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Introduction

Since the first nonlinear generalization of Dirac equation

by lwanenko, the nonlinear Dirac equation (NLD) has
emerged as a practical model in many physical systems:
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Introduction

Since the first nonlinear generalization of Dirac equation
by lwanenko, the nonlinear Dirac equation (NLD) has
emerged as a practical model in many physical systems:

(i) Extended particles;

(ii) The gap solitons in nonlinear optics;

(iii) Light solitons in waveguide arrays and experimental
realization of an optical analog for relativistic quantum
mechanics;

(iv) Bose-Einstein condensate in honeycomb optical
lattices;

(v) Phenomenological models in quantum
chromodynamics;

(vi) Cosmology;

(vii) Chiral models of Skyrme and Faddeev;

(vii) Chiral models of Graphene.
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Introduction

We study the role of spinor field in cosmology. A key

feature of the nonlinear spinor field is that under a suitable
choice of nonlinearity it can
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Introduction

We study the role of spinor field in cosmology. A key
feature of the nonlinear spinor field is that under a suitable
choice of nonlinearity it can

(i) eliminate the problem of initial singularity giving rise to

a regular solution;(ii) accelerate the isotropization process
of an initially anisotropic space-time;(iii) generate late time
acceleration of the expansion of the Universe.

Moreover, thanks to its flexibility nonlinear spinor field can
simulate the different characteristics of matter from perfect
fluid to dark energy and describe the different stages of
the evolution of the Universe.
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Introduction

Some recent study suggests that flexible though it is, the
presence of non-diagonal components of the
energy-momentum tensor of the spinor field together with

Fierz identity impose very severe restrictions on the
geometry of the Universe as well as on the spinor field,
thus justifying our previous claim that spinor field is very
sensitive to the gravitational one
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Introduction

Some recent study suggests that flexible though it is, the
presence of non-diagonal components of the
energy-momentum tensor of the spinor field together with
Fierz identity impose very severe restrictions on the
geometry of the Universe as well as on the spinor field,
thus justifying our previous claim that spinor field is very
sensitive to the gravitational one

But those studied were performed within the scope of
diagonal metrics. The purpose of this report is to extend
that study to non-diagonal cases and clarify the role of
spinor field in the evolution of the Universe.
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Basic Equations
The action we choose in the form J

5(g:,%) = / (Ly + Ly) /=g <1)J
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Basic Equations
The action we choose in the form J

S(gi,9) = [ (Le+ Le) V=500 |

Here L, corresponds to the gravitational field J
R

=5 @

where R is the scalar curvature, » = 87G with G being
Einstein’s gravitational constant and L,,is the spinor field
Lagrangian.
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Basic Equations

We consider the spinor field Lagrangian given by

L= 5|Vt - Vs - g -F. (@ J

To maintain the Lorentz invariance of the spinor field
equations the self-interaction (nonlinear term) F is

constructed as some arbitrary functions of invariants
generated from the real bilinear forms.
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Basic Equations

We consider the spinor field Lagrangian given by

Lsp = % |:QZ'YMVM¢ - V,ﬂﬁ’v“w] - msp&w = (3)

To maintain the Lorentz invariance of the spinor field
equations the self-interaction (nonlinear term) F is
constructed as some arbitrary functions of invariants
generated from the real bilinear forms.

Thanks to Fierz identity, without losing generality we can

choose F = F(K), with K taking one of the following
expressions {/, J, | + J, | — J}. It describes most general
form of spinor field nonlinearity.

=82 = (§0)?, J=P?=(upy’y)?

SR |\ I . A=
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Basic equations

The energy momentum tensor (EMT) of the spinor field is J

given by

v _ - = -
Tup - lg4 (w'mvﬂ/’ + V0V = Vo — v’ﬂ/}%ﬂ/}) - 6ZLSP

= %gpy (&’Yuauw + %Z%@ﬂﬁ - a;ﬂzz_)%ﬂ/] - 81/&’7;”#)
- %gmj& ('Yuru + rlﬂ/,u + ’Yuru + ru%/)d’
— 0(2KF — F), (4)
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Basic equations

The energy momentum tensor (EMT) of the spinor field is

given by J
1gPY - = = =

Tpp = g4 (@WMVM/J + ¢’7va¢ - v/ﬂ/}%ﬂp - vlﬂ/’%ﬂ/’) - 5ZLsp

= %gpy (&’Yuauw + %Z%@ﬂﬁ - 8MZ_)7,,1/1 - 81/1;’7;17#)

- %gmj& ('Yuru + rlﬂ/,u + ’Yuru + ru%/)d’
— 55(2KF’ — F). (4)

where F' = Fx, V¢ =0, —T,¢, Vi =0,0+yrl,. The

spinor affine connection is defined as

1 ey v 1 v
Cp = 277" 0uel — 277" T (S)J
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Basic equations

As one sees, the energy momentum tensor of spinor field
depends on the spinor-affine connection, which is closely

related to the metric itself. As a result, depending on the
type and form of the metric we have different set of
components.
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components.

It was found that in case of a FRW metric EMT of spinor
field is diagonal, while in other cases there occurs
not-trivial non-diagonal elements.
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Basic equations

As one sees, the energy momentum tensor of spinor field
depends on the spinor-affine connection, which is closely
related to the metric itself. As a result, depending on the
type and form of the metric we have different set of
components.

It was found that in case of a FRW metric EMT of spinor
field is diagonal, while in other cases there occurs
not-trivial non-diagonal elements.

It should be noted that while 7, = 7,,, and T+ = T"*, for
the mixed tensor generally 7)) # T.
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Basic Equations
The non-diagonal Bianchi spacetime is given by J

ds® = di — &(t)dxF — [WP(xa) & (1) + 1*(xs)a5(1)] x5
—asdx3 + 2a5(t)h(x3)dx dxg, (6)

ai(t), ax(t), as(t) - functions of time and f(x3) and h(xz) -
some some functions of x3. Depending on the value of §

we have different cosmological models. Namely, 6 = 0
corresponds to Bianchi type-// model; § = —1 describes
Bianchi type-V// model and finally ) = 1 gives rise to
Bianchi type-/X model.
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Basic Equations

Spinor affine connections corresponding to metric (6) are

Bijan Saha, LIT, JINR Nonlinear spinor field in non-diagonal Bianchi type space-time MMCP-2017 13/54



Basic Equations

Spinor affine connections corresponding to metric (6) are

We consider ¢ = ¢(t). On account of (8) one finds the
nontrivial components of the EMT.
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Basic Equations

It can be shown that Einstein tensor and
energy-momentum tensor of spinor field in in case of the
metric given by (6) beside nontrivial diagonal elements

contains nonzero non-diagonal components as well.
Moreover, unlike the diagonal Bianchi metrics in this case
the components of energy-momentum tensor along the
principal diagonal are not equal, i.e.

T #T5#T5, 9) )

even in absence of spinor field nonlinearity. This very fact
plays crucial role in the evolution of nhon-diagonal Bianchi
universes.
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Basic Equations

From the Einstein and energy-momentum tensors one

finds that
azf?
Gl = h(Gé—G})+<h2+22> G2. (10)
1
aZfZ
T} = h(TZ—T11)+<h2+22> T2 (11)
1
f2
; = 2-T;-hT3, (12)
a;
a2
T = hT32+a—gT13, (13)
1
1
T3 = hTE—ST9, (14)
a2
? = —af212 — hTl. (15)
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Basic Equations

On account of these relations we write the system of
Einstein equations J

G, = —rTY, (16)|

having the following linearly independent components

y

B & a1 &F (W P 3K
a  a aa) 2aa&f2\h hf 2m
17 1aih 32 31 3

L _ A% Qg
Z7 /i[(F(K) 2KFI) + 3 oot <a2 a
1 a‘]h f/ h/ 0
Pl i 1,1 17

+4aga3f(f h)A (1) (17)
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Basic Equations

a3 & a3 a 1 & (W KW AH?
2 T aa ) 222\ h
as a as af 23233f

FoRT 2R
1a.h [a a
- “[<F(K>—2KFK)—4alf<a§‘a1>A3

1 ah ([ K\
—432a3f<f—h)A], 2.2) (18)

é1 ég 31 ég 1 afh’Q

2z a3 Tazare

a ao ai as 4 3233f
1 ay H
4 arasf

=k [(F(K) — 2KFk) + AO] , (3,3) (19)

4
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Basic Equations

a1a aa asa 1 a;h? 11
e apen | emen )| As2Em 2
a1a8 aay aza 4 asasf ag f
1 a1h/

= [msps R - oo

1 &h (h” h’f’)

AO} , (0,0) (20)

2222~ \h hf
1 1 ag a1 3 a1f 0
(= — 2.1 21
’i4azf[<32 31>A+asz (1) @)
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Basic Equations

(az_aa)’; — 0, (0,3) (22)

ao as
a

< >A1 (2,3) (23)
0 = <_> (3,1) (24)

0 — [é‘:hA1+f’A2] 0,1)  (25)

1)
0 = <1+azf)fA1. (2,0) (26)
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Basic Equations

In view of ’—f/ # 0 from (22) we find (% — :—g) = 0, which
means the space rotationally symmetric.

On the other hand for same reason (26) yields A' = 0, on
account of which from (25) we obtain A°> = 0. Thus in this
case from (22) - (26) we have
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Basic Equations

In view of A° = 0 the equation (24) yields two possibilities:

)
(3 3) )
y

which means the model is rotationally symmetric, or

a a\
-3 o

which means the model is isotropic. J
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Basic Equations

To solve the Einstein equation we still need some
additional conditions. One of the conditions extensively
used in literature is proportionality conditions which

connects the share with expansion. Assuming the
proportionality condition 011 = q19¥, @qy = const. Then for
the metric functions we find

3
a=xV% J[x=1 > Y=o (30)
i=1 i=1

In this concrete case we have X; = >, Xo = \/q3/Qo,
X3=1//Q@, Yi=q1+1/3, Yo=Yz =
1/3—q1/2, Qo, g3 — const. Here we define volume scale

V = ai1a0as. (31)
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Basic Equations

Exploiting the diagonal Einstein Eqgs. let us now find the

Eq. for V.

Vo1a e oar
%4 2a§a§ f a%f
:Szﬂ[msPS—FZ(F—KFK)—

which on account of (30) can be rewritten as

Vo1 4 ag2ss (M) a-2/31"
V_quv F 202q3V T

= ?’zﬁ [msps+ 2(F — KFy) — %qg v2q1—1/3A0] . (33)

D —
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Basic Equations

The spinor field equations in this case take the form

v Vo 1 ah _ f!
Y+ EVW% 4a1af50w+2af7¢
— [mgy + D]y —1G7% =0, (34a)
- ' 1 al
-0 o_lah ros0,
Wy + ¥ 4a as fw 23 flm
+ [my +D] P +1G95° = 0. (34b)

V.
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Basic Equations

From (34) it can be shown that the spinor field invariants in

this case obey the following equations:

. /

So+ 18N p oG — 0, (35a)
2 arasf
1 a1h’
0+ 5 2y +S0 2[my,+D]A} = 0, (35b)
1 f
AO+§—fA +2[myp+ D] Ph+26S, = 0, (35¢)
/’\3+1L/A0 — 0, (35d)
0 2a3f o - ’

where D = 2S5FxK;, G = 2PFxK,. From (35) it can be
easily shown that
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Basic Equations

P2 82 + <A8)2 — <A8>2 = const., (36)J

= ()= () ()~ () =~ (5479). )

On account of A" = 0 and A = 0 from (37) and (36) yields

S=—, Vp=const (SS)J

For diagonal Bianchi metrics (38) fulfills only if K = /
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Basic Equations

Let us rewrite (21) on account of (35d)

(r-50)53(3-2)a- =)o

Now the left hand side of (39) depends of x3 only, while the
right hand side depends on only ¢, hence can be written as

MMCP-2017 27/54
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Basic Equations

We will consider (40a) and (40b) for both b = 0 and b # 0.

In case of b = 0 one dully finds that

H = cif, ¢y = const. (41) |
994 -
Al —Ciexp|——T1 vy (q1+1/3)], 42
0= M1&XP 492(3g1 + 1) 42)

In view of (35d) equation for V (33) can be rewritten as

o 86 (BN aiagse 1 avagatys (P
V' 2\ f’A v 3%V f
3k

1 i
— 5% Vq1+1/37 =5 [my,S + 2 (F — KFg)] V.(43)
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Basic Equations

In order to solve the equation (43) we have to define f(x3)
from (7), h(x3) from (40a) and A3 from (40b). Beside that we
have to give the concrete form of spinor field nonlinearity

as well. Earlier we have considered the spinor field
nonlinearity as a power law of K. In this report following
some recent paper we choose the nonlinearity to be the
polynomial of S only, having the form

F=> Md™ =) 2\S5™ (44) J
k k
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Basic Equations

We can finally write (43) and (40b) as follows J
vV =Y, (45a)
y — 3”” 32 ’; V39 /20, (V, A3, Y) + da(V, A3, Y)(45b)
3
Ay = 1(V,A8, Y), (45¢)

oy (V, A, Y) = — 231 A V*(q1+4/3)Y+g B VEU/2213,

/

3 14 sqiys (21 g3t

+ 32"3 |:(msp+)\0) +2\(1 - n1)V1 —2m +2x(1 — nz)V1 2n2} .

Bijan Saha, LIT, JINR Nonlinear spinor field in non-diagonal Bianchi type space-time MMCP-2017 30/54



Numerical solution to the field equations

In the foregoing system for simplicity we consider only
three terms of the sum. We set ny = np : 1 — 2ng = 0 which
gives g = 1/2. In this case the corresponding term can be
added with the mass term. We assume that g, is a positive
quantity, so that 4g; + 1/3 is positive too. For the nonlinear
term to be dominant at large time, we set

ng=n:1-2ny >4q; +1/3,i.e.,ny <1/3 —2q;. And finally,

for the nonlinear term to be dominant at the early stage we
setny=mn:1-2n <0,i.e., n, > 1/2. Since we are
interested in qualitative picture of evolution, let us set

g2 =1,93=1and x = 1. We also assume |/, = 1. the initial
values are taken as V/(0) = 0.01, V(0)=0.1. We have also
set { € [0, 2] with step size 0.001. We set x3 = [0, 1] = 0.2k
with step kK = 0..5.
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Numerical solution to the field equations

We consider three different models. In case of Bil, BVII/

and BI/X we have following expressions for f(x3) and h(x3),
respectively

f(x3) = pxs+gq, Bl

h(xs) = (1/3)bpxg + 5

v

f(x3) = sinh(x3), h(x3)=cosh(x3), b=0, BVII (47
h(xs) = b(xscosh(xs) —sinh(x3)) + c1cosh(xs) + 2, b#0,

f(x3) = sin(xz), h(x3) = cos(xs), b=0, BIX (48)
h(xz) = b(sin(x3) — x3cos(x3)) — ¢y cos(x3) + c2, b#O. )

C1 = const., Co = const.
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Numerical solution to the field equations

100~
09 R-:
[).‘)(v:
[3,94—_
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Figure: Phase diagram of [V, V, A¥]incaseof b=0, \; =1 and
Mo = 1 for BVIII model.
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Numerical solution to the field equations
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Figure: Phase diagram of [V, V, A¥]incaseof b=0, \; =1 and
A2 = 1 for BIX model.
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Numerical solution to the field equations

1.02+

101+

Figure: Phase diagram of [V, V, Ag] incaseof b=0, A\ =1 and
Mo = —0.1 for BVIII model.
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Numerical solution to the field equations
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Figure: Phase diagram of [V, V, Ag] incaseof b=0, A\ =1 and
Mo = —0.1 for BIX model.
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Numerical solution to the field equations

Figure: Evolution of Vincase of b=0, A\ =1 and Ao = 1 for BIX
model.
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Numerical solution to the field equations

i 10

Figure: Evolution of Vincase of b=10, A\ =1 and Ao = —0.1 for
BIX model.

Bijan Saha, LIT, JINR Nonlinear spinor field in non-diagonal Bianchi type space-time MMCP-2017 38/54



Numerical solution to the field equations

140
120

100+

V(s

Figure: Evolution of V in case of b =0, A\ = 0 and X\, = 0 for BIX
model.
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Numerical solution to the field equations

200+

150+

V(s
1004

Figure: Evolution of Vincase of b=0, Ay =0 and X\, = 1 for BIX
model.
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Numerical solution to the field equations

Figure: Phase diagram of [V, V, Adlincase of b=1, A\; =1 and
Mo = 1 for Bll model.
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Numerical solution to the field equations
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Figure: Phase diagram of [V, V, Ag] incaseof b=1, A\ =1 and
Mo = 1 for BVIII model.
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Numerical solution to the field equations

Figure: Phase diagram of [V, V, Adlincase of b=1, A\; =1 and
Mo = 1 for BIX model.
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Numerical solution to the field equations

Figure: Phase diagram of [V, V, Ag] incaseof b=1, A\ =1 and
Mo = —0.1 for Bl model.
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Numerical solution to the field equations

Figure: Phase diagram of [V, V, Ag] incaseof b=1, A\ =1 and
Mo = —0.1 for BVIII model.
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Numerical solution to the field equations

Figure: Phase diagram of [V, V, Ag] incaseof b=1, A\ =1 and
Mo = —0.1 for BIX model.
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Numerical solution to the field equations

Figure: Evolution of Vincase of b=1, A\ =1 and Ao = 1 for BIX
model.
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Numerical solution to the field equations
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Figure: Evolution of Vincaseof b=1, A\ =1 and Ao = —0.1 for
BIX model.
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Numerical solution to the field equations
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Figure: Evolution of Vincase of b =1, A\ =0 and A\, = 0 for BIX
model.

Bijan Saha, LIT, JINR Nonlinear spinor field in non-diagonal Bianchi type space-time MMCP-2017 49/54



Numerical solution to the field equations
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Figure: Evolution of Vincase of b=1, Ay =0 and X\, = 1 for BIX
model.
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Concluding remarks

Within the scope of non-diagonal Bianchi cosmological

models we have studied the role of spinor field in the
evolution of the Universe.
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model the equation for volume scale contains V term
explicitly and does not allow exact solution in quadrature.
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Basic Equations

In absence of non-diagonal components of
energy-momentum tensor the non-diagonal Bianchi

space-time becomes locally rotationally symmetric which
is true for spinor field.
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constant the model allows either an open Universe that

rapidly grows up or a close Universe that ends in Big
Crunch singularity.
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