Uy, Ugr+

+10 Uy Uzy Uzzr + Uzgrrrr = 0 SINU
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Exact solutions for nonintegrable cases

2 .
Vrr = Uz + A Vg Uy + b'UI Ve + 9 Vxzaxx — d SN v,

2 -
Upt + QU Ugy + B UL Uzy + Y Upgze = O SiDU.

wzzzerbwngz+awzwzz—cgw2z—dsinw:(], cU:Cg—l.
L s a 3 b 4 co o
wzzzwz—iwzerngjLsz—szntdcoswnt(}'l:(),

w(z) = =21 In(p(2))

8
Cio" +2c09” s + g iapp: +4bg: =497 0. 0: + 80 ;02
1 1
60 =20 +2¢° ¢+ 5de + 5 dg" =0,

Kudryashov N. A. Analytical properties of nonlinear dislocation equation // Applied Math-
ematics Letters. — 2017.—jul. — Vol. 69.— P. 29-34. — URL: http://linkinghub.
elsevier.com/retrieve/pii/S0893965917300320.
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_ Exact solutions for nonintegrable cases

p(z) =Ap+ A1 Q(2) + As Q(Z)Q, Q(z)

Wizze + DWE W,y — (8b—2)w,, — (3—8b) sinw = 0.

==l

ot
u(z,t) = £4 arctan {e}{p (ﬂ+ kx — kot + )] .

w(z) ==+2i1In

k

d
v(z,t) = +4 arctan {exp (p+k:§ ¥ kr\/l ~ 12 +k2)
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Results of numerical modeling

aaaaaaaaaaaaaaaaaaaaaaaaaaa

(a)t=0 _ (b) t =0.42 ) (e) t =144 5 — 163 (5 p— —9:| "}‘ — 1J ¥ = O

.............................
uuuuuuuuuuuuuuuuuuuuuuuuu

aaaaaaaaaaaaaaaaaaaaaaaaaaa

---------------------------
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~ Results of numerical

modeling

Parameters: £ =2.0.0=1,vy=1,a=0

---------

nnnnnnnnn

uuuuuuu

---------

.........
nnnnnnnnn

uuuuuuu

---------

(g) t = 8.80

nnnnnnnnn

(h) t = 11.160

uuuuuuu
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Conclusion

1) Nonlinear differential obtained from the a-FPU model are nonintegraable
except the KdV equation.

2) Nonlinear differential obtained from the S-FPU model are nonintegraable
except the mKdV equation.

3) We can expect that FPU model leads to the chaotic behaviour.

4) There is the special case of nonlinear differential equation found from the
FKFPU model.

5) This equation is the generalization of the mKdV and the Sine-Gordon
equation.
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