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We consider a class of models for the relativistic covariant wave packets which can be used
as asymptotically free in and out states in the quantum field theoretical formalisms for
description of the neutrino flavor oscillation phenomenon. We demonstrate that the new
“asymmetric” wave packet (AWP) is an appropriate alternative to the more conventional
“symmetric” wave packets, like the so-called relativistic Gaussian packet (RGP) widely
used in the QFT-based approaches to neutrino oscillations. We show that RGP is not a
particular case of AWP, although many properties of these models are almost identical
in the quasistable regime. We discuss some features of AWP distinguishing it from RGP.
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1. Introduction

There are several approaches to description of the neutrino flavor oscillations in

vacuum and matter, started from the conventional quantum-mechanical (QM) ap-

proach1, 2 and developed into the more advanced approaches based on the methods

of relativistic quantum field theory (QFT).3–41 Despite the fact that the standard

QM theory is commonly used for interpretation of the experimental data and ex-

traction of the neutrino mixing parameters, it has a lot of internal inconsistencies

(see, e.g., Ref. 42 and references therein). This particularly stimulated the develop-

ment of the QFT-based approaches that are free of the most of these inconsistencies.

These new approaches determine the domain of applicability of the QM theory and,

as a bonus, predict potentially measurable deviations from the standard formulas

for the flavor transition probabilities (see, e.g., Refs. 16, 43). In this paper, we ex-

plore the particular QFT formalism in which the process of neutrino production

and detection is described by the so-called macroscopic Feynman diagrams and the

neutrino flavor oscillation phenomenon is nothing but a result of interference of the

diagrams perturbatively describing the lepton number violating processes with the

neutrino mass eigenfields as internal lines (propagators) connecting the production

1
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and detection vertices of the diagram (“source” and “detector”, respectively). The

external lines of a macrodiagram (in and out one-particle states) are described by

asymptotically free quasistable wave packets (WP) constructed as covariant super-

positions of the standard one-particle Fock states |p, s, . . .〉 with definite momenta

p, spin projection s, etc. These superpositions must satisfy some natural conditions,

including the correspondence principle, according to which WP state reduces to the

Fock state |p, s, . . .〉 in the plane-wave limit.28, 34 The correspondence principle is

one of the key constraints which allows to determine the most important properties

of the admissible WP states, but it is, of course, not sufficient for an unambiguous

determination of all of them.

Some relevant features of the QFT WP states were studied recently44–49 but the

goal of the present paper is different from that in the cited studies. To elucidate

our reasons we note that even though the neutrino mass eigenfield is pure virtual

within the diagrammatic approach, it turns out that effectively it can be treated

as a real on-mass shell particle. In other words, it can be treated as an effective

wave packet. In an asymptotic regime, when the spatial distance, L, between the

source and detector vertices is sufficiently large, this effective neutrino wave packet

has the same form as the external in and out states if the latter are described by

the so-called relativistic Gaussian packets (RGP).34 If however the distance L is

short, the neutrino wave packet acquires the form quite different from the RGP

one.50 In particular, it is not spherically symmetric, even in the intrinsic frame

of reference of the (massive) neutrino. It signifies that the RGP model may be

inadequate in some circumstances. Moreover, some features of the external wave

packets may affect the differences between the QM and QFT predictions, such as

potentially measurable decoherence effects. It is therefore important to study the

model-dependent properties of the WP states.

2. Generic wave-packet states in QFT.

Let us start with a heuristic exploration of the relativistic wave packet (WP) suit-

able for description of a “particle-like” quantum state. For simplicity, we first con-

sider the quantum-mechanical picture and neglect the spin variable. Let |k〉 be

the eigenstate of the on-shell (with mass m) 4-momentum operator P̂ = (P̂0, P̂ ).

Hereafter, we denote k0 = Ek =
√
k2 +m2 and use the following normalization:

〈k′|k〉 = (2π)32Ekδ(k
′ − k). By definition, P̂µ|k〉 = kµ|k〉 (µ = 0, 1, 2, 3) and thus

P̂ 2|k〉 = m2|k〉. Consider now an abstract “one-particle” spinless state |a〉. It can

be decomposed into the 3-momentum basis {|k〉} that is be represented as a packet

of plane waves:

|a〉 =
∫

dkψk

(2π)3
√
2Ek

|k〉, ψk =
〈k|a〉√
2Ek

.

Similarly, the state |a〉 can be decomposed into the eigenvectors |x〉 of the position

operator X̂ = (X̂1, X̂2, X̂3) defined by X̂i|x〉 = xi|x〉 (i = 1, 2, 3) and normalized
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as 〈x′|x〉 = δ (x′ − x); we obtain:

|a〉 =
∫
dxψx|x〉, ψx = 〈x|a〉.

Clearly, the wave functions ψk and ψx are the Fourier transforms of each other:

ψx =

∫
dk

(2π)3
eikxψk, ψk =

∫
dxe−ikxψx.

Let us take up first an unphysical limiting case when the state |a〉 is localized in

a point of space, say xa, that is |a〉 = const |xa〉. Then ψx = const δ(x − xa) and

ψk = const e−ikxa . Of course, such a state cannot be assigned to a real physical

particle, since its momentum is completely uncertain. Moreover, the particle cannot

be localized in a region smaller than its Compton length ∼ 1/m. It is however

important that, in this mathematical limit, both the wave functions ψx and ψk

depend explicitly on the spatial coordinate xa. In the real world, any physical

(particle-like) state |a〉 is localized within a finite spatial region Sa or, more precisely,

the probability density |ψx|2 quickly vanishes far from the domain Sa. In general,

Sa can be described by a set of equations, inequalities, or coordinates. We will limit

ourselves to the simplest case, when the domain Sa can be characterized by a single

3-vector xa, the center of its symmetry (e.g. Sa is a sphere with the center in xa).

Then both ψx and ψk must be functions of xa.

Similarly, if the state |a〉 has a finite life-time, the wave functions ψx and ψk

must be functions of a time variable x0a. In the more general case of a space-time

localization, the wave functions depend on the variables xa and x0a. Since however

any Lorentz boost entangles the space and time variables, the wave functions ψx

and ψk must depend on the 4-vector xa = (x0a,xa) which describes the localization

of the state |a〉 in the Minkowski space-time.

In a similar spirit we may consider the localization in the momentum space

(plane wave limit). Namely, we assume that the state |a〉 has a definite 3-momentum

pa that is |a〉 = const |pa〉. Then ψk = const (2π)3
√
2Ekδ(k − pa) and ψx =

const
√
2p0ae

ip
a
x. Of course, this state is also unphysical since it is fully delocalized

in the Minkowski space-time. In the real world, any physical (particle-like) state

|a〉 is localized within some finite region Ma of the momentum space, in the sense

that the probability density |ψk|2 quickly vanishes far from the domain Ma. The

arguments similar to the above allow us to conclude that both ψx and ψk must be

functions of pa. Needless to say that the energy variable p0a (in contrast with the

time variable x0a) is not independent.

Finally we may conclude that the simplest WP state |a〉 suitable for description
of a quantum particle localized in both the configuration space and momentum

space must depend on the space-time variable xa and momentum variable pa, that

is ψk = ψk(pa, xa), ψx = ψx(pa, xa), and |a〉 = |pa, xa〉.
Going to the field-theoretical picture, we may assume, by analogy with the

QM case, that the relativistic WP state can be characterized by an on-shell 4-

momentum p = (p0,p), space-time variable x = (x0,x), and spin projection s. In
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the momentum representation, we can build the WP state as a linear superposition

of the Fock states.34 Then the most general construction of the WP state is

|p, x, s〉 =
∫

dk

(2π)32Ek

∑

s′

Φs′s (k,p, x;σ) |k, s′〉, (1)

where |k, s〉 =
√
2Eka

†
ks|0〉 is the usual Fock one-particle state with definite mo-

mentum k, energy Ek = k0 =
√
k2 +m2 (m is the mass of the particle) and spin

projection s; σ = {σ1, σ2, . . .} is a set (finite or infinite) of parameters (constants or

Lorentz scalars) governing the shape of the WP state in the momentum space. The

conventional (anti)commutation relations for the creation/annihilation operators

hold:

{aqr, aks} = {a†qr, a†ks} = 0, {aqr, a†ks} = (2π)3δs′sδ (k − q) .

The proper Lorentz transformation k 7−→ k̃ = Λk induces the unitary trans-

formation aks 7−→ UΛaksU
−1
Λ =

√
E

k̃
/Ek a

k̃s (where the spin quantization axis

is directed along the boost or rotation axis)51 and thus |k, s〉 Λ7−→ |k̃, s〉. From the

natural requirement of similarity of transformation for the state (1),

|p, x, s〉 Λ7−→ |p̃, x̃, s〉 (p̃ = Λp, x̃ = Λx),

it immediately follows that Φs′s

(
k̃, p̃, x̃;σ

)
= Φs′s (k,p, x;σ). For consistency

with the standard S-matrix scattering theory we must require that the state (1)

turns into the state |p, s〉 in the plane-wave (PW) limit, |p, x, s〉 PW7−→ |p, s〉. Since
the parameters σi can always be defined as to approach the PW limit as σi → 0

(∀i), the correspondence principle can be stated in the following explicit way:

lim
σ→0

Φs′s (k,p, x;σ) = (2π)32Epδs′sδ(k − p). (2)

Below, our concern is only with the quasistable WP states very narrow in the mo-

mentum space, i.e., the parameters σi are assumed to be sufficiently small. More

formally, we define the quasistable WP as the state whose norm does not depend

on the space-time coordinate x in any inertial reference frame. Since the right-hand

part of Eq. (2) is the x-independent relativistic invariant, the correspondence prin-

ciple suggests that (i) function Φs′s must be invariant; (ii) the x-dependence of the

function |Φs′s| is of no significance; a (iii) |Φs′s| ≪ |Φss| for s′ 6=s. These constraints
can be accumulated in the simple ansatz

Φs′s (k,p, x;σ) = δs′se
iζ(k,p,x)φ(k,p;σ),

aIn fact, the x-dependent contributions may enter into the function |Φs′s| as a series in positive
powers of σi and (k−p)x which are small in comparison with the main x-independent contribution
in the vicinity of the maximum k = p. So the simplest choice which does not contradict the
correspondence principle is to neglect these contributions.
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in which φ(k,p;σ) is a spin- and coordinate-independent Lorentz-invariant function

(henceforth referred to as “form factor”), such that

lim
σ→0

φ(k,p;σ) = (2π)32Epδ(k − p) (3)

and ζ(k,p, x) is a real invariant function such that ζ(k,p, 0) = ζ(p,p, x) = 0.

Since ζ is a dimensionless function which, by assumption, does not depend on σ,

it can only depend on the scalar product (k − p)x (the dependence on the scalar

variable x2 is excluded by both the translation invariance and the corresponding

principle). The simplest choice is ζ = (k − p)x with the sign uniquely defined

by the requirement that the point x be the center of symmetry of the packet in

the intrinsic reference frame (identified by the condition p = 0) in the coordinate

representation (see below). Another, more formal way to explicitly introduce the

space-time dependence is to transform the state |p, 0, s〉 by the unitary translation

operator exp[i(P̂ x)], where P̂ = (P̂0, P̂ ) is the 4-momentum operator acting on the

Fock space, P̂µ|k, s〉 = kµ|k, s〉. With ζ = (k − p)x we obtain, as expected,

ei(P̂x)|p, 0, s〉 = ei(px)|p, x, s〉, 〈p, x, s|p, x, s〉 = 〈p, 0, s|p, 0, s〉

(cf. to Ref. 47). Finally, the quasistable QFT wave packet can be written as

|p, x, s〉 =
∫
dk ei(k−p)x

(2π)32Ek

φ(k,p)|k, s〉. (4)

Here and below the argument σ is omitted for short, but is implied.

Let us reveal some more specific features of the form factor φ(k,p). We will

assume that this function has a sharp peak at the point k = p, whose form is

governed by the parameter set σ. Therefore the momentum p is just the most

probable momentum of the packet and the form factor φ(k,p) represents, up-to a

multiplier, a “smeared” δ-function.

The norm of the WP state in the momentum basis is

〈p, x, s|p, x, s〉 =
∫
dk|φ(k,p)|2
(2π)32Ek

=

∫
dk|φ(k,0)|2
(2π)32Ek

.

The norm is finite (and momentum independent) if all the parameters σi are finite,

but it tends to infinity in the PW limit (σi → 0), as it should be, because the normal-

ization of the Fock states is singular, 〈p′, s′|p, s〉 = (2π)22Epδs′sδ(p
′ −p). The con-

ventional per-unit normalization would therefore contradict to the correspondence

principle. However, the latter allows us to impose the following Lorentz-invariant

condition:
∫
dk φ(k,p)

(2π)32Ek

=

∫
dk φ(k,0)

(2π)32Ek

= 1. (5)

Indeed, the dimensionless Lorentz-invariant integral (5) does not depend on p and,

owing to Eq. (3), it tends to 1 as σi → 0 (∀i), i.e. Eq. (5) turns into the identity in

the PW limit. It is therefore natural to set condition (5) also at finite but small σi.
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Treating the wave packet (4) as a physical quantum state produced in collision

or decay of other particles κ, one may expect that the form factor depends paramet-

rically on the “hidden variables” – the most probable 4-momenta Qκ = (Q0
κ
,Q

κ
)

of both primary and secondary packets participated in the production process.b

Moreover, in the most general case the set of the progenitor and accompanying

particles may include ones from the whole net of the reactions and decays which

have led to the production of the state (4). Being a Lorentz invariant, the form

factor can depend on the 4-momenta k, p and Qκ only through the scalar products

(k − p)2, (Qκk), (Qκp) and (QκQκ
′). Owing to the required properties of φ, it is

positive-definite in the vicinity Vσ of the point k = p and satisfies the conditions

[
∂φ(k,p)

∂kl

]

k=p

=

[
∂(k − p)2

∂kl

∂φ(k,p)

∂(k − p)2

]

k=p

+
∑

κ

[
∂(Qκk)

∂kl

∂φ(k,p)

∂(Qκk)

]

k=p

=
∑

κ

Q0
κ

(
pl
p0

− Qκl

Q0
κ

)[
∂φ(k,p)

∂(Qκk)

]

k=p

= 0 (l = 1, 2, 3).

The last equations are satisfied identically only in the unphysical case, when the

velocities of all particles κ are equal to each other (Q
κ
/Q0

κ
= p/Ep). Hence,

from the arbitrariness of the 4-momentum configurations {Qκ} we conclude that

[∂φ(k,p)/∂(Qκk)]k=p = 0 and similarly, [∂φ(k,p)/∂(Qκp)]p=k = 0. Due to the

analyticity of φ, its dependence upon the scalar products (Qκk) and (Qκp) in the

small domain Vσ must be only through the invariants

gµν(k−p)µ(k−p)ν , Gµν
2 (k−p)µ(k−p)ν , Gµνλ

3 (k−p)µ(k−p)ν(k−p)λ, . . . , (6)

where g is the metric tensor and G2, G3, etc. are the tensors built from the com-

ponents of the 4-vectors Qκ and scalar products (QκQκ
′). Considering that the

behavior of φ within the domain Vσ is only important, we conclude that this func-

tion has to be constructed from the building blocks (6). The remaining invariants

(QκQκ
′) can be then “absorbed” into the definition of the parameters σi. In other

words, these parameters can be, in general, the scalar functions of the 4-momenta

of the “network particles” κ rather than constants.c

As is argued in Ref. 34, the wave function of the WP state (4) in the configuration

space is given by its projection onto the state Ψ(x)|0〉, where Ψ(x) is the relevant

free field operator. We consider for definiteness a spin- 12 fermion field

Ψ(x) =

∫
dk

(2π)3
√
2Ek

∑

s

[
aksus(k)e

−ikx + b†ksvs(k)e
ikx
]
.

bThe packet evolution in an external field is also included into this picture since, within the S-
matrix formalism of QFT, any interaction is treated as a local interaction of real or virtual fields.
cAs a result, the wave packets composed by identical one-particle states but produced in different
reactions or reaction chains are not, generally speaking, identical. Consequently, the quantum
statistics for an ensemble of such “packets with memory” is expected to be quite different from
that for their elementary constituents (the states with definite momenta).
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Then the spinor wave function of the packet can be evaluated as

〈0|Ψ(x)|p, y, s〉 = e−ipy [us(p)−∇pus(p) · (i∇x + p) + . . .]ψ(p, y − x),

≈ e−ipyus(p)ψ(p, y − x), (7)

where we have defined the Lorentz-invariant function

ψ(p, x) =

∫
dk φ(k,p)eikx

(2π)32Ek

=

∫
dk φ(k,0)eikx⋆

(2π)32Ek

= ψ(0, x⋆), (8)

x0⋆ = Γp

(
x0 − vpx

)
, x⋆ = x+ Γp

[
Γp(vpx)

Γp + 1
− x0

]
vp, Γp =

Ep

m
, vp =

p

Ep

.

The spinor wave function ψx(p, y, s) = 〈0|Ψ(x)|p, y, s〉 is the QFT analog of the QM

wave function ψx(pa, xa) and the Lorentz-invariant factor ψ(p, y − x) in Eq. (7)

defines the nontrivial space-time behaviour of the wave function with respect to the

center of symmetry of the packet y. The function ψ(p, x) satisfies the Klein–Gordon

equation, (�−m2)ψ(p, x) = 0, thus representing a relativistic (bosonic) wave packet

in terms of the standard scattering theory of QFT (see, e.g., Ref. 52). The approx-

imation (7) is valid under the condition

|i∇y lnψ(p, x− y) + p| ≪ 2Ep, (9)

obtained by using the explicit form of the Dirac bispinor us (as defined in Ref. 51).

Obviously, this inequality cannot be fulfilled for arbitrary p and x−y, but is consis-
tent with the conditions of quasistability used below. d The last equality in Eq. (8) is

written in the intrinsic reference frame (IRF) of the packet; hereafter, the variables

in this frame are marked by star symbol ⋆ (hence p⋆ = 0). From Eq. (8) and the

correspondence principle it follows, as expected, that ψ(p, x) → ei(px) as σ → 0.

The effective spatial volume of the packet,

V(p)
def
=

∫
dx|ψ(p, x)|2 =

∫
dk

(2π)3
|φ(k,p)|2
(2Ek)2

=
V(0)

Γp

(10)

is an integral of motion. Therefore the function |ψ(p, x)|2/V(p) can be treated as

the volume probability density distribution for the state with the most probable

momentum p in the space-time point x. The probability density quickly vanishes

as |x|3 ≫ V(p).

3. Relativistic Gaussian packet

Among the terms (6), only the first one does not depend on the hidden variables.

The simplest relevant model form factor φ(k,p) which satisfies all the conditions

dNotice that the vector π(p, x − y) = −i∇y lnψ(p, x − y) can be treated as a complex-valued

function of quantum momentum and one may expect that π(p, x− y) = p in the classical trajec-
tories x = y + (p/Ep) (x0 − y0). So, the inequality (9) represents the quasiclassicality condition.
We mention in passing that the equality 〈0|Φ(y)|p, 0, x〉 = e−ipxψ(p, x− y) is exact for a spinless
(scalar or pseudoscalar) field Φ(y).
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imposed in Sect. 2 has been suggested in Ref. 34:

φ(k,p) = NG exp

[
(k − p)2

4σ2

]
≡ φG(k,p). (11)

Here σ = const, m is the field mass and it is assumed that σ2 ≪ m2. The

normalization factor NG in (11) is defined by the condition (5) and is equal to

2π3/2m/σ−3
[
1 + 3σ2/(4m2) +O

(
σ4/m4

)]
. Although the function (8) is found in

the explicit form,34 here we limit ourselves to the asymptotic expansion of its log-

arithm written in IRF. It can be proved that

ψ(0, x⋆) = exp

{
imx0⋆

[
1 +

3σ2

m2
− σ4

m4

(
2m2x2

⋆ −
3

2

)]

−σ2x2
⋆ −

3σ4

m2

[
(x0⋆)

2 + |x⋆|2
]
+O

(
σ6

m6

)}
≡ ψG(0, x⋆). (12)

An elementary analysis shows that the asymptotic expansion in the exponent of

Eq. (12) can be cut off after the lowest-order terms in σ2/m2 under the following

conditions:e

σ2(x0⋆)
2 ≪ m2/σ2, σ2|x⋆|2 ≪ m2/σ2. (13)

It is apparent that the space-time region restricted by these inequalities becomes

arbitrarily wide as σ → 0. Under the conditions (13), the function (12) becomes

very simple and physically transparent:

ψG(0, x⋆) = exp
(
imx0⋆ − σ2|x⋆|2

) Λ
= exp

{
i(px)− σ2

m2

[
(px)2 −m2x2

]}
. (14)

We call this function the contracted RGP (CRGP). It is, in particular, seen that

(i) ψG(0, x⋆) behaves as a plane wave if |x⋆|2 ≪ σ−2 (that is nearby the CRGP

center); (ii) |ψG(0, x⋆)| does not depend on the time variable x0⋆ (that is CRGP

does not spread); (iii) |ψG(0, x⋆)| undergoes Gaussian decay at large distances from

the center, |x⋆| & σ−1; (iv) |ψG(p, x)| is invariant relative to the group of uniform

rectilinear motions {x0 7→ x0+θ,x 7→ x+vpθ}, where |θ| <∞ and vp = p/Ep; (v)

|ψG(p, x)| = 1 along the classical world line x = vpx0 but |ψG(p, x)| < 1 otherwise.

Figure 1 shows the shape of the exact function |ψ(p, x)|2/V(p) vs. dimension-

less variables σ2x0⋆/m and σ2x3⋆/m (assuming x⋆ = (0, 0, x3⋆)) and its behaviour in

the quasistable regime. For better visualization, we use an unrealistic (in the con-

text of our approximations) ratio σ/m = 0.1 which, however, may be relevant for

description of very short-lived hadronic resonances.

According to Eq. (10), the effective spatial volume of the CRGP in IRF is

V(0) = (π/2)3/2σ−3
[
1 +O

(
σ2/m2

)]
. Since the function |ψ(0, x⋆)|2 is spherically

symmetric and quickly decays at large distances from the center, the packet can

be visualized as a fuzzy ball with the diameter d ⋆ = [6V(0)/π]
1/3

= (9π/2)
1/6
σ−1.

eFor fermionic WPs, the second inequality in Eq. (13) has to be replaced by a bit more rigid one,
σ|x⋆| ≪ m/σ, in order to take into account the important restriction (9).
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Figure 1. A 3D plot of |ψG(0, x⋆)| as a function of σ2x0⋆/m and σ2x3⋆/m (vector x⋆ is directed
along the third axis). The zoom shows the behaviour of the function |ψG| in the space-time region
around its peak, where the packet is quasistable. The calculations are performed with σ/m = 0.1.

So, in the laboratory frame it becomes a spheroid oblate in the direction of motion,

owing to the Lorentz contraction.

Let us shortly discuss the conditions of validity of the CRGP model, as applied to

description of the states of unstable particles. To avoid the spreading of the packet

during the particle lifetime τ (that is for |x0⋆| . τ) we must require that σ2τ/m≪ 1.

Therefore the value σmax =
√
m/τ sets the maximum allowable value of σ in the

CRGP model. Accordingly, the value d ⋆
min = (9π/2)

1/6
/σmax ≈ 1.6

√
τ/m sets the

minimum allowable value for the effective spatial dimension of the packet in IRF.

As an illustration, Table 1 shows the estimated values of σmax and d ⋆
min for some

long-lived particles. It is seen that in all cases 1/τ ≪ σmax ≪ m. The values of dmin
⋆

are typically “mesoscopic” (i.e., ranging from atomic to millimeter scales), except
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Table 1. Maximum momentum spreads and minimum effective spatial dimensions
of CRGP in IRF for several unstable particles.

Particle σmax (eV) d ⋆
min

(cm) Particle σmax (eV) d ⋆
min

(cm)

µ± 1.8× 10−1 1.7× 10−4 D± 1.1× 103 2.8× 10−8

τ± 2.0× 103 1.3× 10−8 D0 1.7× 103 1.8× 10−8

π± 1.9 1.6× 10−5 D±
s 1.6× 103 1.9× 10−8

π0 3.3× 104 0.9× 10−9 B± 1.5× 103 2.1× 10−8

K± 5.1 6.0× 10−6 B0 1.5× 103 2.0× 10−8

K0

S 6.1× 101 5.1× 10−7 B0
s 1.6× 103 2.0× 10−8

K0

L 2.5 1.2× 10−5 n 2.6× 10−5 1.2

in the case of the neutron. But neutrons leave no tracks in the particle detectors...

4. Asymmetric wave packet

Let us now turn to the main topic of the present paper and consider a model (or,

more exactly, a class of models) which accommodates the second term in the list

(6). By analogy with Eq. (11), we introduce the “truly Gaussian” Lorentz-invariant

form-factor function

φ(k,p) = N exp

[
− 1

4σ2
ρµν(p− k)µ(p− k)ν

]
≡ φ

AWP
(k,p), (15)

in which N is a normalization constant, σ is a small positive parameter that defines

the scale of the momentum spreading (σ2 ≪ m2, p2 = k2 = m2), and ρµν is a

symmetric positive definite tensor (ρµνq
µqν > 0, ∀q 6= 0). It is apparent that the

packet (15) is not spherically symmetric in the momentum space. So, we will call it

asymmetric wave packet (AWP). By applying the standard integral representation

for the Dirac δ function, we can write the function (8) as follows:

ψ(p, x) =

∫
dt

∫
d4k

(2π)42Ek

φ
AWP

(k,p)eikx+it(k0−Ek). (16)

As is proved in Appendix, this integral can be represented in the form

ψ(p, x) =
Nσ3 exp [i(px)− T µνxµxν ]

2
√
π3ω|ρ|

Dτ exp

[
Wτ

ω

(
iρ̃µνxµpν −

Wτ

4σ2

)] ∣∣∣∣∣
τ=0

. (17)

Here Wτ = Ep (Ep+τ − Ep) − pτ , ω = ρ̃µνp
µpν > 0, ρ̃µν is the (positive definite)

tensor inverse to ρµν (ρ̃µλρλν = δµν ), and |ρ| = det ||ρµν ||. Since the differential

operator Dτ = exp
(
σ2∂τ ρ̃∂τ

)
appeared in the lemma from Appendix acts on the

function independent of the zero-component of the 4-vector τ , it can be written as

Dτ = exp
(
σ2∂τ ρ̃∂τ

)
= exp

(
σ2ρ̃kn

∂

∂τk

∂

∂τn

)
, (k, n = 1, 2, 3).

It is easy to prove that the tensor

T µν =
σ2

ω

(
ρ̃µν ρ̃λρ − ρ̃µλρ̃νρ

)
pλpρ (18)
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is also positive definite. Indeed the invariant quadratic form Q = T µνxµxν can be

written in the IRF of the packet where Q does not depend on the time variable x⋆0
(since T ⋆

00 = T ⋆
0k = T ⋆

k0 = 0): Q = σ2rknx
⋆
kx

⋆
n, rkn = ρ̃ ⋆

kn − ρ̃ ⋆
0kρ̃

⋆
0n/ρ̃

⋆
00.

Now, due to the rotation invariance ofQ, we direct the z-axis along the vector x⋆.

Then Q =
(
σ2/ρ̃ ⋆

00

) [
ρ̃ ⋆
00ρ̃

⋆
33 − (ρ̃ ⋆

03)
2
]
|x⋆|2 ≥ 0. The last inequality is true, because

the principal minors of a positive-definite matrix are positive. The matrix r = ||rkn||
can be therefore diagonalized by an orthogonal transformation x⋆ 7→ χ = Ox⋆

and the quadratic form Q can be written in terms of the canonical variables χk

(k = 1, 2, 3), Q = σ2
∑

k rkχ
2
k, where rk > 0 are the eigenvalues of the matrix r.

By representing the differential operator Dτ as a formal (asymptotic) series in

powers of σ2/m2 ≪ 1, Eq. (17) can be transformed to the following form:

ψ(p, x) =
σ3N exp [i(px)− T µνxµxν ]

2
√
π3ω|ρ|

[
1 +

∞∑

n=1

cn(x)
( σ
m

)2n
]
. (19)

Since the coefficient functions cn(x) are invariants, they can be written in terms of

variables in IRF of the packet. The first two coefficients are

c1(x
⋆) = iθ1s−

(
θ1 +

θ21 + 2θ2
4ρ̃ ⋆

00

)
,

c2(x
⋆) = − 3i

2

(
θ21 + 2θ2 +

θ31 + 6θ1θ2 + 8θ3
6ρ̃ ⋆

00

)
s− 1

2

(
θ21 + 2θ2

)
s
2

+
3

2

(
θ21 + 2θ2 +

θ31 + 6θ1θ2 + 8θ3
3ρ̃ ⋆

00

− θ41 − 12θ21θ2 − 24θ4

16 (ρ̃ ⋆
00)

2

)
,

where

s =
mρ̃ ⋆0µx⋆µ
ρ̃ ⋆
00

, θn = Tr
(
ρ̃

⋆)n =
∑

k

̺nk ,

and ̺k are the eigenvalues of the 3× 3 matrix ρ̃
⋆ = ||ρ̃ ⋆

lm||. Taking into account the

condition (5) we obtain the equation for determining the normalization factor N :

σ3N

2
√
π3ω|ρ|

[
1 +

∞∑

n=0

cn(0)
( σ
m

)2n
]
= 1.

Therefore Eq. (19) may be rewritten as follows (cf. to (12)):

ψ(p, x) = exp [i(px)− T µνxµxν ]




1 +

∞∑
n=1

[cn(x) − cn(0)] (σ/m)
2n

1 +
∞∑

n=1

cn(0) (σ/m)2n





= exp

[
i(px)− T µνxµxν +

∞∑

n=1

cn(x)
( σ
m

)2n
]
, (20)

where the invariant coefficient functions cn(x) are routinely determined through

the coefficient functions cn(x) by division of the series in curly brackets in Eq. (20)
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and subsequent re-expansion of the result. The two lowest-order coefficients (also

written in IRF) are

c1(x
⋆) = iθ1s, c2(x

⋆) = − i

2

[
θ21 + 6θ2 +

2 (θ1θ2 + 2θ3)

ρ̃ ⋆
00

]
s− θ2s

2. (21)

Clearly, at σ2/m2 → 0 the function ψ(p, x) behaves as

exp [i(px)− T µνxµxν ] = exp

(
imx⋆0 − σ2

∑

k

rkχ
2
k

)
(22)

and thus the function |ψ(0, x⋆)| becomes time-independent, in full analogy with the

CRGP case (14); from here on the approximation (22) will be referred to as con-

tracted AWP (CAWP). It can be proved that the CAWP satisfies exactly the same

properties (i)–(v) as the CRGP f with only minor reservations that the conditions

of validity of the CAWP approximation should be refined to match the relations

(20) and (21). The analog of the conditions (13) can be written as follows:

|c1(x⋆)| ≪
m3

σ2
|x⋆0|, |Im c2(x

⋆)| ≪ m5

σ4
|x⋆0|, |Re c2(x⋆)| ≪

m4

σ2

∑

k

rkχ
2
k. (23)

The analysis of these inequalities, as applied to the WP description of the asymptot-

ically free states of unstable long-lived particles relevant to production of neutrinos,

shows that sufficiently “narrow” (in the momentum space) AWP remains quasistable

(AWP ≈ CAWP) over a time comparable with or longer than the lifetime of the

associated particle, much like the CRGP case discussed in Sect. 3. It should be

however noted that the conditions (23) are in general more severe than those for

the CRGP, since these involve the tensor components ρ̃ ⋆
µν (asymmetries) which may

be quite different in magnitude. According to Eq. (10), the effective spatial volume

of the CAWP can be estimated as

V(0) = (π/2)3/2(r1r2r3)
−1/2σ−3

[
1 + O

(
σ2/m2

)]
.

5. A simple example: AWP created in a two-particle decay.

Let us consider an example of the tensor ρµν inspired by the duality between the

propagator and wave-packet descriptions of the neutrino production/detection pro-

cess discussed in Ref. 43. In this duality formulation, the effective WP of neutrino is

constructed from the so-called inverse overlap tensors (IOT) of the in and out wave

packets involved into the source and detector vertices of the corresponding macro-

scopic Feynman diagram. The explicit form of the IOT has been derived within the

f It is pertinent to note that the invariance of the CAWP relative to the group of uniform rectilinear
motions [property (iv) in Sect. 3] is a consequence of the identity Tµνpν = 0, meaning that the
tensor T is transverse to the direction of motion of the packet. The same is also true for the CRGP,
considering that Tµν

CRGP
= σ2

(

pµpν/m2 − gµν
)

.
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CRGP model (see Appendix 2 of Ref. 43) and can be used to build up an abstract

AWP (not uniquely for neutrinos). The simplest particular case of IOT,

ρµνs =
ξuµ1u

ν
1 + ξ−1uµ2u

ν
2 + (u1u2) (u

µ
1u

ν
2 + uµ2u

ν
1)

(u1u2)2 − 1
− gµν , (24)

involves two 4-velocities u1 and u2 of the in and out packets in the source vertex

(u21 = u22 = 1) and corresponds to an AWP production in the decay 1 → 2 + AWP.

The 4-vectors u1 and u2 (or, more precisely, the independent 3-vectors u1 and u2)

play the role of the “hidden variables” mentioned in Sect. 2. The tensor (24) depends

of the dimensionless positive parameter ξ. In the CRGP model, ξ = σ2
1/σ

2
2 , where

σ1 and σ2 are the momentum spreads of the external packets, but in our context ξ

can be thought as just a parameter which sets the scale of the AWP asymmetries.

To ensure that the tensor (24) is positive definite it is sufficient to prove that

ρµνs qµqν > 0 for any nonzero 4-vector q. Another, a bit more simple way is to study

the eigenvalues of the matrix ρs = ||ρµνs ||. The characteristic equation reads

det(ρs − λ) = (λ− 1)
{
ξ
[
(u1u2)

2 − 1
]
λ3 +

[
ξ + 1− 4ξ(u1u2)u10u20 + ξ(u1u2)

2

−ξ2
(
2u210 − 1

)
− 2u220

]
λ2 + 2(ξ + 1)

(
ξu210 + u220

)
λ− (ξ + 1)2

}
= 0.

To simplify the solution of this equation it is useful to transform the latter into

the reference frame where u1 = 0. Let |u2| = υ in that frame. Then, after simple

algebra the above equation can be rewritten as

(λ− 1)2
{
ξυ2λ2 − (ξ + 1)2

[(
ξ + 1 + 2υ2

)
λ− 1

]}
= 0,

and hence, the sought eigenvalues are

λ1 = λ2 = 1, λ3,4 =

(
1 +

1

ξ

)
1 + ξ + 1

2υ2
±

√

1 +

(
ξ + 1

2υ2

)2

+
1

υ2


 .

It is easy to check that λ3 > 2 and 0 < λ4 < 1 as υ > 0 and ξ > 0. The tensor (24)

is therefore positive definite, thus providing the simplest AWP model.

The tensor inverse to (24) is given by

ρ̃µνs =
ξ

ξ + 1
uµ1u

ν
1 +

1

ξ + 1
uµ2u

ν
2 − gµν .

Its positive definiteness is obvious. In this model, it is easy to find the eigenvalues

of the matrix r which define the spatial shape of the packet in its IRF. These are

r1 = 1, r2,3 =
ξ2 |u⋆

1|2 + |u⋆
2|2 + 2

[
U2 − ξ (u⋆

1u
⋆
2)u

⋆
10u

⋆
20

]
±
√
D

2(ξ + 1)
(
ξ |u⋆

1|
2 + |u⋆

2|
2
) ,

where U2 = |u⋆
1|2 |u⋆

2|2 + |u⋆
1|2 + |u⋆

2|2 and

D = ξ4 |u⋆
1|4 + |u⋆

2|4 + 4ξ (u⋆1u
⋆
2) (u

⋆
1u

⋆
2)
(
ξ2 |u⋆

1|2 + |u⋆
2|2
)

+ 4ξ2
{
|u⋆

1|2 |u⋆
2|2
[
U
2 − (u⋆10u

⋆
20)

2
+ (u⋆1u

⋆
2)

2
+

1

2

]
+ (u⋆

1u
⋆
2)

2

}
.



September 7, 2018 3:14 WSPC/INSTRUCTION FILE AWP

14 V. A. Naumov and D. S. Shkirmanov

In the framework of the diagrammatic approach, the principal contribution to the

observables is given by the momentum configurations of the external in and out

packets which satisfy the energy-momentum conservation to the first order in the

momentum spreads σi. In the particular model under consideration, the quantum

fluctuations δpi of the momenta miu
⋆
i over the physical values p⋆

i satisfying the

conditions p⋆
1 = p⋆

2,
√
|p⋆

1|2 +m2
1−
√
|p⋆

2|2 +m2
2 = m and m1 > m2+m are bound

to be small, namely, |δpi| . σi ≪ mi. As a consequence, we obtain:

r2 = 1 +
2 [|δp1||δp2| − (δp1δp2)]

m2
ξ −m2

, r3 =
m2

m2
ξ

− 4(ξ + 1)m3δQ

ξm4
ξ

,

where only the leading in σi/mi terms are retained and where we used the notation

δQ =
m2

1

[
(2ξ + 1)m2

2 +m2
1 −m2

]

M2 (m2
1 −m2

2 +m2)
|δp1| −

m2
2

[
(ξ + 2)m2

1 + ξ
(
m2

2 −m2
)]

M2 (m2
1 −m2

2 −m2)
|δp2|,

M2 =
√
[(m1 +m2)2 −m2] [(m1 −m2)2 −m2], m2

ξ = (ξ + 1)
(
m2

1/ξ +m2
2

)
.

Thus, in the most important limiting case δpi = 0 corresponding to the exact

energy and momentum conservation, r1 = r2 = 1 and r3 = m2/m2
ξ. Considering

that m/mξ ≤ m/ (m1 +m2) < 1 (∀ξ), the volume density |ψ(0, x⋆)|2/V(0) in the

quasistable regime is substantially asymmetric and can be visualized (somewhat

symbolically) as a fuzzy prolate ellipsoid of revolution with the density increasing

towards the center. For m≪ m1+m2, the CAWP becomes similar to a thin double-

edged needle. Such distribution shape is quite distinct from that of the spherical

CRGP cloudlet (see Fig. 2).

Figure 2. Artist’s view of a CAWP spheroid and CRGP ball having the same momentum spread.

The effective spatial volume of the CAWP in IRF, V(0) ≃ (π/2)3/2(mξ/m)σ−3,

is larger than that of the CRGP with the same value of the momentum spread σ.

6. Conclusions

In this paper we have proposed a class of models for the covariant asymmetric

wave packets (AWP) which is an alternative to the simplest “relativistic Gaussian

packet” (RGP) (11) intensively used in the QFT approaches to neutrino oscillations.

It is shown that RGP is not, under any circumstances, a particular case of the

truly Gaussian AWP, even though the models have very similar properties in the

quasistable regime. The main physical reason of this is that the AWP tensor ρµν can
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be only defined in terms of “hidden variables”, the momenta of the wave packets

participated in the process (or chain of processes) of the AWP production, while the

RGP does not depend on the history of its origin. On the other hand, the AWP can

be built up from several RGPs, as is demonstrated in Sec. 5 on a simple example.

In turn, the AWP states can be used as building blocks to construct more complex

wave packets dependent on the invariants mentioned in the list (6).

Appendix

Here we derive the representation (17) by applying lemma 3.1.4 proved in Ref. 53.

Lemma. Let ϕ(x) = xAx + ax+ a0 be a quadratic function on Rn, where A is

a complex symmetric n × n matrix with a positive-definite real part, a and a0 are

a complex vector and a complex constant, respectively. Then for any function f(x)

the integral I =
∫
dxf(x) exp[−ϕ(x)] may be represented in the form

I = πn/2|A|−1/2 exp[−ϕ(zs)] DτTN (τs, τ)|τ=0 + IN ,

|IN | ≤
∫
dτ |f(x)− TN(τs, τ)| exp[−Reϕ(τ + τs)],

where Dτ = exp
(
1
4∂τA

−1∂τ
)
, TN(τs, τ) is the N -th order Taylor polynomial of f(x)

at x = τs = Re zs, and zs ∈ C
n is a stationary point of ϕ(z).

Note that the stationary point zs (solution of the linear system ∂ϕ/∂x = 0) is

given by zs = −(1/2)A−1a and thus ϕ(zs) = −(1/4)aA−1a+ a0. If f(x) is analytic

at the point zs then IN → 0 as N → ∞ and

I = πn/2|A|−1/2 exp[−ϕ(zs)] Dτf(τs + τ)|τ=0 . (25)

Consider the special case when ϕ(x) = ϕ(x; t) = xAx + (a + ibt)x + a0 + ic0t

and f(x) = f(x; t) = f0(x) exp[−ig(x)t], where the functions f0(x) and g(x) are

analytic in the stationary point of ϕ(x; t), ∀t ∈ (−∞,∞) and b ∈ Rn. Equation (25)

yields:

I = I(t) =

√
πn

|A| exp
(
1

4
aA−1a− a0

)
Dτf0(τs + τ)

× exp

{
−1

4
bA−1bt2 + i

[
1

2
aA−1b− c0 − g(τs + τ)

]
t

}∣∣∣∣
τ=0

,

∫ ∞

−∞

dtI(t) = 2

√
πn+1

|A|bA−1b
exp

[
1

4
aA−1a− a0 −

1

bA−1b

(
1

2
aA−1b− c0

)2
]

× Dτf0(τs + τ) exp

{
g(τs + τ)

bA−1b

[
aA−1b− 2c0 − g(τs + τ)

]}∣∣∣∣
τ=0

. (26)

This result can be directly applied to Eq. (16) since the 4d integral in the right-

hand part of Eq. (16) is an iterated integral on R4; we only have to take care of

the proper arrangement of the Lorentz indices appearing in the integrand. Finally,
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by identifying in Eq. (26) A := ρ/(4σ2), a := −ρµνpν/(2σ2) − ixµ, b := −pµ/Ep,

a0 := ρµνp
µpν/(4σ2), c0 := m2/Ep, f0(x) := Ep/Ek, g(x) := Ek−

[
m2 + (pk)

]
/Ep,

we arrive at Eq. (17).
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Supplement: Proof of positivity of quadratic form ρµν
s qµqν

(this section is not included in the journal version)

Another way to ensure that the tensor (24) is positive definite is to prove that

ρµνs qµqν =
ξ(u1q)

2 + ξ−1(u2q)
2 + 2(u1u2)(u1q)(u2q)

(u1u2)2 − 1
− q2 > 0

for arbitrary 4-vector q = (q0, q) 6= 0, arbitrary velocities u1,2, and 0 < ξ < ∞.

Since (u1u2) > 1 (excluding the unphysical case u1 = u2 = 0), it is sufficient to

prove positivity of the function

F (ξ) =
[
(u1u2)

2 − 1
]
ρµνs qµqν .

This function has global minimum at

ξ =

√
(u2q)2

(u1q)2
=

∣∣∣∣
(u2q)

(u1q)

∣∣∣∣ ≡ ξq

and hence

F (ξ) ≥ F (ξq) = 2|(u1q)(u2q)|+ 2(u1u2)(u1q)(u2q)−
[
(u1u2)

2 − 1
]
q2. (27)

For any time-like 4-vector q the scalar function F (ξq) can be rewritten in terms of

variables (marked with a star) in the reference frame in which q⋆ = 0. We obtain

F (ξq) =
{
2u⋆10u

⋆
20 [(u1u2) + 1]−

[
(u1u2)

2 − 1
]}

(q⋆0)
2

= [(u1u2) + 1] [u⋆10u
⋆
20 + (u⋆

1u
⋆
2) + 1] (q⋆0)

2 ≥ 0.

For the space-like q (q2 < 0), the inequality (27) is obviously true, as (u1q)(u2q) ≥ 0.

Let us consider the less obvious opposite case, (u1q)(u2q) < 0, in which

F (ξq) = [(u1u2)− 1]
{
−q2 [(u1u2) + 1] + 2(u1q)(u2q)

}
.

This function can be rewritten in terms of variables (marked with an asterisk) in

the reference frame where m1u
∗
1 = −m2u

∗
2 ≡ κ. In this frame

u∗i0 =
ǫi
mi

, (uiq) =
ǫiq0 + (−1)i(κq)

mi
, (u1u2) =

ǫ1ǫ2 + κ
2

m1m2
,

where we denoted ǫi =
√
κ
2 +m2

i (i = 1, 2). Therefore

F (ξq) =
z+

m2
1m

2
2z−

{
[q0z− + (ǫ2 − ǫ1) (κq)]

2
+ (m1 −m2)

2
[
κ
2q2 − (κq)2

]}
≥ 0,

where z± = ǫ1ǫ2 ± κ
2 −m1m2 ≥ 0. This accomplishes the proof.


