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Introduction
The mean field theory of the nucleonic
interaction plays a role of a microscopic
reference theory. It, is therefore , of
fundamental importance for the whole field
of nuclear structure physics to discover,
examine and use the consequences of the
underlying symmetries of the mean field, even
if they are approximate.



Introduction
Symmetries imply existence of the
characteristic multiplet structures. From the
physics point of view, however, the fact that
nuclear excited state multiplets exist in the
realistic spectra is an intriguing result.

Indeed, let us recall that the nuclear
mean field is a potential corresponding to
averaging of the nucleon-nucleon interaction
over many occupied single-nucleonic
configurations. And if at the end it resembles
any simple-looking function it is either
incidental or the result of a symmetry.



Pseudospin

• 48 years ago a quasidegeneracy was 
observed, at first, for spherical nuclei 
(Arima, Harvey,… and Hecht, Adler –
1969):
Single-particle states with J=l+1/2
and J=(l+2)-1/2 lie very close in energy. 

It is convenient to label them as   
pseudospin doublets.





At small deformations the geometrical
characteristics such as nucleonic
probability distribution in space are
very different from those at moderate
and large deformations. However, the
small energy spread of the pseudospin
multiplets is nearly independent of
deformation.
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Supersymmetry
• The idea of supersymmetry was invented in particle 

physics. However, actual examples of supersymmetry
were found in the spectra of nuclei.



These figures display rotational bands belonging to odd
deformed or nearly deformed nuclei. In both cases the
bandheads are 1/2- states. These bands consist of weakly
splited doublets whose centers of gravity are close to the
energies of the corresponding rotational states of the
neighboring even-even nuclei. Doublets are: (3/2- , 5/2- ),
(7/2- , 9/2- ), and so on. This means that the angular
momenta of the states of the odd nuclei belonging to the
multiplets can be treated as the result of the vector
coupling of the orbital momenta L=0, 2, 4,… of the even-
even core and the fermion momentum j=1/2. The
fermion momentum is decoupled from the interaction. It
is assumed that it is pseudospin. Because of the
approximate pseudospin symmetry, a pseudospin-orbit
interaction is weak.



Superdeformed bands



Example 1.

The model describing a system of s and d
bosons and the fermions occupying single
particle states with angular momenta

j=1/2,3/2,5/2.

This model is based on the U(6/12) graded
algebra.







The superoperator commuting with the 
Hamiltonian is:



The superoperator P1/2 m together with its 
Hermitian conjugate and the operators: 

NB =NB
s+ NB

d,    NF =NF
(l=0)+ NF

(l=2)

S13/2C1/2m
1/2m’ 1a+

l 1/2m al 1/2m’

form a graded Lie algebra U(1/2)















Space-reflection asymmetric modes of nuclear 
excitation and Supersymmetric Quantum 

Mechanics







The numerical solution of the Schrodinger equation with the 
Hamiltonian shown above with different variants of the two-
center potential having very small or very large distances 
between two minima have shown that the wave function of 
the positive parity state belonging to the ground state 
alternating parity band can be approximated to a good 
accuracy by the sum of two Gaussians:



Having a parameterized wave function we can 
substitute it into the Schrodinger equation and 
obtain the potential:



Examples of the potentials



The problem is to find the wave functions of the negative 
parity states of the lowest alternating parity band. In order to 
do this and to calculate the parity splitting, i.e. the shift of the 
energies of the negative parity states with respect to the 
positive parity states it is convenient to follow the prescription 
of the supersymmetric quantum mechanics  and to introduce 
the supersymmetric partner potential:







The mathematical technique of the supersymmetric
quantum mechanics simplify calculations significantly.



Interacting Boson Model



Boson representation of the SU(6) 
algebra



Dyson boson representation









Dynamical  symmetries



Collective Hamiltonian





Conclusion.
- Pseudospin symmetry.

This symmetry is supported by the 
experimental data and justified theoretically.

- The mathematical technique of the 
Supersymmetric Quantum Mechanics simplify 
significantly a solution of the nuclear structure 
problems  with double minimum potentials.

- The Interacting Boson Model which is based 
on the SU(6) group is introduced to describe 
collective nuclear properties.


