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The gluon structure of the nucleon

Phiala Shanahan, MIT

MIT Bag Model

gluon radius > charge radius

Constituent 
Quark Model

Lattice QCD with 
heavy quarks

gluon radius ~ charge radius

gluon radius < charge radius

How does the gluon radius of a proton compare to the 
quark/charge radius?

Charge radius:  
slope of electric form factor with 
respect to momentum transfer

Gluon radius:  
 [see Maxim Polyakov’s talk]



• Momentum  

• Spin

How is the gluon structure of a proton  
modified in a nucleus

• Exotic glue

The gluon structure of the nucleon

• Gluon ‘EMC’ effect
2

How much do gluons contribute to the proton’s
• Mass 

• D-term

• TMDs 

• Pressure distribution
• PDFs 

• GPDs

What is the 3D gluon distribution of a proton
1
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Euclidean space-time 

• Finite lattice spacing 

• Volume 

Some calculations use larger- 
than-physical quark masses (cheaper)

Lattice QCD
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Numerical first-principles approach to  
non-perturbative QCD



Numerical first-principles approach to  
non-perturbative QCD

Lattice QCD action has same free 
parameters as QCD: quark masses,  

• Fix quark masses by matching to 
measured hadron masses, e.g.,                               
                       for 

• One experimental input to fix lattice 
spacing in GeV (and also      ), e.g.,                                   
            splitting in    , or      or      mass

Lattice QCD

Calculations of all other 
quantities are QCD 
predictions

Phiala Shanahan, MIT
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Y<latexit sha1_base64="wHurHRns4+6W+9qAuj5ZCeowh7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5IG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rG8N5ME/YgOJQ85o8ZKjYd+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ftNWM1Q==</latexit><latexit sha1_base64="wHurHRns4+6W+9qAuj5ZCeowh7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5IG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rG8N5ME/YgOJQ85o8ZKjYd+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ftNWM1Q==</latexit><latexit sha1_base64="wHurHRns4+6W+9qAuj5ZCeowh7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5IG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rG8N5ME/YgOJQ85o8ZKjYd+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ftNWM1Q==</latexit><latexit sha1_base64="wHurHRns4+6W+9qAuj5ZCeowh7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5IG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rG8N5ME/YgOJQ85o8ZKjYd+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ftNWM1Q==</latexit>

f⇡
<latexit sha1_base64="iFwnyL5HcBsQTyYXgXTOpeVLYEk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQfFU8OKxgv2AdinZNNvGZpOQZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzIsWZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR28hUE9oikkvdjbChnAnassxy2lWa4iTitBNNbnO/80S1YVI82KmiYYJHgsWMYOukdjzoK1YZVGt+3Z8DrZKgIDUo0BxUv/pDSdKECks4NqYX+MqGGdaWEU5nlX5qqMJkgke056jACTVhNr92hs6cMkSx1K6ERXP190SGE2OmSeQ6E2zHZtnLxf+8Xmrj6zBjQqWWCrJYFKccWYny19GQaUosnzqCiWbuVkTGWGNiXUB5CMHyy6ukfVEP/Hpwf1lr3BRxlOEETuEcAriCBtxBE1pA4BGe4RXePOm9eO/ex6K15BUzx/AH3ucP+o2Osg==</latexit><latexit sha1_base64="iFwnyL5HcBsQTyYXgXTOpeVLYEk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQfFU8OKxgv2AdinZNNvGZpOQZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzIsWZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR28hUE9oikkvdjbChnAnassxy2lWa4iTitBNNbnO/80S1YVI82KmiYYJHgsWMYOukdjzoK1YZVGt+3Z8DrZKgIDUo0BxUv/pDSdKECks4NqYX+MqGGdaWEU5nlX5qqMJkgke056jACTVhNr92hs6cMkSx1K6ERXP190SGE2OmSeQ6E2zHZtnLxf+8Xmrj6zBjQqWWCrJYFKccWYny19GQaUosnzqCiWbuVkTGWGNiXUB5CMHyy6ukfVEP/Hpwf1lr3BRxlOEETuEcAriCBtxBE1pA4BGe4RXePOm9eO/ex6K15BUzx/AH3ucP+o2Osg==</latexit><latexit sha1_base64="iFwnyL5HcBsQTyYXgXTOpeVLYEk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQfFU8OKxgv2AdinZNNvGZpOQZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzIsWZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR28hUE9oikkvdjbChnAnassxy2lWa4iTitBNNbnO/80S1YVI82KmiYYJHgsWMYOukdjzoK1YZVGt+3Z8DrZKgIDUo0BxUv/pDSdKECks4NqYX+MqGGdaWEU5nlX5qqMJkgke056jACTVhNr92hs6cMkSx1K6ERXP190SGE2OmSeQ6E2zHZtnLxf+8Xmrj6zBjQqWWCrJYFKccWYny19GQaUosnzqCiWbuVkTGWGNiXUB5CMHyy6ukfVEP/Hpwf1lr3BRxlOEETuEcAriCBtxBE1pA4BGe4RXePOm9eO/ex6K15BUzx/AH3ucP+o2Osg==</latexit><latexit sha1_base64="iFwnyL5HcBsQTyYXgXTOpeVLYEk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQfFU8OKxgv2AdinZNNvGZpOQZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzIsWZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR28hUE9oikkvdjbChnAnassxy2lWa4iTitBNNbnO/80S1YVI82KmiYYJHgsWMYOukdjzoK1YZVGt+3Z8DrZKgIDUo0BxUv/pDSdKECks4NqYX+MqGGdaWEU5nlX5qqMJkgke056jACTVhNr92hs6cMkSx1K6ERXP190SGE2OmSeQ6E2zHZtnLxf+8Xmrj6zBjQqWWCrJYFKccWYny19GQaUosnzqCiWbuVkTGWGNiXUB5CMHyy6ukfVEP/Hpwf1lr3BRxlOEETuEcAriCBtxBE1pA4BGe4RXePOm9eO/ex6K15BUzx/AH3ucP+o2Osg==</latexit>

⌦
<latexit sha1_base64="A+J/d4WIaE9qsi3/7kcxWTApKVs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BL96MYB6QLGF20puMmZldZmaFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSq4sb7/7a2srq1vbBa2its7u3v7pYPDhkkyzbDOEpHoVkQNCq6wbrkV2Eo1UhkJbEbDm6nffEJteKIe7CjFUNK+4jFn1Dqp0bmT2KfdUtmv+DOQZRLkpAw5at3SV6eXsEyiskxQY9qBn9pwTLXlTOCk2MkMppQNaR/bjioq0YTj2bUTcuqUHokT7UpZMlN/T4ypNGYkI9cpqR2YRW8q/ue1MxtfhWOu0syiYvNFcSaITcj0ddLjGpkVI0co09zdStiAasqsC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5iXei/fufcxbV7x85gj+wPv8AVzJjvM=</latexit><latexit sha1_base64="A+J/d4WIaE9qsi3/7kcxWTApKVs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BL96MYB6QLGF20puMmZldZmaFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSq4sb7/7a2srq1vbBa2its7u3v7pYPDhkkyzbDOEpHoVkQNCq6wbrkV2Eo1UhkJbEbDm6nffEJteKIe7CjFUNK+4jFn1Dqp0bmT2KfdUtmv+DOQZRLkpAw5at3SV6eXsEyiskxQY9qBn9pwTLXlTOCk2MkMppQNaR/bjioq0YTj2bUTcuqUHokT7UpZMlN/T4ypNGYkI9cpqR2YRW8q/ue1MxtfhWOu0syiYvNFcSaITcj0ddLjGpkVI0co09zdStiAasqsC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5iXei/fufcxbV7x85gj+wPv8AVzJjvM=</latexit><latexit sha1_base64="A+J/d4WIaE9qsi3/7kcxWTApKVs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BL96MYB6QLGF20puMmZldZmaFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSq4sb7/7a2srq1vbBa2its7u3v7pYPDhkkyzbDOEpHoVkQNCq6wbrkV2Eo1UhkJbEbDm6nffEJteKIe7CjFUNK+4jFn1Dqp0bmT2KfdUtmv+DOQZRLkpAw5at3SV6eXsEyiskxQY9qBn9pwTLXlTOCk2MkMppQNaR/bjioq0YTj2bUTcuqUHokT7UpZMlN/T4ypNGYkI9cpqR2YRW8q/ue1MxtfhWOu0syiYvNFcSaITcj0ddLjGpkVI0co09zdStiAasqsC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5iXei/fufcxbV7x85gj+wPv8AVzJjvM=</latexit><latexit sha1_base64="A+J/d4WIaE9qsi3/7kcxWTApKVs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BL96MYB6QLGF20puMmZldZmaFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSq4sb7/7a2srq1vbBa2its7u3v7pYPDhkkyzbDOEpHoVkQNCq6wbrkV2Eo1UhkJbEbDm6nffEJteKIe7CjFUNK+4jFn1Dqp0bmT2KfdUtmv+DOQZRLkpAw5at3SV6eXsEyiskxQY9qBn9pwTLXlTOCk2MkMppQNaR/bjioq0YTj2bUTcuqUHokT7UpZMlN/T4ypNGYkI9cpqR2YRW8q/ue1MxtfhWOu0syiYvNFcSaITcj0ddLjGpkVI0co09zdStiAasqsC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5iXei/fufcxbV7x85gj+wPv8AVzJjvM=</latexit>

OUTPUT



• Generalised form factors encode e.g., Energy-Momentum Tensor 

• Matrix elements of traceless gluon EMT for spin-half nucleon: 

• Sum rules of gluon and quark GFFs in forward limit

Phiala Shanahan, MIT

Energy Momentum Tensor

• Momentum fraction 

• Spin 

• D-terms              unknown but equally fundamental! 

• Da(t) GFFs encodes pressure and shear distributions

X

a=q,g

Aa(0) = 1
<latexit sha1_base64="AdVoSLEHOyIrLv4ktLkDEbPW8mI=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiVJCSiKCbQtWNywr2AW0Ik+mkHTqTxJmJUGIX/oobF4q49Tfc+TdOHwutHrhwOOde7r0nSDhT2nG+rNzC4tLySn61sLa+sbllb+80VJxKQusk5rFsBVhRziJa10xz2kokxSLgtBkMrsZ+855KxeLoVg8T6gnci1jICNZG8u29jkqFn+HK3XFvdOHjknOEKsj17aJTdiZAf4k7I0WYoebbn51uTFJBI004VqrtOon2Miw1I5yOCp1U0QSTAe7RtqERFlR52eT+ETo0SheFsTQVaTRRf05kWCg1FIHpFFj31bw3Fv/z2qkOz72MRUmqaUSmi8KUIx2jcRioyyQlmg8NwUQycysifSwx0SayggnBnX/5L2mclF2n7N6cFquXszjysA8HUAIXzqAK11CDOhB4gCd4gVfr0Xq23qz3aWvOms3swi9YH99o4JRh</latexit><latexit sha1_base64="AdVoSLEHOyIrLv4ktLkDEbPW8mI=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiVJCSiKCbQtWNywr2AW0Ik+mkHTqTxJmJUGIX/oobF4q49Tfc+TdOHwutHrhwOOde7r0nSDhT2nG+rNzC4tLySn61sLa+sbllb+80VJxKQusk5rFsBVhRziJa10xz2kokxSLgtBkMrsZ+855KxeLoVg8T6gnci1jICNZG8u29jkqFn+HK3XFvdOHjknOEKsj17aJTdiZAf4k7I0WYoebbn51uTFJBI004VqrtOon2Miw1I5yOCp1U0QSTAe7RtqERFlR52eT+ETo0SheFsTQVaTRRf05kWCg1FIHpFFj31bw3Fv/z2qkOz72MRUmqaUSmi8KUIx2jcRioyyQlmg8NwUQycysifSwx0SayggnBnX/5L2mclF2n7N6cFquXszjysA8HUAIXzqAK11CDOhB4gCd4gVfr0Xq23qz3aWvOms3swi9YH99o4JRh</latexit><latexit sha1_base64="AdVoSLEHOyIrLv4ktLkDEbPW8mI=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiVJCSiKCbQtWNywr2AW0Ik+mkHTqTxJmJUGIX/oobF4q49Tfc+TdOHwutHrhwOOde7r0nSDhT2nG+rNzC4tLySn61sLa+sbllb+80VJxKQusk5rFsBVhRziJa10xz2kokxSLgtBkMrsZ+855KxeLoVg8T6gnci1jICNZG8u29jkqFn+HK3XFvdOHjknOEKsj17aJTdiZAf4k7I0WYoebbn51uTFJBI004VqrtOon2Miw1I5yOCp1U0QSTAe7RtqERFlR52eT+ETo0SheFsTQVaTRRf05kWCg1FIHpFFj31bw3Fv/z2qkOz72MRUmqaUSmi8KUIx2jcRioyyQlmg8NwUQycysifSwx0SayggnBnX/5L2mclF2n7N6cFquXszjysA8HUAIXzqAK11CDOhB4gCd4gVfr0Xq23qz3aWvOms3swi9YH99o4JRh</latexit><latexit sha1_base64="AdVoSLEHOyIrLv4ktLkDEbPW8mI=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiVJCSiKCbQtWNywr2AW0Ik+mkHTqTxJmJUGIX/oobF4q49Tfc+TdOHwutHrhwOOde7r0nSDhT2nG+rNzC4tLySn61sLa+sbllb+80VJxKQusk5rFsBVhRziJa10xz2kokxSLgtBkMrsZ+855KxeLoVg8T6gnci1jICNZG8u29jkqFn+HK3XFvdOHjknOEKsj17aJTdiZAf4k7I0WYoebbn51uTFJBI004VqrtOon2Miw1I5yOCp1U0QSTAe7RtqERFlR52eT+ETo0SheFsTQVaTRRf05kWCg1FIHpFFj31bw3Fv/z2qkOz72MRUmqaUSmi8KUIx2jcRioyyQlmg8NwUQycysifSwx0SayggnBnX/5L2mclF2n7N6cFquXszjysA8HUAIXzqAK11CDOhB4gCd4gVfr0Xq23qz3aWvOms3swi9YH99o4JRh</latexit>

Aa(0) = hxia
<latexit sha1_base64="a5iVNFxGs54s5F4BMSXQfovk5QI=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAIdVMSEXQjVN24rGAv0IRwMp20QyeTMDMRSym48VXcuFDErS/hzrdx2mahrT8MfPznHM6cP0w5U9pxvq2FxaXlldXCWnF9Y3Nr297Zbagkk4TWScIT2QpBUc4ErWumOW2lkkIcctoM+9fjevOeSsUScacHKfVj6AoWMQLaWIG9fxlA2Tm+8DiILqf4wZMTCAAHdsmpOBPheXBzKKFctcD+8joJyWIqNOGgVNt1Uu0PQWpGOB0VvUzRFEgfurRtUEBMlT+c3DDCR8bp4CiR5gmNJ+7viSHESg3i0HTGoHtqtjY2/6u1Mx2d+0Mm0kxTQaaLooxjneBxILjDJCWaDwwAkcz8FZMeSCDaxFY0IbizJ89D46TiOhX39rRUvcrjKKADdIjKyEVnqIpuUA3VEUGP6Bm9ojfryXqx3q2PaeuClc/soT+yPn8AHCSWig==</latexit><latexit sha1_base64="a5iVNFxGs54s5F4BMSXQfovk5QI=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAIdVMSEXQjVN24rGAv0IRwMp20QyeTMDMRSym48VXcuFDErS/hzrdx2mahrT8MfPznHM6cP0w5U9pxvq2FxaXlldXCWnF9Y3Nr297Zbagkk4TWScIT2QpBUc4ErWumOW2lkkIcctoM+9fjevOeSsUScacHKfVj6AoWMQLaWIG9fxlA2Tm+8DiILqf4wZMTCAAHdsmpOBPheXBzKKFctcD+8joJyWIqNOGgVNt1Uu0PQWpGOB0VvUzRFEgfurRtUEBMlT+c3DDCR8bp4CiR5gmNJ+7viSHESg3i0HTGoHtqtjY2/6u1Mx2d+0Mm0kxTQaaLooxjneBxILjDJCWaDwwAkcz8FZMeSCDaxFY0IbizJ89D46TiOhX39rRUvcrjKKADdIjKyEVnqIpuUA3VEUGP6Bm9ojfryXqx3q2PaeuClc/soT+yPn8AHCSWig==</latexit><latexit sha1_base64="a5iVNFxGs54s5F4BMSXQfovk5QI=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAIdVMSEXQjVN24rGAv0IRwMp20QyeTMDMRSym48VXcuFDErS/hzrdx2mahrT8MfPznHM6cP0w5U9pxvq2FxaXlldXCWnF9Y3Nr297Zbagkk4TWScIT2QpBUc4ErWumOW2lkkIcctoM+9fjevOeSsUScacHKfVj6AoWMQLaWIG9fxlA2Tm+8DiILqf4wZMTCAAHdsmpOBPheXBzKKFctcD+8joJyWIqNOGgVNt1Uu0PQWpGOB0VvUzRFEgfurRtUEBMlT+c3DDCR8bp4CiR5gmNJ+7viSHESg3i0HTGoHtqtjY2/6u1Mx2d+0Mm0kxTQaaLooxjneBxILjDJCWaDwwAkcz8FZMeSCDaxFY0IbizJ89D46TiOhX39rRUvcrjKKADdIjKyEVnqIpuUA3VEUGP6Bm9ojfryXqx3q2PaeuClc/soT+yPn8AHCSWig==</latexit><latexit sha1_base64="a5iVNFxGs54s5F4BMSXQfovk5QI=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAIdVMSEXQjVN24rGAv0IRwMp20QyeTMDMRSym48VXcuFDErS/hzrdx2mahrT8MfPznHM6cP0w5U9pxvq2FxaXlldXCWnF9Y3Nr297Zbagkk4TWScIT2QpBUc4ErWumOW2lkkIcctoM+9fjevOeSsUScacHKfVj6AoWMQLaWIG9fxlA2Tm+8DiILqf4wZMTCAAHdsmpOBPheXBzKKFctcD+8joJyWIqNOGgVNt1Uu0PQWpGOB0VvUzRFEgfurRtUEBMlT+c3DDCR8bp4CiR5gmNJ+7viSHESg3i0HTGoHtqtjY2/6u1Mx2d+0Mm0kxTQaaLooxjneBxILjDJCWaDwwAkcz8FZMeSCDaxFY0IbizJ89D46TiOhX39rRUvcrjKKADdIjKyEVnqIpuUA3VEUGP6Bm9ojfryXqx3q2PaeuClc/soT+yPn8AHCSWig==</latexit>

X

a=q,g

Ja(0) =
1

2
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where (again, following the conventions of Ref. [5])

Fµ⌫ [Ag, Bg, Dg] = Ag(t) �{µP⌫} +Bg(t)
i P{µ�⌫}⇢�

⇢

2MN
+Dg(t)

�{µ�⌫}

4MN
. (5)

An exactly analogous decomposition exists for matrix elements of the quark contribution of flavour q to the traceless
part of the EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = Ū(p0, s0)Fµ⌫ [Aq, Bq, Dq]U(p, s). (6)

For each q = {u, d, . . . }, the GFFs are related to the lowest Mellin moments of the relevant unpolarised GPDs defined
in Eq. (1):

Z
1

�1

dx xHq(x, ⇠, t) = Aq(t) + ⇠2Dq(t) ,

Z
1

�1

dx xEq(x, ⇠, t) = Bq(t)� ⇠2Dq(t) , (7)

and similarly the gluon GFFs are related to the GPDs defined in Eq. (2):
Z

1

0

dx Hg(x, ⇠, t) = Ag(t) + ⇠2Dg(t) ,

Z
1

0

dx Eg(x, ⇠, t) = Bg(t)� ⇠2Dg(t) . (8)

Since the quark and gluon pieces of the EMT are not separately conserved, the individual form factors Aa(t), Ba(t)
and Da(t) are scale- and scheme-dependent, although the total form factors A(t), B(t), D(t), where X(t) ⌘

P
a Xa(t)

with a = {u, d, . . . , g}, are renormalisation-scale invariant. The GFFs Aa(t) encode the distribution of the nucleon’s
momentum among its constituents (and momentum conservation implies A(0) = 1), while the angular momentum
distributions are described by Ja(t) = 1

2
(Aa(t) + Ba(t)) (and total spin constrains J(0) = 1

2
). The Da(t) terms

encode the shear forces acting on the quarks and gluons in the nucleon while their sum D(t) determines the pressure
distribution [7–9].

B. Pion

The spin-independent pion GPDs are defined by pion matrix elements of the lowest-twist light-ray quark and gluon
operators:
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for q = {u, d, . . .}, and
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where the notation is as in Eqs. (1) and (2). A covariant normalisation of pion states has been used: hp0| pi =
2p0 (2⇡)3�(3)(p0

� p). The lowest moments of these GPDs are related to the pion matrix elements of the quark and

gluon pieces of the traceless EMT, which are described by two scalar GFFs for each flavour a, labelled A(⇡)
a (t) and

D(⇡)
a (t). Precisely,

hp 0
|Ga

{µ↵G
a↵
⌫}|pi = 2P{µP⌫} A

(⇡)
g (t) +

1

2
�{µ�⌫} D

(⇡)
g (t) ⌘ Kµ⌫ [A

(⇡)
g , D(⇡)

g ] , (11)

and similarly for the quark operators,

hp 0
| q�{µi

$

D⌫} q|pi = Kµ⌫ [A
(⇡)
q , D(⇡)

q ] . (12)

Just as for the nucleon, the GFFs which describe pion matrix elements of the EMT correspond to the quark and
gluon gravitational form factors of the pion, and can be expressed as Mellin moments of the pion GPDs:

Z
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dx xH(⇡)
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q (t) + ⇠2D(⇡)
q (t) ,

Z
1

0

dxH(⇡)
g (x, ⇠, t) = A(⇡)

g (t) + ⇠2D(⇡)
g (t) . (13)

The forward limit A(⇡)
a (0) encodes the light-cone momentum fraction of the pion carried by parton a. The GFFs

D(⇡)
a (t) are related to the pressure and shear distributions in the pion [7–9].
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The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the
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and thus requires an assumption of a functional form for
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little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the

Gluon field-
strength tensor
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The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg
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2MN
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4MN

i
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depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the

Leading twist nucleon gluon GPDs: 
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The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
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depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the

Gluon field-
strength tensor
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The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the

GPDs(Bjorken x, skewness, mom transfer)

n2 = 0
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where (again, following the conventions of Ref. [5])

Fµ⌫ [Ag, Bg, Dg] = Ag(t) �{µP⌫} +Bg(t)
i P{µ�⌫}⇢�

⇢

2MN
+Dg(t)

�{µ�⌫}

4MN
. (5)

An exactly analogous decomposition exists for matrix elements of the quark contribution of flavour q to the traceless
part of the EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = Ū(p0, s0)Fµ⌫ [Aq, Bq, Dq]U(p, s). (6)

For each q = {u, d, . . . }, the GFFs are related to the lowest Mellin moments of the relevant unpolarised GPDs defined
in Eq. (1):

Z
1

�1

dx xHq(x, ⇠, t) = Aq(t) + ⇠2Dq(t) ,

Z
1

�1

dx xEq(x, ⇠, t) = Bq(t)� ⇠2Dq(t) , (7)

and similarly the gluon GFFs are related to the GPDs defined in Eq. (2):
Z

1

0

dx Hg(x, ⇠, t) = Ag(t) + ⇠2Dg(t) ,

Z
1

0

dx Eg(x, ⇠, t) = Bg(t)� ⇠2Dg(t) . (8)

Since the quark and gluon pieces of the EMT are not separately conserved, the individual form factors Aa(t), Ba(t)
and Da(t) are scale- and scheme-dependent, although the total form factors A(t), B(t), D(t), where X(t) ⌘

P
a Xa(t)

with a = {u, d, . . . , g}, are renormalisation-scale invariant. The GFFs Aa(t) encode the distribution of the nucleon’s
momentum among its constituents (and momentum conservation implies A(0) = 1), while the angular momentum
distributions are described by Ja(t) = 1

2
(Aa(t) + Ba(t)) (and total spin constrains J(0) = 1

2
). The Da(t) terms

encode the shear forces acting on the quarks and gluons in the nucleon while their sum D(t) determines the pressure
distribution [7–9].

B. Pion

The spin-independent pion GPDs are defined by pion matrix elements of the lowest-twist light-ray quark and gluon
operators:
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where the notation is as in Eqs. (1) and (2). A covariant normalisation of pion states has been used: hp0| pi =
2p0 (2⇡)3�(3)(p0

� p). The lowest moments of these GPDs are related to the pion matrix elements of the quark and

gluon pieces of the traceless EMT, which are described by two scalar GFFs for each flavour a, labelled A(⇡)
a (t) and

D(⇡)
a (t). Precisely,

hp 0
|Ga

{µ↵G
a↵
⌫}|pi = 2P{µP⌫} A

(⇡)
g (t) +

1

2
�{µ�⌫} D

(⇡)
g (t) ⌘ Kµ⌫ [A

(⇡)
g , D(⇡)

g ] , (11)

and similarly for the quark operators,

hp 0
| q�{µi

$

D⌫} q|pi = Kµ⌫ [A
(⇡)
q , D(⇡)

q ] . (12)

Just as for the nucleon, the GFFs which describe pion matrix elements of the EMT correspond to the quark and
gluon gravitational form factors of the pion, and can be expressed as Mellin moments of the pion GPDs:

Z
1

�1

dx xH(⇡)
q (x, ⇠, t) = A(⇡)

q (t) + ⇠2D(⇡)
q (t) ,

Z
1

0

dxH(⇡)
g (x, ⇠, t) = A(⇡)

g (t) + ⇠2D(⇡)
g (t) . (13)

The forward limit A(⇡)
a (0) encodes the light-cone momentum fraction of the pion carried by parton a. The GFFs

D(⇡)
a (t) are related to the pressure and shear distributions in the pion [7–9].
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• Peak pressure near centre ~1035 Pascal, 
greater than pressure estimated for neutron stars 

• Key assumptions: gluon D-term same as quark 
term, tripole form factor model,

D-term from JLab DVCS
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given as one standard deviation. The negative sign of d1(0) found in this 
analysis seems deeply rooted in the spontaneous breakdown of chiral 
symmetry25, which is a consequence of the transition of the micro-
second-old Universe from a state of de-confined quarks and gluons 
to a state of confined quarks in stable protons. It is thus intimately 
connected with the stability of the proton24 and of the visible Universe.

We can relate d1(t) to the pressure distribution via the spherical 
Bessel integral:

!"
#

d t
j r t

t
p r r( )

( )
2

( )d1
0 3

where j0 is the first spherical Bessel function. Our results of the quark 
pressure distribution in the proton are illustrated in Fig.!1. The thick 
black line corresponds to the pressure distribution r2p(r), as extracted 
from the D-term parameters that are fitted to the published data22 
acquired at 6 GeV. The estimated uncertainties are displayed as the 
light-green shaded area. The red-shaded area represents projected 
results from future experiments at higher energy. The distribution has 
a positive core and a negative tail of the r2p(r) distribution as a function 
of r, with a zero crossing near r = 0.6 fm. The regions where repulsive 
and binding pressures dominate are separated in radial space, with 
the repulsive distribution peaking near r = 0.25 fm, and the maximum 
of the negative pressure that is responsible for the binding occurring 
near r = 0.8 fm.

The outer, blue-shaded area in Fig.!1 corresponds to the D-term 
uncertainties obtained in the global fit results from previous 
research10,11. This area has a shape similar to the light-green area, con-
firming the robustness of the analysis procedure used to extract the 
D-term. The pressure p(r) must satisfy the stability condition:

! =
$

r p r r( )d 0
0

2

which is satisfied within the uncertainties of our analysis. The shape of 
the radial pressure distribution resembles closely that obtained using 

the chiral quark–soliton model24, in which the proton is modelled as a 
chiral soliton whose constituent quarks are bound by a self-consistent 
pion field. This agreement suggests that the pion field is appropriate for 
the description of the proton as a bound state of quarks.

Other applications of the GFFs of the energy–momentum tensor 
include the description of nucleons in the nuclear medium23,26,27, 
excited baryon states (such as the %(1232) resonance28) and point-
like and composed spin-0 particles29.

Future precision experiments are expected to provide substantially 
more DVCS data30 and enable the mapping of d1(t) in much finer steps 
and in a much larger #t range, which will reduce the systematic uncer-
tainties, as indicated by the red-shaded area in Fig.!1. We also expect 
that this work will motivate new theoretical efforts to understand the 
fundamental characteristics of the stability of the proton from first  
principles. Our results may serve as a benchmark for the assessment 
of theo retical models, including lattice quantum chromodynamics 
models.
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DVCS (quark) D-term

2

quark EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = ū0Fµ⌫ [Aq, Bq, Dq]u, (2)

where  q is the quark field of flavour q and D⌫ is the
gauge covariant derivative.

The individual EMT form factors depend on the renor-
malisation scheme and scale, µ. Since the isoscalar com-
binations of twist-two operators in Eqs. (1) and (2) mix
under renormalisation, so too do the individual isoscalar
quark (Du+d(t)) and gluon (Dg(t)) form factors. This
mixing takes the form
✓
Du+d(t, µ)
Dg(t, µ)

◆
=

✓
Zqq(

µ
µ0 ) Zqg(

µ
µ0 )

Zgq(
µ
µ0 ) Zgg(

µ
µ0 )

◆✓
Du+d(t, µ0)
Dg(t, µ0)

◆
,(3)

where the perturbative mixing coe�cients are given in
Ref. [3]. Because of conservation of the EMT, the
isoscalar combination of the quark and gluon pieces,
D(t) = Du+d(t, µ) +Dg(t, µ), is scale invariant.

In terms of the total D(t) form factor, the shear and
pressure distributions in the proton can be expressed in
the Breit frame as [2, 4, 5]

s(r) = �r

2

d

dr

1

r

d

dr
eD(r), p(r) =

1

3

1

r2
d

dr
r2

d

dr
eD(r), (4)

respectively, where

eD(r) =

Z
d3~p

2E(2⇡)3
e�i~p·~r D(�~p 2). (5)

While the quark and gluon shear forces are individually
well-defined (i.e., one can define scale-dependent partial
contributions sa(r)), p(r) is defined only for the total
system as it depends not only on the separate Dq,g(t)
but on GFFs related to the trace terms of the EMT that
cancel in the sum [2].

Lattice QCD quark and gluon D-term form fac-
tors: The quark GFFs of the proton have been computed
by a number of LQCD collaborations [6–11] since the first
study in Refs. [12–14] (see Ref. [15] for a review). While
there are as-yet no calculations directly at the physi-
cal quark masses, studies over masses corresponding to
0.21  m⇡ . 1.0 GeV show very mild mass-dependence
relative to the other statistical and systematic uncertain-
ties of the calculations. The t-dependence of the GFFs
has been determined over the range 0  �t  2 GeV2.
The calculations are complete for the isovector combina-
tion Du�d(t), while so-called disconnected contractions
have been neglected in most (but not all) determinations
of the isoscalar quark GFFs, Du+d(t), since these terms
are both particularly numerically challenging and are
found to be small in many other quantities. An impor-
tant observation from these determinations of the GFFs
is that the isovector combination Du�d(t) ⇠ 0 over the
entire range of quark masses and momentum transfers
that have been studied. This provides compelling moti-
vation for the assumption in BEG of isoscalarity of the

FIG. 1: Comparison of the BEG extracted D-term (blue

inverted triangles) to a LQCD determination of D(conn.)
u+d (t)

(purple triangles) [8] and the LQCD calculation of the gluon

Dg(t) (green diamonds) [17], all at the scale µ = 2 GeV in

the MS scheme. The shaded bands denote tripole (solid) and

z-expansion (dashed, Eq. (6)) fits to the three data sets.

D-term extracted from DVCS (large Nc arguments [16]
also support this). An example of the isoscalar connected
quark D-term form factor from Ref. [8] is shown in Fig. 1
at quark masses corresponding to m⇡ ⇠ 450 MeV.

The gluon D-term form factor was recently deter-
mined for the first time in Ref. [17] at a single value of
the quark masses corresponding to m⇡ ⇠ 450 MeV and
a single lattice spacing and volume. The uncertainties,
whcih encompass statistical and systematic e↵ects in
the LQCD calculations, are somewhat larger than for
the quark form factor because of a more complicated
renormalisation procedure and the much larger statis-
tical variance of gluonic quantities. The quark-mass
dependence of this purely gluonic quantity is expected
to be extremely weak. Supporting this expectation,
calculations of the quark-mass–dependence of the gluon
momentum fraction, which corresponds to the forward
limit Ag(0), reveal that this quantity is approximately
independent of the quark masses (see Ref. [17] for a
collation of results and discussion). Compared with the
LQCD determination of the quark D-term form factor
at similar quark masses, the gluon form factor is a factor
of two larger, with a somewhat di↵erent t-dependence,
as shown in Fig. 1.

Comparison to BEG D-term: In Fig. 1, the
BEG D-term form factor extracted from DVCS is
compared with the LQCD determinations of the quark
and gluon form factors. The BEG result has been
shifted to the renormalisation scale µ = 2 GeV in the
MS scheme using the three-loop running [18]1. The

1 The result illustrated in Fig. 4 of BEG has been rescaled by
18/25 to relate the DVCS extraction to the flavour-singlet com-

4

mined from LQCD is approximately 1.7⇥ smaller in mag-
nitude than the BEG GFF, albeit with significant uncer-
tainties, and has a similar dependence on the momentum
transfer t. The LQCD determination of the gluon D-
term form factor is noticeably larger in magnitude than
the BEG result. It also favours a more general functional
form in t than the tripole assumed in BEG, although it is
not inconsistent with a tripole ansatz within uncertain-
ties.

The BEG analysis assumes that Dg(t, µ) = Dq(t, µ)
as there is no information on the gluon D-term from ex-
periment. This is in mild tension with the LQCD re-
sults, and, moreover, given the scale evolution, Eq. (3),
can only possibly hold at one scale. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-
tor quark contributions to the Dq(t, µ) form factor van-
ish, i.e., Du(t, µ) = Dd(t, µ). The LQCD finding that
Du�d(t, µ) ⇠ 0 provides compelling motivation for this
assumption (large Nc arguments [20] also support this).
The left panel of Fig. 4 shows the pressure distribution
of the proton computed from the BEG quark D-term
GFF and the LQCD gluon GFF, both parametrised us-
ing a tripole form and assuming that the quark-mass de-
pendence of the latter is negligible in comparison with
the statistical uncertainties. This pressure distribution
is consistent within uncertainties with the determination
using only LQCD data. The pressure obtained under
the assumptions of BEG (i.e., Dg(t, µ) = Du+d(t, µ)) is
also displayed. In comparison with the BEG assumption,
the inclusion of the LQCD gluon contribution shifts the
peaks of the pressure distribution outwards and extends
the region over which the pressure is non-zero.

As discussed above, the tripole form assumed for
Dq(t, µ) in BEG introduces significant model-dependence
into the pressure extraction. With the limited kinematic
range of the CLAS data this is particularly problematic;
the LQCD calculations show that the quark and gluonD-
term GFFs have significant support up to |t| ⇠ 2 GeV2

(assuming weak quark-mass dependence), which is far be-
yond the range of the experimental data. Fig. 1 shows the
result of a modified z-expansion fit to the BEG D-term
form factor; outside the data range, the parametrisation
is very poorly constrained. As shown in the right panel
of Fig. 4, this more general fit leads to a pressure distri-
bution that is consistent with zero everywhere, demon-
strating that experimental data over a larger kinematic
range is needed before a model-independent extraction of
the pressure is possible.

In order to investigate the range of t required for a
model-independent pressure extraction from experiment,
fake data for the quark D-term GFF are generated in
intervals of �t = 0.1 GeV2 extending the experimental
data along the tripole fit, assuming uncertainties of the

of Dq(t, µ) have been included in quadrature.

0.0 0.5 1.0 1.5 2.0
-0.5

0.0

0.5

1.0
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gluon cont.
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FIG. 4: Left) Pressure distribution of the proton determined

from tripole parametrisations of the BEG quark GFF and

the LQCD gluon GFF. The red band corresponds to the to-

tal pressure distribution, while the dark blue dotted and green

dashed bands denote to the (ill-defined) quark and gluon con-

tributions to the total. The pressure under the BEG assump-

tion that that Dg(t, µ) = Dq(t, µ) is shown as the blue solid

band. Right) The same totals computed based on modified z-
expansion fits to the GFFs. Also shown is the result obtained

using only LQCD data, parametrised using the modified z-
expansion (orange dashed band).

same size as the average uncertainty in the BEG GFF
determination. The consistency of the LQCD data with
a tripole form gives confidence that such an extension is
justified. These fake data are then used to constrain a
modified z-expansion fit and calculate the corresponding
pressure distribution. For a determination of the pres-
sure distribution that is distinct from zero at 2 standard
deviations at the maximum of the first peak, the range
of the experimental data must be extended in this
manner to at least |t| ⇠ 1.0 GeV2. Future experiments,
such as those using the CLAS12 detector at JLab and a
future EIC, should seek to extend the kinematic reach to
address this deficiency, even at the expense of precision
in individual t bins. With the EIC’s potential [21, 22] to
determine the gluon GPDs that are necessary in defining
the pressure, similar kinematic coverage should be the
goal of EIC experiments. Finally, the flavour separation
necessary for a complete determination of the pressure
distribution can be enabled by studies of deeply-virtual
meson production and DVCS on deuterons [21, 22].

Summary: The shear and pressure distributions of
the proton are determined from LQCD calculations for
the first time. The results indicate that gluons play an
important role in the internal dynamics of the proton,
distinct from that of quarks. In particular, the gluon
contributions to the D-term form factor, from which the
pressure and shear distributions are defined, dominate
the quark terms at the scale µ = 2 GeV in the MS
scheme. These calculations are undertaken at heavier-
than-physical quark masses corresponding to a pion mass
roughly three times the physical value. LQCD calcula-

EXP + LQCD    
first complete pressure determination 

[Shanahan, Detmold PRL 122 072003 (2019)]
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LQCD results for nucleon gluon GFFs 
m! ~450 MeV 

Dipole-like fall-off with momentum transfer 
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FIG. 5: Gluon GFFs of the nucleon, renormalised in the MS scheme at a scale of µ = 2 GeV. The solid blue bands illustrate
z-expansion fits as described in the text, while the dashed green bands show dipole fits to the data. Horizontal error bars
denoting the non-zero widths of the bins in t (described in the text) are omitted as they are comparable to the sizes of the
point markers, or smaller.
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FIG. 6: Gluon GFFs of the pion, renormalised in the MS scheme at a scale of µ = 2 GeV. As in Fig. 5 for the nucleon, the
solid blue bands illustrate z-expansion fits as described in the text, while the dashed green bands show dipole fits to the data.
As in Fig. 5, horizontal error bars denoting the non-zero widths of the bins in t (described in the text) are omitted as they are
comparable to the sizes of the point markers, or smaller.
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FIG. 9: The renormalised gluon GFFs of the nucleon (blue circles) compared with the corresponding connected isoscalar quark
GFFs (orange triangles) from Ref. [23] that are calculated using a similar light quark mass (corresponding to m⇡ = 496 MeV).
Results are presented at a renormalisation scale of µ = 2 GeV in the MS scheme. For the Aa(t) and Da(t) form factors, the
shaded bands show z-expansion fits as described in the text.

(a) (b)

FIG. 10: The renormalised gluon GFFs of the pion (blue circles) compared with the corresponding connected contributions to
the quark GFFs (orange triangles) computed in Ref. [65] (taken from Fig. 7.6 in that reference) at a quark mass corresponding
to m⇡ = 842 MeV using non-perturbatively improved clover fermions. Results are presented at a renormalisation scale of
µ = 2 GeV in the MS scheme. The shaded bands show z-expansion fits as described in the text for the quark and gluon GFFs.
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Key assumptions in pressure extraction 
from DVCS  

• Gluon D-term same as quark term in 
magnitude and shape 
Factor of ~2 difference in magnitude, somewhat 
different t-dependence  

• Tripole form factor model 
LQCD results consistent with ansatz, but more 
general form is less well constrained 

• Isovector quark D-term vanishes 
                 from other LQCD studiesDu�d(t) ⇠ 0
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Proton shear from LQCD
z-expansion fits Tangential shear 

vector field

20

the small-t behavior of D(t) [202–204]. The slope of D(t) at zero-momentum transfer diverges in the chiral limit as
D

0(0) ⇠ 1/m⇡. This behavior is reproduced also in chiral models [126, 180].
In Section XII the mechanical radius of a hadron was defined not in terms of the slope of D(t). Applying the

definition of the mechanical radius (41) to the nucleon case, one can see on general grounds that the corresponding
mechanical radius (in contrast to D

0(0) and to the charge radius of the nucleon) is finite in the chiral limit (m⇡ ! 0).
Therefore, one expects that the nucleon mechanical radius should be smaller than, say, the charge radius. Indeed, the
chiral quark soliton model predicts the mechanical radius of the proton to be about 25% smaller than its mean square
charge radius: hr2imech ⇡ 0.75 hr2icharge.
It is instructive to see details of the strong forces distribution inside the nucleon. The radial (normal) forces in

Eq. (43), are always “stretching” (directed outwards the nucleon centre) and monotonically decrease with distance from
the centre. The distribution of the tangential forces provides us with further fine details of how the strong forces keep
the nucleon together. From the stability condition (46) it is clear that the tangential force must at least once change
its direction. Studying these forces one can pose very intriguing questions about nature of strong forces – how many
times do the forces change from “stretching” to “squeezing”? What does this number mean? What does distinguish
the regions of “stretching” and “squeezing”? What do we learn about the confinement mechanism from this?
Presently we are not able to answer the above posed questions. Here we just report the results on the force

distribution in the nucleon from models. In Fig. (6) we plot the vector field of the �-component of the tangential force
(the 2D vector vector field 4⇡r2Tije

�
j ) inside the nucleon9 obtained from EMT densities from the chiral quark soliton

model [126].
One clearly sees that at a distance of r ⇡ 0.5 fm from the nucleon centre the tangential force changes its direction,

and turns from “stretching” to “squeezing”. Thus, we see that there are two qualitatively di↵erent regions inside the

Figure 6. Visualisation of the �-component of the tangential force (the 2D vector vector field 4⇡r2Tije
�
j ) distribution in the

nucleon from the chiral quark soliton model. The radius of the disc on the figure is 1.5 fm, the colour legend gives the absolute
value of the tangential force in GeV/fm.

9
See also recent lattice calculations of the spatial distribution of forces for the heavy quark Q̄Q pair in Ref. [205]. The formalism provided

here paves a way to perform analogous studies on the lattice for hadrons.
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Gluon GFFs: Shanahan, Detmold, PRD 99, 014511 

Quark GFFs: P. Hägler et al. (LHPC), PRD77, 094502 (2008) 

Expt quark GFFs (BEG): Burkert et al, Nature 557, 396 (2018) 
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Pion gluon GFFs m! ~450 MeV 

Z-expansion
dipole
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(a) (b)

(c)

FIG. 5: Gluon GFFs of the nucleon, renormalised in the MS scheme at a scale of µ = 2 GeV. The solid blue bands illustrate
z-expansion fits as described in the text, while the dashed green bands show dipole fits to the data. Horizontal error bars
denoting the non-zero widths of the bins in t (described in the text) are omitted as they are comparable to the sizes of the
point markers, or smaller.
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FIG. 6: Gluon GFFs of the pion, renormalised in the MS scheme at a scale of µ = 2 GeV. As in Fig. 5 for the nucleon, the
solid blue bands illustrate z-expansion fits as described in the text, while the dashed green bands show dipole fits to the data.
As in Fig. 5, horizontal error bars denoting the non-zero widths of the bins in t (described in the text) are omitted as they are
comparable to the sizes of the point markers, or smaller.
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FIG. 6: Gluon GFFs of the pion, renormalised in the MS scheme at a scale of µ = 2 GeV. As in Fig. 5 for the nucleon, the
solid blue bands illustrate z-expansion fits as described in the text, while the dashed green bands show dipole fits to the data.
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• Dipole-like fall-ff with momentum 
transfer 

• Momentum fraction 

• D-terms           related to pressure 
and shear distributions

X

a=q,g

Aa(0) = 1
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Phiala Shanahan, MIT

Pion GFFs from LQCD

gluon: Shanahan, Detmold, PRD 
99, 014511 (2019) 
quark: Dirk Brömmel Ph.D. 
thesis (2007) m! ~840 MeV

Pion gluon GFFs m! ~450 MeV 

• Dipole-like fall-ff with momentum 
transfer 

• Momentum fraction 

• D-terms           related to pressure 
and shear distributions

X

a=q,g

Aa(0) = 1
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Da(0)
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FIG. 9: The renormalised gluon GFFs of the nucleon (blue circles) compared with the corresponding connected isoscalar quark
GFFs (orange triangles) from Ref. [23] that are calculated using a similar light quark mass (corresponding to m⇡ = 496 MeV).
Results are presented at a renormalisation scale of µ = 2 GeV in the MS scheme. For the Aa(t) and Da(t) form factors, the
shaded bands show z-expansion fits as described in the text.
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FIG. 10: The renormalised gluon GFFs of the pion (blue circles) compared with the corresponding connected contributions to
the quark GFFs (orange triangles) computed in Ref. [65] (taken from Fig. 7.6 in that reference) at a quark mass corresponding
to m⇡ = 842 MeV using non-perturbatively improved clover fermions. Results are presented at a renormalisation scale of
µ = 2 GeV in the MS scheme. The shaded bands show z-expansion fits as described in the text for the quark and gluon GFFs.
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FIG. 10: The renormalised gluon GFFs of the pion (blue circles) compared with the corresponding connected contributions to
the quark GFFs (orange triangles) computed in Ref. [65] (taken from Fig. 7.6 in that reference) at a quark mass corresponding
to m⇡ = 842 MeV using non-perturbatively improved clover fermions. Results are presented at a renormalisation scale of
µ = 2 GeV in the MS scheme. The shaded bands show z-expansion fits as described in the text for the quark and gluon GFFs.
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Gluon momentum fraction

Very little pion-mass dependence within each set of calculations 

Gluon momentum fraction Aa(0) = hxia
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FIG. 8: Comparison of the gluon momentum fractions of the nucleon and pion determined in this study, denoted by red circles
on each subfigure, to the results of previous calculations at di↵erent values of the pion mass. In subfigure (a) the blue squares
show data taken from Ref. [48] (�QCD collaboration) which were computed using various ensembles of domain wall fermion
configurations, and the green diamonds show results from Ref. [31] (ETM collaboration) obtained using twisted-mass fermions.
Results from quenched QCD are also shown: the purple inverted triangles show the results of Ref. [59] (�QCD collaboration)
determined using quenched QCD, the orange triangles show those from Ref. [60] (QCDSF collaboration), and the yellow filled
triangles denote those from Ref. [61] (QCDSF collaboration). The experimental value for the proton is shown as the red star
and is taken from the CT14 PDF parametrisation [62]. In subfigure (b), the blue squares show data from the quenched QCD
calculation reported in Ref. [63].

V. CONCLUSION

In this article, the first determination of the complete set of gluon generalised gravitational form factors of the
nucleon and pion from lattice QCD is presented. All GFFs are found to have dipole-like dependence on the squared
momentum transfer t, with the exception of the Bg(t) GFF of the nucleon that is consistent with zero over the
entire rage of t that is investigated. For the nucleon, the gluon GFFs fall o↵ faster in |t| and can be parametrised
with larger dipole masses than the corresponding quark GFFs computed using similar lattice discretisations and at
a similar value of the quark masses, indicating the gluon distributions have a smaller spatial size than those of the
quarks. In contrast, the quark and gluon GFFs of the pion have very similar t-dependences. For both the pion and
the nucleon, the gluon momentum fraction, corresponding to the forward limit of one of the GFFs, is found to be
approximately 0.5–0.6, somewhat larger the phenomenological value in both cases. The gluon contributions to the
nucleon momentum and angular momentum are of similar relative size.

All calculations presented here have been performed at a single lattice spacing and volume and at a single unphysical
value of the light quark masses, and mixing of the isoscalar quark GFFs with the gluon GFFs has been neglected based
on expectations from lattice perturbation theory [31] that these e↵ects are small. The as-yet-unquantified systematic
uncertainties that result from the lattice spacing and finite volume e↵ects are expected to be considerably smaller
than the uncertainties reported on the renormalised GFFs. Since the gluon GFFs are determined from purely gluonic
operators (up to e↵ects of mixing), the quark-mass–dependence is also expected to be mild, and extrapolation to
the physical quark masses will likely not shift the GFFs outside their uncertainties. Future calculations will control
these remaining systematic uncertainties and thereby allow more precise comparisons with phenomenology and also
controlled predictions for the gluon contributions to the shear and pressure distributions of the nucleon and pion that
are determined by the D-term GFFs [9, 66].
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Fig. 13 Ratios of structure functions for various nuclei as measured
by the NMC [73,74] and EMC [78] collaborations, compared with the
EPPS16 fit. In the rightmost panel the labels “addendum” and “chariot”

refer to the two different experimental setups in Ref. [78]. For a better
visibility, some data sets have been offset by a factor of 0.92 as indicated

ing to Eq. (53). The error bars shown on the experimental
data correspond to the statistical and systematic errors added
in quadrature. The charged-lepton DIS data are shown in
Figs. 12, 13, 14 and 15. We note that, for undoing the isoscalar
corrections as explained in Sect. 3.1, the data appear some-
what different from those e.g. in the EPS09 paper. On aver-
age, the data are well reproduced by the fit. In some cases the
uncertainty bands are rather asymmetric (see e.g. the NMC
data panel in Fig. 15) which was the case in the EPS09 fit as
well. This is likely to come from the fact that the A depen-
dence is parametrized only at few values of x (small-x limit,
xa , xe) and in between these points the A dependence appears
to be somewhat lopsided in some cases. The Q2 dependence
of the data visible in Figs. 12 and 14 is also nicely consistent
with EPPS16.

The pA vs. pD Drell–Yan data are shown in Figs. 16 and
17. In the calculation of the corresponding differential NLO
cross sections d!DY/dxdM we define x1,2 ! (M/

"
s)e±y

where M is the invariant mass and y the rapidity of the dilep-
ton. The scale choice in the PDFs is Q = M . While these data
are well reproduced, the scatter of the data from one nucleus
to another is the main reason we are unable to pin down any
systematic A dependence for the sea quarks at xa (some A
dependence develops via DGLAP evolution, however). For
example, as is well visible in Fig. 17, it is not clear from the
data whether there is a suppression or an enhancement for
x ! 0.1.

The pion–A DY data are presented in Fig. 18. As is evi-
dent from the figure, these data set into the EPPS16 fit without
causing a significant tension. Overall, however, the statisti-
cal weight of these data is not enough to set stringent addi-
tional constraints to nuclear PDFs. Similarly to the findings
of Ref. [67], the optimal data normalization of the lower-

energy NA10 data (the lower right panel) is rather large
( fN = 1.121), but the x2 dependence of the data is well
in line with the fit.

The collider data, i.e. new LHC pPb data as well as the
PHENIX DAu data, are shown in Fig. 19. To ease the inter-
pretation of the LHC data (forward-to-backward ratios), the
baseline with no nuclear effects in PDFs is always indicated
as well. The baseline deviates from unity for isospin effects
(unequal amount of protons and neutrons in Pb) as well as
for experimental acceptances. For the electroweak observ-
ables, the nuclear effects cause suppression in the computed
forward-to-backward ratios (with respect to the baseline with
no nuclear effects) as one is predominantly probing the region
below x # 0.1 where the net nuclear effect of sea quarks has
a downward slope toward small x . Very roughly, the probed
nuclear x-regions can be estimated by x $ (MW,Z/

"
s)e%y

and thus, toward more forward rapidities (y > 0) one probes
smaller x than in the backward direction (y < 0). The sup-
pression comes about as smaller-x quark distributions are
divided by larger-x (less-shadowed or antishadowed) quarks.
In the case of dijets, the nuclear PDFs are sampled at higher
x and, in contrast to the electroweak bosons, an enhancement
is observed. In our calculations, this follows essentially from
antishadowed gluons becoming divided by EMC-suppressed
gluon distributions; see Ref. [70] for more detailed discus-
sions. The PHENIX pion data [31] is also well consistent
with EPPS16, though, for the more precise CMS dijet data,
its role is no longer as essential as in the EPS09 analysis.

Finally, comparisons with the CHORUS neutrino and
antineutrino data are shown in Figs. 20 and 21. The data
exhibit a rather typical pattern of antishadowing followed by
an EMC effect at large x . The incident beam energies are not
high enough to reach the small-x region where a shadowing
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Fig. 13 Ratios of structure functions for various nuclei as measured
by the NMC [73,74] and EMC [78] collaborations, compared with the
EPPS16 fit. In the rightmost panel the labels “addendum” and “chariot”
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ing to Eq. (53). The error bars shown on the experimental
data correspond to the statistical and systematic errors added
in quadrature. The charged-lepton DIS data are shown in
Figs. 12, 13, 14 and 15. We note that, for undoing the isoscalar
corrections as explained in Sect. 3.1, the data appear some-
what different from those e.g. in the EPS09 paper. On aver-
age, the data are well reproduced by the fit. In some cases the
uncertainty bands are rather asymmetric (see e.g. the NMC
data panel in Fig. 15) which was the case in the EPS09 fit as
well. This is likely to come from the fact that the A depen-
dence is parametrized only at few values of x (small-x limit,
xa , xe) and in between these points the A dependence appears
to be somewhat lopsided in some cases. The Q2 dependence
of the data visible in Figs. 12 and 14 is also nicely consistent
with EPPS16.

The pA vs. pD Drell–Yan data are shown in Figs. 16 and
17. In the calculation of the corresponding differential NLO
cross sections d!DY/dxdM we define x1,2 ! (M/
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where M is the invariant mass and y the rapidity of the dilep-
ton. The scale choice in the PDFs is Q = M . While these data
are well reproduced, the scatter of the data from one nucleus
to another is the main reason we are unable to pin down any
systematic A dependence for the sea quarks at xa (some A
dependence develops via DGLAP evolution, however). For
example, as is well visible in Fig. 17, it is not clear from the
data whether there is a suppression or an enhancement for
x ! 0.1.

The pion–A DY data are presented in Fig. 18. As is evi-
dent from the figure, these data set into the EPPS16 fit without
causing a significant tension. Overall, however, the statisti-
cal weight of these data is not enough to set stringent addi-
tional constraints to nuclear PDFs. Similarly to the findings
of Ref. [67], the optimal data normalization of the lower-

energy NA10 data (the lower right panel) is rather large
( fN = 1.121), but the x2 dependence of the data is well
in line with the fit.
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and thus, toward more forward rapidities (y > 0) one probes
smaller x than in the backward direction (y < 0). The sup-
pression comes about as smaller-x quark distributions are
divided by larger-x (less-shadowed or antishadowed) quarks.
In the case of dijets, the nuclear PDFs are sampled at higher
x and, in contrast to the electroweak bosons, an enhancement
is observed. In our calculations, this follows essentially from
antishadowed gluons becoming divided by EMC-suppressed
gluon distributions; see Ref. [70] for more detailed discus-
sions. The PHENIX pion data [31] is also well consistent
with EPPS16, though, for the more precise CMS dijet data,
its role is no longer as essential as in the EPS09 analysis.

Finally, comparisons with the CHORUS neutrino and
antineutrino data are shown in Figs. 20 and 21. The data
exhibit a rather typical pattern of antishadowing followed by
an EMC effect at large x . The incident beam energies are not
high enough to reach the small-x region where a shadowing
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corrections as explained in Sect. 3.1, the data appear some-
what different from those e.g. in the EPS09 paper. On aver-
age, the data are well reproduced by the fit. In some cases the
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data panel in Fig. 15) which was the case in the EPS09 fit as
well. This is likely to come from the fact that the A depen-
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xa , xe) and in between these points the A dependence appears
to be somewhat lopsided in some cases. The Q2 dependence
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where M is the invariant mass and y the rapidity of the dilep-
ton. The scale choice in the PDFs is Q = M . While these data
are well reproduced, the scatter of the data from one nucleus
to another is the main reason we are unable to pin down any
systematic A dependence for the sea quarks at xa (some A
dependence develops via DGLAP evolution, however). For
example, as is well visible in Fig. 17, it is not clear from the
data whether there is a suppression or an enhancement for
x ! 0.1.

The pion–A DY data are presented in Fig. 18. As is evi-
dent from the figure, these data set into the EPPS16 fit without
causing a significant tension. Overall, however, the statisti-
cal weight of these data is not enough to set stringent addi-
tional constraints to nuclear PDFs. Similarly to the findings
of Ref. [67], the optimal data normalization of the lower-

energy NA10 data (the lower right panel) is rather large
( fN = 1.121), but the x2 dependence of the data is well
in line with the fit.

The collider data, i.e. new LHC pPb data as well as the
PHENIX DAu data, are shown in Fig. 19. To ease the inter-
pretation of the LHC data (forward-to-backward ratios), the
baseline with no nuclear effects in PDFs is always indicated
as well. The baseline deviates from unity for isospin effects
(unequal amount of protons and neutrons in Pb) as well as
for experimental acceptances. For the electroweak observ-
ables, the nuclear effects cause suppression in the computed
forward-to-backward ratios (with respect to the baseline with
no nuclear effects) as one is predominantly probing the region
below x # 0.1 where the net nuclear effect of sea quarks has
a downward slope toward small x . Very roughly, the probed
nuclear x-regions can be estimated by x $ (MW,Z/
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and thus, toward more forward rapidities (y > 0) one probes
smaller x than in the backward direction (y < 0). The sup-
pression comes about as smaller-x quark distributions are
divided by larger-x (less-shadowed or antishadowed) quarks.
In the case of dijets, the nuclear PDFs are sampled at higher
x and, in contrast to the electroweak bosons, an enhancement
is observed. In our calculations, this follows essentially from
antishadowed gluons becoming divided by EMC-suppressed
gluon distributions; see Ref. [70] for more detailed discus-
sions. The PHENIX pion data [31] is also well consistent
with EPPS16, though, for the more precise CMS dijet data,
its role is no longer as essential as in the EPS09 analysis.

Finally, comparisons with the CHORUS neutrino and
antineutrino data are shown in Figs. 20 and 21. The data
exhibit a rather typical pattern of antishadowing followed by
an EMC effect at large x . The incident beam energies are not
high enough to reach the small-x region where a shadowing
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Matrix elements of the spin-independent gluon operator in nucleon + 
light nuclei [NPLQCD PRD96 094512 (2017)]                              
               first determination of gluon momentum fraction of nuclei 

• Constraints at ~10% level on EMC-effect in gluon momentum fraction 

• Small mixing with quark EMT operators (neglected) 

• Sum rule constraint 

Ratio of gluon momentum fraction in nucleus to nucleon
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Gluon momentum fraction of nuclei
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Momentum fractions of nuclei
• First determination of all components of momentum 

decomposition of light nuclei 

• Small mixing between quark and gluon EMT operators neglected 

• Constraint on either quark or gluon EMC in this quantity implies 
constraint on the other from sum rules: 
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Phiala Shanahan, MIT

Exotic glue in the deuteron

Contributions to nuclear 
structure from gluons not 
associated with individual 
nucleons in nucleus 
 
Exotic glue operator:

‘Exotic’ Glue in the Nucleus

Phiala Shanahan (MIT) Exotic Glue in the Nucleus September 13, 2016 3 / 15

‘Exotic’ Glue in the Nucleus

‘Exotic’ Glue
Contributions to gluon

observables that are not from

nucleon degrees of freedom.

Exotic glue operator:

operator in nucleon = 0

operator in nucleus 6= 0

Phiala Shanahan (MIT) Exotic Glue in the Nucleus September 13, 2016 3 / 15

Jaffe and Manohar, “Nuclear Gluonometry”  
Phys. Lett. B223 (1989) 218

nucleon 

nucleus

a “pure” EMC-type effect

hp|O|pi = 0, hN,Z|O|N,Zi 6= 0

hp|O|pi = 0, hN,Z|O|N,Zi 6= 0
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Exotic glue in the deuteron

Double helicity flip structure function Δ(x,Q2): 
changes both photon and target helicity by 2 unitsDouble Helicity Flip Gluon Structure Function: �(x,Q2)

Double helicity flip amplitude:

Photon helicity
Target helicity

Phiala Shanahan (MIT) Exotic Glue in the Nucleus September 13, 2016 5 / 15

Unambiguously gluonic: no analogous quark PDF 
at twist-2

Non-vanishing in forward limit for targets with 
spin≥1

Experimentally measurable [see Shunzo Kumano’s talk]

Unpolarised electron DIS on polarised target: 
JLab LoI 2015

Proton-deuteron Drell-Yan at FNAL

J/ψ production at NICA

Moments calculable in LQCD

a “pure” EMC-type effect
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Parton model interpretation: gluonic transversity 
 
 
 
              : probability of finding a gluon with momentum fraction y 
linearly polarised in        direction 

Double Helicity Flip Gluon Structure Function: �(x,Q2)

Parton model interpretation

For a target in the infinite momentum frame polarized in the x̂ direction
perpendicular to its momentum,

�(x,Q2) /

Z 1

x

dy

y3

�
gx̂(y,Q

2) � gŷ(y,Q
2)
�

gx̂,ŷ(y,Q2): probability of finding a gluon with momentum fraction y

linearly polarized in the x̂, ŷ direction

“How much more momentum of transversely polarized particle carried by
gluons aligned rather than perpendicular to it in the transverse plane”
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Double Helicity Flip Gluon Structure Function: �(x,Q2)

Parton model interpretation

For a target in the infinite momentum frame polarized in the x̂ direction
perpendicular to its momentum,
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linearly polarized in the x̂, ŷ direction

“How much more momentum of transversely polarized particle carried by
gluons aligned rather than perpendicular to it in the transverse plane”
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3

where Q denotes the quark charge matrix and at leading
order there is no dependence on the factorization scale.

In a spin-one target with polarization E and E0, the
forward matrix element of the operator O is

hpE0
|Oµ⌫µ1...µn |pEi

= (�2i)n�2 1

2
S [{ (pµE

0⇤
µ1

� pµ1E
0⇤
µ

)(p⌫Eµ2 � pµ2E⌫)

+ (µ $ ⌫)} pµ3 . . . pµn ]An(µ2),
(10)

where ‘S’ is as above2.
The reduced matrix elements An, for even n, can be

related to moments of the structure function �(x,Q2).
Writing the subtracted dispersion relation for the double-
helicity-flip part of the matrix element of Tµ⌫ (Eq. (7))
and using the optical theorem to relate the imaginary
part of the matrix element of Tµ⌫ to Wµ⌫ (and hence to
�(x,Q2)) gives the identification

Mn(Q2) = Cn(Q2, Q2)
An(Q2)

2
, n = 2, 4, 6 . . . , (11)

where An is renormalized at the scale µ2 = Q2, and

Mn(Q2) =

Z 1

0
dxxn�1�(x,Q2) (12)

are the Mellin moments of �(x,Q2).
The structure function �(x,Q2) also has a parton

model interpretation. For a target in the infinite momen-
tum frame polarized in the x̂ direction perpendicular to
its momentum (defined to be in the ẑ direction),

�(x,Q2) = �
↵s(Q2)

2⇡
TrQ2 x2

Z 1

x

dy

y3
�G(y,Q2), (13)

where �G is again renormalized at the scale µ2 = Q2,
and

�G(x, µ2) = gx̂(x, µ
2) � gŷ(x, µ

2). (14)

Here gx̂,ŷ(x, µ2) denotes the probability of finding a gluon
with longitudinal momentum fraction x linearly polar-
ized in either of the transverse directions, x̂ or ŷ, in the
transversely polarized target.

III. LATTICE CALCULATIONS

In order to calculate the reduced matrix elements An

appearing in Eqs. (10) and (11) using lattice QCD, we
must calculate the expectation values of local operators

2
This definition of An di↵ers from that in Ref. [7] by a factor of

two, chosen for convenience for the discussion of the So↵er bound

in this work.

of the form of Eq. (8). Here we describe these lat-
tice calculations, discuss the construction of appropri-
ate Euclidean-space local operators for the n = 2 case,
and summarize the methods used to extract the corre-
sponding reduced matrix element A2. Since this is an
exploratory calculation, it is performed at a single set of
lattice parameters and a number of systematic issues are
left to future work.

A. Lattice Simulation

Calculations were performed on an ensemble of
isotropic gauge-field configurations with Nf = 2 + 1
flavours of dynamical quarks. Specifics of this ensemble
are given in Table I [16]. The lattices have dimensions
L3

⇥T = 243⇥64 with lattice spacing a = 0.1167(16) fm.
The Lüscher-Weisz gauge action [17] was employed with a
clover-improved quark action [18] with one level of stout
link smearing (⇢ = 0.125) [19]. The clover coe�cient
was set equal to its tree-level tadpole-improved value.
The light quark masses are such that the pion mass is
450(5) MeV and the strange quark mass is such that the
resulting mass of the � is 1040(3) MeV.

B. Lattice Operator Construction

In this work we consider the lowest dimension (n = 2)
operator of the tower in Eq. (8):

Oµ⌫µ1µ2 = S [Gµµ1G⌫µ2 ] . (15)

The symmetrized and trace-subtracted operator trans-
forms irreducibly as (2, 2) under the Lorentz group and
does not mix with quark-bilinear operators of the same
dimension under renormalization (this operator mixes
into higher twist four-quark operators, but the reverse
mixing is highly suppressed). On a hypercubic lattice,
the Lorentz group is reduced to the hypercubic group
H(4), increasing the possibilities for operator mixing.

Lattice operators with the appropriate continuum be-
havior that are safe from mixing with lower or same-
dimensional operators can be constructed by considering
their symmetry properties under H(4). The basic build-
ing block of such operators is

O
(E)
µ⌫µ1µ2

= G(E)
µµ1

G(E)
⌫µ2

, (16)

where symmetrisation of indices is not implied.
The transformation properties of quark operators with

the symmetries of Eq. (16) under H(4) were described,
for the n = 2 case, in Ref. [20]. We use the same nota-
tion as in that work, with the 20 inequivalent irreducible

representations of H(4) denoted by ⌧ (d)
k

where d denotes
the dimension of the representation and k distinguishes
between inequivalent representations of the same dimen-
sion. Using the embedding of H(4) into GL(4) to classify

⇥
gx̂(y,Q

2)� gŷ(x,Q
2)
⇤

Exotic glue in the deuteron
a “pure” EMC-type effect

Double helicity flip structure function Δ(x,Q2): 
changes both photon and target helicity by 2 units



Phiala Shanahan, MIT

Contributions to nuclear structure 
from gluons not associated with 
individual nucleons in nucleus

hp|O|pi = 0, hN,Z|O|N,Zi 6= 0

hp|O|pi = 0, hN,Z|O|N,Zi 6= 0

nucleon: 

nucleus:

• First moment of gluon transversity 
distribution in the deuteron  
[Jaffe, Manohar PLB223 (1989) 218] 

• First evidence for non-nucleonic gluon 
contributions to nuclear structure: LQCD 

with m
!
 ~800 MeV [NPLQCD PRD96 (2017)]  

• Magnitude relative to momentum 
fraction as expected from large-Nc

Signal in LQCD data
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Exotic glue in the deuteron



Future colliders will dramatically alter our knowledge of the gluonic structure 
of hadrons and nuclei 

• Work towards a complete 3D picture of parton structure (moments,  
x-dependence of PDFs, GPDs, TMDs) 

• First determination of gluon contributions to shear and pressure 
distributions in the proton 

Supports analysis assumptions in recent experimental 
determination 

Suggests target kinematics for future model-independent 
extractions at JLab12 and EIC 

• Compare quark and gluon distributions in hadrons and nuclei  

Lattice QCD calculations in hadrons and light nuclei will complement and 
extend understanding of fundamental structure of nature

Phiala Shanahan, MIT

Gluon structure from LQCD
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