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What is QCD?

Quantum Chromodynamics (QCD) is the theory of strong interactions of hadrons
@ ltis a relativistic quantum field theory based on a non-Abelian gauge group

@ At a given distance, the strong interaction is stronger than the electromagnetic,
weak and gravitational ones, which can be taken as perturbations;
it gives account of most of the observed matter in the Universe

@ It exhibits two kinds of fields: quarks and gluons;
however, no isolated states of quarks and gluons have ever been seen;
they are confined into hadrons

@ At short distances (< 1 GeV~1) the interaction is weak enough to make
perturbation theory amenable (“asymptotic freedom”)

@ There are many QCD phenomena (mechanism of confinement, nucleon
structure, hadron masses, phase diagram at non-zero temperature and baryonic
density, etc.) beyond the reach of perturbative QCD, some of them still waiting for
an explanation
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Why study QCD?

@ Very practical (and compelling) reason:
LHC collides protons, EIC will collide electrons and ions;

a detailed knowledge of proton/ion structure and of pure QCD background
processes is mandatory before claiming discovery of new Physics

@ Conceptual reasons: yet many unsolved problems, mostly in the non-perturbative
regime
- theoretical understanding of the “mass gap”
(CMI Millennium problem, 1 M$ award:
https://www.claymath.org/millennium-problems/)
- nature of confinement/deconfinement transition at finite temperature
- QCD phase diagram on the temperature / baryon density plane
- proton spin

- connection to the bulk of nuclear physics
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Where was it from?

The QCD Lagrangian was proposed in 1972-1973 [Fritsch, Gell-Mann (1972); Fritsch,
Gell-Mann, Leutwyler (1973)], not the culmination of a linear development process, but
an ingenuous finding at the meeting point of several independent paths:

@ Quark model of hadron states
@ Current algebra
@ Deep inelastic lepton scattering

@ Theoretical development of non-Abelian gauge theories
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Quark model [Gell-Mann (1964), Zweig (1964)]

K‘\ S+
(e S0

(K
T

'_UE
U

s=0 n p
s=-—1 Py boas
qg=1
s=-2
= =0
g=-1 q=0

Approximate SU(3) flavor symmetry (“Three quarks for Muster Mark”, u, d, s):
-mesons (q3): 3® 3 =1&8; baryons (399): 39323 =188¢84 10
- mass splittings explained by an SU(3) octet perturbation

Fermi statistics: AT (S =3/2) = [ut,ut,ut) — eplui T, U T ue 1)
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Current algebra
Phenomenology: Hweak—strong = f a®x ZA/IZ(X)XA,,U.(X) s X=2, Wiy’Y
Ji (x)="(conserved) hadronic current”

E.g., amplitude for n — p+ e~ + e: o (p|j* (0)\n) gw ue~//’(1 — )V,

Jj# = “current which couples to W*”, q = pn — pp

Hadronic currents: (approximately) conserved currents related to chiral symmetries of
strong interactions

Symmetry group: SU(3),® SU(3)z spontaneously broken to SU(3)y

(or SU(2),® SU(2)r spontaneously broken to SU(2) with pions as Goldstone bosons)

In this context, 70 decay to v+ should be suppressed, if not for the anomaly of the
U(1) 4 symmetry [Adler (1969); Bell, Jackiw (1969)]:

3
F(7r° —yy) = N2(e2 - ed)2 7657“7‘3’," """"""""" u,d
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Deep inelastic scattering (or the reality of quarks)

e (N+pP)—e (I'N+X

@ inclusive process
@ point-like electromagnetic probe of the proton
@ pioneered at SLAC 1967-1973 (~ 21 GeV electrons to fixed target)

@ extensively studied at HERA 1992-2007 (27.5 GeV electrons, 920 GeV protons,
Vs =318 GeV)
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An H1 event display

Event : Combinedview (R-z, R-Phi, calorimeter energies)

Transverse
[ view
ep —re \ [(HL_Fun 122145 Event 69508 Date 19/08/1995] (R-Phi)
r
(@ = 25030 GeV?, y=0.58, M = 211 GeV|
e
-
= Calorimeter
energies
e //
/ EJ.
Side view
(R-z)
aANRA
Electron and hadronic system X balanced in transverse momentum
H1 Events JoachimMeyer DESY 2005 15

https://www-hl.desy.de/pictures/Hl-event tutorial.pdf 14
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my = W2=(P+q)?
> M2 +2P.qg— QP
ngoi2

, Xxg = 1 elastic limit

t t frame: y = E=E
x5s: Proton rest frame: y = =%

Deep inelastic regime: my and Q large, xg fixed

Hom = [ &®x € 1 ()Au(x) ,  Ju =j" + 1
Lorentz-invariant differential cross section
E’ do -rre
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2
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I = Pevutbe ooy Luw = 3Ty v 2] =20l + Ik — ol - 1Y)

Wur = 4n%% 6% (px — P = g)(PIj(0) [X)(X] j3(0) |P)
X
1 iq- ; ;
= o [z P RO 1P)
Us
Current conservation, parity, hermiticity, spin average:
y Pr—gt B2 ) (Pr—qv B2
Wer = (—gov + L8°) Fi(xe, Q%) + (e 2§ ) Fa(xp, @)
do 4ra? 5 5 5
~ m o1 — Y , F, ,Q
Dot = xayeh (- VRl6. )+ yoxsFi (x5, CP)]
_ 2maf, 2 2 2 2 -
= e (14 (1 = YP)Palxe, @) — y?Filxe, )] , Fu = Fo—2xaFy

SLAC: F; depend only on xg (Bjorken scaling), F, ~0
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Parton model [Bjorken, Paschos (1969); Feynman (1972)]

@ The hard probe hits the proton on a time scale ~ 1/Q, whereas the typical

interaction time within the proton is ~ 1/M > 1/Q in the deep inelastic regime.

@ The photon interacts with the proton via incoherent scattering off point-like and
massless partons, carrying a fraction x of the proton momentum and each
distributed in the proton according to f(x).

q

(xP+ g2 ~2xP.q
do =3 [dx fi(x)doP*™"

_ Zi f % fI(X) Vviparton,p,u

Assuming massless partons with spin 1/2 and charge e;e:

arton v 1
wpren i — g 4—§Tr[k'y (K+ )] 278((q + k)?)

= € 2(2kHKY + qHkY + kMY — g*q- k) > 6(x—xg), K=xP

—)FQ—ZIBXBI((XB) FL:F2—2XBF1:0
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Breit frame

QED conserves parton helicity (Q/2,0,0,-Q/2)

— AS =1 - >

transverse photon (F, = 0) — (0,0,0,-Q)
- (Q/2,0,0,Q/2)

Constraints on partonic distributions:
@ Valence: [dx (fu(x) —fa(x)) =2, [dx(fg(x)—fz(x))=1
@ Strangeness: [ dx (fs(x) — fs(x)) =0

@ Charge:
5 ax (fu(x) = fa(x)) = § J A (fa(x) = F5(x)) = § [ ax (fs(x) — f5(x)) = 1

@ Momentum: >, [ dx xfi(x) =1

if only quarks are summed, experimentally violated! Gluons needed!
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Bjorken scaling, modern view (PDG 2020)

10°
Proton
H1+ZEUS
x=65&;gﬁ(|;§5) O E665
x=1.6e-
= de-05 A HERMES
;  x=0.0001 X NMC
10 . x=00002 v  BCDMS
" x=000032 & SLAC
. X=0.00051 O JLab

@ Scaling violations!

Milder at large x,
stronger at small x

F5 x 21

@ The parton model must be

improved! 10! W..
W, e x=04
M’"’"’v",, x=0.56
10-1 %\ m . x=065
My x=0.75
\ée x=0.85 (i=1)
1073
107t 10° 10! 10? 10° 10 10°

Q%*Gev?)
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R-ratio

o(eT e~ — hadrons)
o(ete™ = ptu~)

O
q

hadrons

16/114



Theoretical development of non-Abelian gauge theories

@ Non-Abelian gauge theories [Yang, Mills (1954)]
@ Quantization of Yang-Mills theories [Faddeev, Popov (1967)]
@ Renormalization of Yang-Mills theories ['t Hooft (1971)]

@ “Asymptotic freedom” of Yang-Mills theories ... ['t Hooft (1972); Gross, Wilczek
(1973); Politzer (1973)]

@ ... and only of Yang-Mills theories [Coleman, Gross (1973)]
@ Which gauge symmetry?
SU(Ng = 3) ... [Fritsch, Gell-Mann (1972); Fritsch, Gell-Mann, Leutwyler (1973)]

... + hypothesis that hadrons are color singlet states.
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@ Building the theory
@ Classical Lagrangian and its symmetries

18/114



The paradigm of gauge theories: QED

@ Start from the free Dirac Lagrangian
£ =3(ip — myw

invariant under global U(1) (electric charge conservation)

P — efew , P — e”gzZ , 0 constant

@ Promote the U(1) invariance to local,
W — e’e(")w BN e—ia(x),l/—) 7
‘C’:’J}(Iﬂ_m)wv DHEE)H-i-ieA,“

AL — Ay — 1;6“9 (A photon field)

@ Add a kinetic term for the photon field
[Dy, Dy] = ie(0, A, — 0, A,) = ie Fu, , Fuu gauge invariant (photon neutral)
_ . 1
Lqep = Y(iP — m)y —ZF“ Fuv
which gives the correct Maxwell equations
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@ Start from the free Dirac Lagrangian (just one quark flavor, for the moment)

¥
L=9>ig—my, = (1/1;) , i=1,2,3 (three color states)
Y3

invariant under global SU(3) in the fundamental representation
v — Uy, U=exp(i0?t?) € SUB), a=1,...,8

SU(3) generators: [, t°] = ifab°t, fabe structure constants, Tr(17t°) = 163

@ Promote the SU(3) invariance to local (i.e. 62 — 62(x)),

L=P(P—myp, Du=0u+igAn, Au=tAY
A, — UALUT + é(aHU)U‘1 (A%,a=1,...,8, gluon fields)
@ Add a kinetic term for the gluon fields
[Dy, D) = igFyy . Fu =13F2,, F2, =0,A% —0,A% — gf® AL AC |
FZ, are not gauge invariant: Fp, — UF.. U
Lacp = P(iP — m)yp — %Tr(F‘“’ F.v)  3-and 4-gluon interaction terms here
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Remarks
@ amass term for the gluon field A%# A2 would break gauge invariance
@ allterms in Locp have dimension four, due to
[W]= M2, [Ad]=M, [0,]=M, [g]=M°

Lorentz- and gauge-invariant terms such as (Tr(F*¥ F,,,))? or similar would spoil
renormalizability

2
@ atermof the form £ = 057 €,up0 F##* F&7 cannot be excluded

Lo o< E2. B2 and therefore breaks parity (P) and time reversal (T)
(recall: E is P-odd and T-even, B is P-even and T-odd)

Current upper bounds on the electric neutron moment impose 6 < 1010,
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- Classical symmetries

Extension to many flavors: (ip — m)y — Zf’je Pr(iD — my )y

@ With no information about masses, Lqcp is invariant under ¢y — elorapy
exact symmetry: U(1), ® U(1)q ® U(1)s ® U(1)ec ® U(1)p ® U(1)¢
each flavor is conserved separately
0=0L=0u", J*= 55yt o by aby

@ Light quarks: my ~ 2 —4 MeV, my ~ 3 —5 MeV, ms ~ 100 MeV [PDG 2020]

(ud) _ 70im _ (Yu _ (M 0

LF _’¢'(ID M)w7 7/}_ (wd) I M_ (0 md) I’

approximate (good) symmetry: U(2) = U(1) ® SU(2)
——

~—~—
baryon no. isospin
d _ Yu my O 0
L = G(ip-My, w=|vg|, M=[0 my 0|,
s 0 0 ms

approximate symmetry: U(3) = U(1) ® SU(3)
N~ ——

baryon no. isospin
22/114



@ my g < “typical hadron mass” (barely true also for ms):
assume m; = 0 for | = u,d (Lf = 2) or even for | = u, d, s (L = 3) (chiral limit)

1+5 ,
YR,L = — Yv=Prip, 5 =i"7"%

[,S__L/) = J)FI(’D)'L&R —+ QZL(ID)llJL — J)HMwL — IZ_JLM’L[JR , M mass matrix Lf x L

for M — 0, symmetry: U(Ls), ® U(Ls)g = U(1), @ U(1)g ® SU(Lf). ® SU(Ls)R

u()yeUui)a SU(Lf)y®@SU(L¢)a

U : v — eieL'@Z)L ) UM)g: v — ei9R¢R ,
Ul)y: & — %, U)a: v — sy

SU(Lp)L: v — €%, SU(Lp)a: va — %R v,
SU(Ly)y : o — €% SU(L)a: o — €075y
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@ (Classically) conserved currents:

i=1

L¢ L¢
Uy : jfy = ;wmw, c UMa s =D 0t s,
baryon no. anomalous
Lt Lt
SU(Lr)v = Jy" =D o i, SU(Lpa « 3" = b st

i=1 i=1

isospin spont. broken

ol =5l — o

Oujly = 6L = 2ipysMip + quantum anomaly
; L . -
Ayt = M(F') =iy (m— my)Piti;
i\
P L . -
Oulf™ = OLED = i > (my+ m)ditfvy
i

2
quantum anomaly = Lf1g?€ylypo- Fanv Fa,po
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@ Building the theory

@ Quantization and Feynman rules
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@ Let’s start again from QED:

Loep = P(ip — myp — %F*“’FW . FHY = gAY — §¥ AH

. N oL
L Ae — QED _ _ [Ou 0 _
Not suitable for quantization: N* = 3(00A,) = F°r — N =0

Solution: gauge fixing! (different gauges lead to the same physics).

Covariant gauges: ALqep = 721—6(8##‘)2 (Maxwell theory + 0, A" = 0).

Photon propagator: D+ (k) = kiz (—g‘“’ +(1- {)k‘;f)
@ Ward identity: process with incoming photon, no matter other external particles

M = eu(K)MH* = (eu(K) + aky) MP | — kyM* =0
| ——

gauge transformation

Say k# = (k,0,0, k), then 0 = k, M# = k(M® — M3) — MO = M3

STIMP = 3" u(k)es (k) MUMY = (T2 — |MT[P = | M — TR2)

pol. pol.

only transverse photons matter!
—uv 26/114



@ In QCD, covariance gauge fixing by ALqcp = f;f&(auAa,u)Z is not enough.

Unphysical gluon degrees of freedom are not automatically cancelled in cross
sections and in internal loops.

@ Extra fields: Faddeev-Popov ghosts
1
ALoep = =5z (WA + 9un™ (96 + GlabcA™ )
N e’

—
=D},

They anti-commute as fermionic fields, but propagate as bosonic ones

@ In physical gauges, n- A2 = 0, there are no ghosts, but the gluon propagator
takes the form

i w v o lev v
Dab’”y(k):(sabk—lz (_guy+k n' + ntk —(n2+§k2) kit k )

n-k (n- k)2
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QCD Feynman rules - Covariant gauge, ¢ = 1

00000,

N C, P 192 [.fabe.fcde(gupgua - guagup) + face.fdbe(g,uagup - gm/gpa)
+fade.fbce(guugpd - gupgua)]

N0.0.0,0.0.0.¢

d,o

28/114



[cNeNe) [=Ne R
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SN——
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Il
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- OO .
[cNoNe)
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\_/

“

[eNeNe]
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o = O
SN—
>
JQ
I
S
[eNeoNe)
-. OO
ol o
~_
>
&

I
‘_.
w
S
[« N
o = O

|
NOO
~_

)\a
T2

A@ \b sab A2 \b AC
TS5 =—, |5 5| =il
2 2 2 2 2 2

fios =1, fisg = fozg = V3/2, fia7 = figs = hap = faas = faze = fs7 = 1/2

[a

29/114



A
A4
A6

A

|G)(RI+ [R)(GI,

A2 = 1|G)(

Rl —ilR) (Gl ,

= |B)(RI+IR)(B|, As=IiB){R|l—IilR)B,
= |B){GI+1G)(B |7 A7 =i1B)(G| - i|G)(B] ,
1 2
= \/gl ><R|+7\G><GI \/gl B)(B|
a=1
a = 7 000000000

(\t1)12

=1

A3 = |R)(R| - [G)(GI,
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@ Quark (say, red colored) splitting to quark-gluon
Prob(R — qg) = Prob(R — R) + Prob(R — G) + Prob(R — B)

= \<| |R>I2+|(| |R)[?

\<G\*IR)|2+I(GI*IR>\

+

A4
B|—
I{ |2

Wl
1l

+

|H>|2+|<B|§\R>\2:...:

N2 —1
Cr|="¢
F( 2NC>

Prob(1 — gg) = 2(Prob(1 — 2+ 3) + Prob(1 — 4 + 7) + Prob(1 — 5+ 6))
2(fras + fia7 + fiss) = 3 = Cal= No)

@ Giluon (say, no. 1) splitting to gluon-gluon

@ Gluon (say, no. 1) splitting to quark-antiquark

112 |\
M| [Pt

Prob(1 — qq) = 5

N =
I
!
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tatb = Tr(tatb) =

i i 5 = T,qéab

1sa
2

: m ; t243 = (1913); = $0; = Crdy

a a
C
a b facd fcbd facd gbed — 3s5ab = ¢ A(gab
000000000 —
Tr(TaTh)
d
A .
= ? s Tbac = ’fabc
N2 —1
Ca=Ne, Cr=-L , Ca>C
A c F 2Nc A F

Gluon charge is larger than quark charge!

32/114



@ quark-quark and quark-antiquark scattering

q q
7 S k )
§ 1Za AR Af
q . q
J l
q q
[ k 1. e e
1 a N
q q
J

@ Examples:

>\3 )\3 >\8 )\8
qq, same color, RR — RR }(%% 4 M) = %(

1 1 2 2
qa, two (with swap), RG — GR : }(%% + %%) =1(14+1)=]

qq, three colors colors, RB — RG: 0 (color conservation)
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@ Further examples:

qq, same as qq, just pay attention to position of color indices,

DN — DN
a a

——— N —

qq qq

a \@
A useful shortcut, Za %7// = % (6i/6kj — NLC(S,';((;//)

@ Problem: consider the q@ scattering by one-gluon exchange for a pair in the
1) singlet state, %(mﬁ) +|GG) + |BB))

2) in an octet state, e.g. |RG).

Show, by comparison with the known attractive e™ e~ scattering by one-photon
exchange, that case 1) is attractive, case 2) is repulsive.
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@ Building the theory

@ Renormalization

35/114



Renormalization

E.g., quark self-energy (up to a color factor):

_ 2/ atk A p= K+ m)
(2m)* [(p — k)2 — m?] k2

divergent for large k, by power counting
(ultraviolet divergence)

Processes where UV divergences appear in QCD
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Regularization: gives meaning to div. integrals, by cutting-off large momenta

Most commonly: dimensional regularization (space-time dimension D).

Eg., f( (k2 57 does not exist for n < 2,

but Ip(n) = [ (g:;(D gy does exist for n > D/2,

Ip(n) = (F(L)) (;W %, analytically continued to all complex values D

The divergence for D — 4 resurfaces as pole in e = %, eg.

i T@-D/2) i T(e)
(4m)D/2 ~ g2-D/2 ~ (4m)2—< ¢ ’

Io(n=2) = I = e + O

Dimensional analysis:

[]=M°, [A]=MZ, W=M7 — [g]=MF =M

To keep working with a dimensionless coupling, redefine g as gu°©.

w1 is an arbitrary mass scale.
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@ Re-normalize fields and parameters (original ones labeled by (9)):

4O 23/, =2, 0= 2l

m® =2Zym, ¢ =29, ¢° =2
Each term in ﬁQCD can be recast as follows:

@jgy© = Zypighp = ighp + (Zy, — 1)Pidep
N———

counterterm

OOy = 2,2, Z,/2 gt = UM + (Zpg,, — 1) gAY
N — N—— —

ZAqu‘, counterterm
0 0 0
LQCD[w( )’A( )’ © ) ( ) g ] - ‘CQCD[wvA n,m,g, ]+ Lcounterterms
————
same form as original extra interactions

@ Cancel e-poles in divergent “processes”, order by order in perturbation theory, by
suitably choosing Zy,, Za, Zy, Zp5y, Zagy ZLains Zass Zps-

MS scheme: subtract not just 1, but 1 + In(4) —
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@ In particular, determine Zg:

Zy7 Zas V4 Z
99 =Zygu, Zg= 1?;“/) = 1;\;"7 = 3A/32 = Zi24
z\2z,  z\?z, 22\ Z

[Taylor (1971); Slavnov (1972)]

MS scheme:
[ 1172 11 2 50 Qs 2 g2
= — — | =Tgnf — — =14+ —=—= ==
=1+ 4 [3 Al GCA}J“O(%) o POl as=n
ny is the number of “light” quarks, i.e. quarks with mg < 1
@ The (dimensionless) renormalized coupling g evidently depends on u. How?
dg dg© _ d(Zg gue)
=pu—, 0= =i
B(9) "o g T
oz, 2 Jé] 3
A=~ Zﬂchg = gL P9 o) = 5, L+ 08, )
9 Ou 47 € 4
da
Blas) = 1555 = —alho + O(ef)
1 1 2 1
= s F A o as(i) =
as(p?) 015(#0) Ho BoIn &
Naep

“Dimensional transmutation”
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Blas) = —a2(Bo + Bras + Baa? + Bzl + faat +...)

0.35

PDG2020 o3|

0.25

ay(Q%)

0.15
0.1

0.05 L

02 |

T TTTTT

= as(MZZ)

T

=0.1

T T TTTT

T

T T T T

T decay (N*LO) =+
low Q2 cont. (N3LO) e
DIS jets (NLO) ++i

Heavy Quarkonia (NLO)

e'e jets/shapes (NNLO+res) >
pp/pp (jets NLO) =

EW precision fit (N3LOy——

pp (top, NNLO)

179 +0.00

10

10

Q[GeV]

100
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Renormalization group - an example

o (e e~ —hadrons)

Let’s consider again R = — — , up to an irrelevant normalization:
olete~—utu~)

R <Q:,as(,u2)> =1+ Zl’n(Qz/,uz)ag(,uz) , @ squared c.o.m. energy
7

n=1

e d (@ e _{2i i] @ e
0=p dMZR NZ’QS(H) = o2 +ﬁ(045)8as R ugaQS(#)

dr ar. ar.
=2 —Las+ (szz—ﬁﬂo) o+ (#2%—2f250 - f1ﬁ1) ad ...
W W du

2
rn=ci, n=0C+cifot, r3=0cs+ (2000 + CiB1)t+ cifot?, TEM%

R(t,as) = 1+c¢i(1+ Boast+ (Boast)® +...)as + a2 + ...
O65(112)

1+4¢g——mMmMmMmMmm——
1+ Boas(k?) In f%;

The choice 1 = Q removes (possibly large) logarithms from the perturbative series:
R(1,as(@%)) = 14 cras(@®) + ca2(Q?) + ...
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© = Q not always the best choice, due to truncation: the first unknown c; can be large.
In many applications, results are quoted for . ranging in the interval [%, 2Q).
Optimization procedures have been designed to fix the u scale.

Take R truncated at the order a2:

A9 (T 1)) =1+ cros(u2) +
2 s\p = 1 Qs

Q| 5 5
G —Cifoln — | as(p)
%
1) Principle of Minimum Sensitivity [Stevenson (1981)]

d
MZTMZ H(z)(ﬂz)

2) Fast apparent convergence [Grunberg (1980)]

Co
RO (u2yc) = RO (uByc) —  1bac = QPexp (—m)

3) BLM procedure [Brodsky, Lepage, Mackenzie (1983)]

choose . so to remove the ny dependence in the perturbative coefficients
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e Using the theory (perturbatively)
@ Infrared safety
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Infrared divergences

Consider (again) e + e~ — v* — hadrons, including QCD effects up to O(as)

Real corrections: gluon emission
P1 P1
k
+
k
D2 D2
Mgy = 00 [ (0t 406)) 12 (—leqy™) + (iex*) #( ig” /)| v(p2)

(b1 + k)
Soft limit, k — 0, plus Dirac equation (u(p1) p1 = 0 =pov(p2), massless quarks)

B a pi-€ _ P2 -€
Migg = 0(p1)(—loqr"W(pe) () (£~ 220 )
M
2
p1-e  p2-e€
HI,LV ~ ,LL_ V_\* a o
999 culozr:puquq(qu) (gt ) (p1 K P2 - k)
2
pP1 P2 v 2p1 - p2
= -HgC < - ) _H“Cgi
ok bk 9 (oK) (2 - k)
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2
P P
k
JF
k
P2 P2
Include phase space:

Pk 2p1 - p2
Dogg ~ HY dd gz Crg®
%50 = Haz I%9 (252 79 (o1 - K)(po )

soft—gluon factor=dS

v
Hqég

In the quark-antiquark c.o.m. frame
d¢ 2asCr 2p; - P2

= wdwdcosf?
ds W s S T (2P - K)(2p2 - K) @&o
— —————
B B q q
w2(1—cos 62) p2 D1

2asCr dw df do

T w sinf 27

Divergence for w — 0: soft

Divergence for 6 = 0, 7: collinear
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Virtual corrections: no gluon emission
2
P1 p1
WVV\< + IAVAVAVAVAV'S fé
P2 P2
Interference term, O(as), in the region of soft gluon momenta:
2asCr dw df d¢

T w sinf 2w

1
HY R
Hqé, 2 qu

Total cross section

: . f el . 114 LY 1%
!t must |n.cl.ude both real and virtual gluon emission: an’mt = ang + an,v
infrared-finite!

Actual calculation: o = op [1 + %CF% + O(aﬁ)]
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Lessons

@ Infrared divergences are related to long-distance/time physics: an internal line
“goes on-shell”.

” 1

Propagator: ok~ og?

Time scales: soft, ~ 1/(w8?), much larger than hard, ~ 1/Q

@ The cancellation of infrared divergences occurs for “inclusive enough” final states
- Kinoshita-Lee-Nauenberg theorem [Kinoshita (1962); Lee, Nauenberg (1964)]

In our example, at the O(as) two degenerate final states were considered, gg
and qqg, which are not experimentally distinguishable for a soft/collinear gluon.

@ Infrared-safe observables must be insensitive to emissions of soft/collinear

partons:
Ons1(P1,- - APn, (1 = A)pn) = On(p1,- - -, Pn)

Ons1(P15- -5 Pny Pyt — 0) = On(ps, ..., Pn)

Relevant for event shape observables and jet algorithms.
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Hard QCD processes are perturbatively described in terms of scattered partons (quark
and gluons) ...

... but detectors see just colorless hadrons, which, however, cluster into groups or jets,
which can reveal the original hard scattering process.

Run: 329716
Event: 857582452
2017-07-14 10:48:51 CEST

EXPERIMENT

Two-jet event, /s = 13 TeV [ATLAS Experiment @ 2021 CERN]
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Jet reconstruction

@ Distance between particles / and

(BR)? = (yi — ¥))? + (¢ —

y= 1 In E+p:
2 E-p;

—_
rapidity

@ Recombination
Kkt :

Cambridge/Aachen :

anti—Kr :

1) Find min;(yj, ¥ig) = Ymin-

m=0

)
1. 1+ cosé
—In—=—Intan- =17
2 1 —cosf 2
pseudo—rapidity

AR; .

g min(pr ;, PT5) YiB = PT,i
AR:

R” yig =1

i =1 =1 _ 1
R mm(pT’ppT’/’) YiB = Pr

2a) If Ymin = ¥jj < Yeus, then i+ j — i; go back to 1).
2b) If Ymin = Yig < Yeut, remove subject i (beam radiation); go back to 1).

3) If Ymin > Yeu all subjects are jets.

R and y.u are parameters.
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Jet reconstruction

@ Momenta combination
Bi + By — Bi
Two options for the 0-th component:

i) fix it so to make the new subject’s invariant mass equal to zero
(the ideal reconstruction should trace back to massless partons)

i) o +pY — pP
(allows to extend jet algorithms to massive particles, such as Z, W, ...)

The (anti-)k; algorithm starts building a jet with (hard) soft constituents;
Cambridge/Aachen is purely geometrical.

They are all infrared safe.
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e Using the theory (perturbatively)

@ QCD-improved parton model
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QCD-improved parton model

@ Infrared safety for final-state quark splitting

asCr dw d§?
dogig =~ ogq —
T w 0
w= (1 - Z)p 2
asCr dz dk?
~ ogq — kt ~ wb
/] T 1—-2z k12
p zp Virtual corrections to oq (only soft part):

asCr dz dk?

s 1—Zkt2

dogv ~ —oq

@ Infrared safety for initial-state quark splitting

(q) (ZXP) asCF dz Ll(?
1—2z k?

% Virtual corrections to (9 (only soft part):
w=(1—z)zP asCr dz dk?

@ !
doy)) ~ —o@(xP) P P
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Integrate over the kinematics of the emitted gluon:

dk2
qu) + 037) ~ asCr / 1dz oD (zxP) — O-(CI)(X,D)]
U

lnhmlc collinear finite, soft

,
asCF/ %150 (2xP) — o9 (xP)] / dz Pag(2)\, ¥ (2XP)
m Jo 1-2

(%),

14 22 1 1
Pgq = Cr ( ) ; dz f(2)+9(2) = [ dz f(2)[g(2) — 9(1)]
oo (12) [

" dk? @ gk2  eEak® P dk2 2 QP
w2 w2 = 2], = atn5
ki W K wh o K ue K Hh HE

So that

ol® 4 oD~ 28 o (I M—h+| %) / dz Pgq(2)| o P (2XP)
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Get the hadronic cross section, including leading order:

oM = /dqu(x [0(D(xP) 4o +a(q)}

parton model

1 Qs L Q
/o dx fy(x) [g(q)(xP) + 5 <|n ;—g %> / dz qu(z)\mft (sz)]

Observe that

/ " o () {a@(xmj;l /dz Paa(2)] o 0" (sz)}

1 2 1 |
_ as  HE az X !
= /0 ox [fq<x)a<q>(xP>+27rlnM% () qu(zu(,ﬂo‘q)(xP)}
"o | e [19 (XY p @
= x| fq(x +* 2 )z q(;) 99 (2) 5o | o7 (XP)
fax.iir)
So, finally
1
h>:/ dx fq(x,,J,F){ @(xP) + 22 1n 7/ 02 Pag(2)]q 0@ (2xP) | +O(02)

0
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@ Renormalized partonic distributions, such as fq(x, ;g) are non-perturbative
objects, but their dependence on pr is perturbative:

OMg(x,up) _ as(pe) [
dln pi- 27

qu(z)\son fa ( )
@ The actual calculation, taking also into account all splitting options, gives:

Ofg(x, uF) _ os(pr) X1 [pqq(z)fq( )+qu(2)fg( )]

(9In,u?_- 2w
OMg(X, ur) _ as(ur
;m ! 52(7r ) = ng(z)fg( )+ > Pga(2)fa (7)
e x a=q.g

1422 1+(1-2?°
Pgq = Cr < 2 > , Pgg=Cr <(Z)) . Peg = TRIZ*+(1-2)],
+

z 1-2z 11Cy — 44T,
Pgg = 2Ca <(7z++7+z(1 —z))+%5(1 —2)

[Dokshitzer (1977); Gribov, Lipatov (1972); Altarelli, Parisi (1977)]

Pgg and Pyq diverge for z — 0: gluon dominance at small x.
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How to solve DGLAP equations?

Simplified DGLAP equation:

Of(x, nF) _ as(pr) /1 az P(2) f<{)

aln,u%_- 27 z z

Move to moment space, through a Mellin transform:
1 §+ioco
f(n) = / ax XY, f(x) = / dn x~"f(n)
0 §—ioco

with § to the right of all singularities in the analytic continuation of f(n).

In moment space the DGLAP equation becomes

as
of(n, 2\ 2= ("
(. 6) _ @s(BE) oy bny s Fnur) = £, o) (2
Olnpuz 27 HG

with v(n) = P(n) (anomalous dimension).

Leading logs o2 log” MZF resummed to all orders!
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Example: f, — fy = fxs

Os(x,uF) _ as(ue) [T dz

Bln,u,%_- 2w X z
12 22 Yaq(n)
fns(n, ur) = fus(n, po) <2>
Ho

Flavor number conservation (e.g. in the proton)

Pgq(2) fs (g)

/1 ax (fu(x) —fg(x)) =2, — fhKhs(n=1)=2 — ~g(n=1)=0
0

which holds true since

1 1 1+X2
mm:/ dx Pog(x) = CF/ dx <1 ) -0
0 0 — X 4
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DGLAP at higher orders

Oh(x,F) _ aslier)
i — 527r Xj: P,] 24 fj(,u,,.-)

Jln ;ﬁ_-
C_pl) % p() | (@5)\2 p(2)
PU_P” + 27rP’7 + <27r) Pi/ e
@ LO P,.(jo) [Dokshitzer (1977); Gribov, Lipatov (1972); Altarelli, Parisi (1977)]
resum all leading logs, o log” u2
@ NLO P,.(j” [Curci, Furmanski, Petronzio (1980)]

resum all next-to-leading logs, a2t log" 2
@ NNLO P,.‘f) [Moch, Vermaseren, Vogt (2004)]

resum all next-to-next-to-leading logs, ag+? log” 2
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Proton PDFs

Partonic distribution functions (PDFs) are extracted from experiments, using an input

parametrization at some (low) scale uy and DGLAP-evolving it to higher scales.

xf

H1 and ZEUS
T

u2=10 GeV?

—— HERAPDFL0 NNLO
uneertainties:
B cxperimental
] model xu
[ parameterisation M

+» HERAPDFLOAG NNLO

[H. Abramowicz et al., Eur. Phys. J. C (2015) 75:580, [arXiv:1506.06042]]

xU = xfy + xfe
xU = xfy + xt3
XD = xfy + xfs
xD = xfy + xfs
xuy = xU — xU
xdy = xD — xD
xS =2x(U+ D)
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xf

H1 and ZEUS H1 and ZEUS
T

1 T T ~ 25 T T
]
ni=10 GeV? I = 10000 GeV?
'
o8 H vERAPDF2ONNLO b H B uerapprro nvLO
[ nErapF20migz NNLO [ nERAPDFLOHIQ2 NNLO

xg (x 0.05)

[H. Abramowicz et al., Eur. Phys. J. C (2015) 75:580, [arXiv:1506.06042]]
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Ingredients: inclusiveness, large s, hard scale Q ~ /s
@ lepton-hadron (H) scattering (DIS):

1
P @)= Y [ oz fyulzur) Ga(@p.as(@P)ur)
a=q.3.9 0 —_— ——

process independent hard partonic cross section

@ hadron (H;)-hadron (Hy) scattering:
o(p1,p2, @ Z/ dZ1/ Adzp fa/h, (215 11F) foyH, (225 12F)

xGa,p(21P1, 22P2, as(Q?), pF)

E.g.,Drell-Yan (Hi + Ho —w pt +pu=+ X, et +e "+ X, W+ X, Z+X)
H1+H2—) jet + X
H;i + Ho — heavy quark + X

n
Corrections to factorization are power-suppressed, O (%) .
[Collins, Soper, Sterman (1981-1986)]
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o QCD in the high-energy limit
@ Semihard processes and gluon Reggeization
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Semihard processes

Collision processes with the following scale hierarchy:
s> Q%> N

Q is the hard scale of the process (e.g. photon virtuality, heavy quark mass, jet/hadron
transverse momentum, t, etc.)

@ large Q = as(Q) < 1 = perturbative QCD

@ large s = large energy logs — as(Q) logs ~ 1 = resummation

The Balitsky-Fadin-Kuraev-Lipatov (BFKL) approach provides with the general
framework for this resummation.
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Gluon Reggeization in perturbative QCD

Elastic scattering process A+ B — A’ + B’

@ gluon quantum numbers in the t-channel: octet color representation, negative
signature

@ Regge limit: s ~ —u — oo, t fixed (i.e. not growing with s)

@ all-order resummation:
leading logarithmic approximation (LLA): a.g(In s)"
next-to-leading logarithmic approximation (NLA): a2+ (In s)”

_\A'B —s\/® s\
() =" |(Z5) - (5) | ros
q )y =1+w(), j0O)=1
w(t) — Reggeized gluon trajectory
Taa=9gAT|AT aa

B B T¢ fundamental (quarks) or adjoint (gluons)

A A
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Gluon Reggeization in perturbative QCD

Interlude: Sudakov decomposition
p=ppi+aopt+pL, Pl =-p°

(p1, p2)  light-cone basis of the initial particle momenta plane

o s
PA:P1+?P2, PB:P2+?P17 2p1-p2o=S gn

The gluon Reggeization has been first verified in fixed order calculations, then
rigorously proved

@ inthe LLA [Ya.Ya. Balitsky, V.S. Fadin, L.N. Lipatov (1979)]
2 D—2 2
© _ My 9t N a7k 2N —¢) () =2
Caia=F9 , = =
A'A LYTRY w (t) (271_)071 2 ki(q— k)i_ g (47r)D/2 |—(2€) (q )

D=4+2¢, t:q2zqi

@ inthe NLA [V.S. Fadin, R. Fiore, M.G. Kozlov, A.V. Reznichenko (2006)]

1 —
rfq/)A = 6’\A’ AA r,(;\) + 6’\A”_/\A I—EL\A) ) W(Z)(t)
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o QCD in the high-energy limit

@ BFKL approach
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BFKL in leading accuracy

Inelastic scattering process A+ B — A+ B+n inthe LLA

A

G; —_— + ]
’y(:z'(l?z#l (%, Qi-l-l) + gi
qi+
9n
TR
B B
wt) 1\ 4 «(tns1)
AB+n Cq i Sntt P
ReAyz™" =2sT; (HVC,CM 9> Gi+1) (s ) ) tni1 ( SR ) e

s; invariant mass of the {g;_1, g;} system, proportional to s
Sp energy scale, irrelevant in the LLA
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BFKL in leading accuracy

Elastic amplitude A+ B — A’ + B’ in the LLA via s-channel unitarity

ba | ba
a | tqi
|
R
Xn é T U5 é ,
qi+1 + : | : + Gi+1
|
|
n+1 \ { Qo1
< . <
bB ya:4

ALE Z(AR)A/BI . R =1 (singlet), 8~ (octet), ...

The 8~ color representat|on is important for the bootstrap, i.e. the consistency
between the above amplitude and that with one Reggeized gluon exchange
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BFKL in leading accuracy

Structure of the amplitude:

ba

‘11* +‘11_‘1

q?* +(12—q

pB Py
- dP-2g dP~2q R)(Gr; §
Ims(AR)AE = /* G 1”/4 o 2 a4 @0
s(AR)as (2m)P-2 ) G2(G: — G2 ) G2(Go — G)? zu: wa (a

d+ico dw s \¥ (R)/= = = R,v) . .
— |l =) G G2, G) | P (—Gos —
X/(Sil_oo o [(So) w (G1, Qe Q)} g (—G2i—G)
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BFKL in leading accuracy

o G&R) — Mellin transform of the Green’s functions for Reggeon-Reggeon scattering
WGV (61,6.9) = GG — )26 (G - Go)
dD—qu
K(R)
—5 = = G1,Gr: G Gr, Go; G
/qu(qr_q)z ( r ) ( r )

BFKL equation: t = 0 and singlet color representation
[Ya.Ya. Balitsky, V.S. Fadin, E.A. Kuraev, L.N. Lipatov (1975)]

ot lo —q

qd; b —q
:q1+§ §*qlq+qr+ lgr —q
@f §+qzq

01 kg —q
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BFKL in leading accuracy

KR (G1,Ge:d) = [w (~G2) +w (~(G — @)?)] 62 (G — &) + K1) (G, Ge: )

Inthe LLA: w(t) = w“)(t), K= ,quEgG

o dag,i’\”) — impact factors in the t-channel color state (R, v)

dk / «
q)A’A = Z/ gdpfl'ff}A(Ff,}A/)
{f} % [ %
|

constant in the LLA
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BFKL in leading accuracy

Pomeron channel: t = 0 and singlet color representation in the t-channel

0),= = o
Redefinition: Gy, (G, d) = 2920 k(Gy, Go) = %
26/ 4247

wGo (‘717‘32) =502 (‘71 - C72) + / dDi2Qr’C (5175r) G (an 52)

K (G1,G2) = 2w(—G£)0°~?) (G1 — G2) + Kr (G, Go)

Infrared divergences cancel in the singlet kernel

K (G, Go) is scale-invariant — its eigenfunctions are powers of G2
LN movey— Na o\
[P 2qek (@) (@21 = Tt (@y

r(v)
r(v)

The set of functions (§2)Y~", with v = 1/2 + iv, v € (—oc0, +00) is complete.

x(v) =2¢(1) —y(v) —v(1 =), ¥(v) =
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BFKL in leading accuracy

Total cross section for the process A+ B — all
Zms (A4g)
s

B 1 /dD 2qA¢ ( )/ dD72C—7‘B¢ (7_’ )57mmd (i)wG (ﬁ . )
= 7(271_)5,_2 7% Alda 7‘752 B(—0aB 271 s w(qa; 9B
§—ioco

Using the complete set of kernel eigenfunctions, the BFKL equation and D = 4

opB(S)

S+ico d
14
oap(S 5/ 2m/ oo 2m2(w — Masy(1/2 4 iv))
oo
d?G a?G
[ G2 GE () @) ea(-da) (@)

Infrared finiteness guaranteed for colorless colliding particles
[V.S. Fadin, A.D. Martin (1999)]
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BFKL in leading accuracy

Contour integration over w

oo o d2d d2d asx(v) . o i . o
oa8(s) = / o G [ (—0) OA(GA)(GR) 2 0p(~dia) (G Y2

NOés

G =100 ()= X(1/2+ W)

x(v)

Saddle point approximation:

x(v) = 4In2 — 14¢(3)12 + O(*) ?

54&5 In2 1
S) ~
aaB(S) s

wp = 4agIn2 ~ 0.40 for ag = 0.15 -1 —0.5 0.5 TV

-1

@ unitarity is violated; BFKL cannot be applied at asymptotically high energies

@ the scale of s and the argument of the running coupling constant are not fixed in
the LLA — NLA
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BFKL and deep inelastic scattering

@FP=01-?=-@

s=(I+ P)?
W2 = (P +q)?
P
2 201 _
e & o @ e @O-x)
2P.-q Q2+ W2 XB
P
2P @
XBS
d?o 2ma?,

g d@ ~ xaQ {[1 + (1 = y)?]Fa(xg, @®) — y2Fy (%8, QZ)}
Q2

4720

Fo(xg, @) = [o7(x8, @) + o1 (x5, Q7)]

2
Flxe. @) = —2 o, (xs. @?)

472 0em
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Low-xg (or large W?) regime: W2 > Q> > M2 — xg<1

Fo(xg, @®) ~ oiot(v*P)
ImA(Y* P — v*P)li=o
wWa

_4asin2
Xg

oTL=PT LRGPy
N——

UGD

Straightforward emergence of the “unintegrated gluon distribution (UGD):
@ valid both in the LLA and in the NLA

@ not unambiguous: normalization, sp-scale setting, etc., follow from the definition
of the (photon) impact factor

@ non-perturbative ...
- the proton impact factor @, is intrinsically non-perturbative
- unavoidable diffusion in the infrared of the transverse momentum integration

@ ... but (In x)-resummation automatically encoded.
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Let’s get a closer look (only in the LLA)...

o2k [ o2k’
ori(x, Q) = 277)2/ / o O7.L(CR) Glx. K R) 0p(—F)

d k . EZ dZEI oL R
= 2”/@ T,L(szk) (2#)3/ 72 G(ka,k/)q)P(_k/)

known at LO

F(x,K)

In the limit Q> — oo (double leading-log approximation):
OFo(x, @) _ <" 2045 2 2y _ [ d°k 2 2 A
E G = [ = - k& F
o € (x,Q%), G(x,Q) / =—0(Q° — k) F(x,K)

R 5
Using a specific model for the proton impact factor, ®p(k) ~ (,;ziiz) ,
17

X /+°° dv E Y gdsx(v)In1/x r((s— 1/2—il/)r(1/2+i1/)
R * o u? r(s)

, ) Q2 1/2 i |n2(02/H2)
Fa(x, @) N (6) as 3 & <H2> e e “Bean@)ni/x

by the saddle point method at v = 0 (recall, wp = 4as1n 2)
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Mellin transforms

1
fN(k):/ dx xN=1 F(x,k), N stands for w
0
B ~ [FR2 g2\ ! .
Aoy =[d( ) ()
1 i 7

02
Fa(x, Q%) = m[UT()C Q%) + o (x, Q?)]

Apply to

o7.0(x, Q7) —2ﬂ/ﬂ¢ (@2, K) F(x,K)
T,L\X, (EZ)Z T,L ’ ;

— R n(Q?) = /1/2%(’ oy fen() 1 ®p(rp) N @\’
’ 1/2—ico 2w 72 (2m)3 N N—asx(y) \ w2
[ —

F)
with v = 1/2 + iv and x(~) stands for the previous x(v)
Contour integral in the ~-plane (left half plane):
(a) simple (!) pole at v = 0 (contributes with Q3-independent term)
(b) pole at 4 such that N = asx (%)
(c) other poles (from hy x) contribute with terms suppressed in Q?
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Up to a Q?-independent additive term,

2 ’T/
= ho n(3) RN EY(3) <ff2> . Ry —

—asyx'(Y)/N

i) Expanding x(¥) around 5 = 1/2 (i.e. v = 0) and solving N = asx (%), one gets

OF> n(Q?)
Oln Q2

~

1 [ N-owp Ry ~ —
2 \14as¢3)" T /1465C(3)(N —wp)

21

and the Mellin anti-transform gives back

_ @\"% i In2(Q?/1:2)
Fg(X7 QQ)QN(é)as;eg <u2> e In1 exp (56554(3”“1/)()

i) Scaling violations even at asymptotically large G?:

1 o0
N=asx(7), x()=-+2> ¢@r+1)+?, <1

r=1

— 1= () e () o )

BFKL anomalous dimension
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Contact with the DGLAP formalism
i
G(x, @) = xg(x, @), T(x,@) = [xqi(x, Q%) + xqi(x, @°)]

i=1
e (e )= 07 ) (8@

Fan(Q?) = Ze Cin(Q? /1, ors (1)) Qi (1) + Con(QP /12, ovs(1)) Gin(112)

(i) Leading order, (i) ue = Q, (iii) neglect quark densities at low x, (iv) neglect
derivatives wrt In Q2 of coefficient functions (subleading):
OF2 n(Q?)

Jln Q2 (<eq>2nf7qg + C (1, O‘S)’Ygg) GN(OZ)

2 ”Ygg
Gn(@?) = G(122) (;)

OF> n(QP . @\’
Pt o () ANEA) <M2>

Compare with

Oés
N
Note also that v [0 = §5 and hp n(7) = as(ed) -

— 'Ygg Y=

BFKL predicts the most singular part of 7 to all orders in as.

80/114



BFKL in next-to-leading accuracy

Production amplitudes keep the simple factorized form

w(t) 1

ReAZ\B+n — osTS ﬁ,yf’f (i, Giv1) (i) 1 1 (Sn+1 )u(tn+1) [Cn+1
AB AA e CiCipa \HD Hit SR ti ] th1 \ sg BB

but, with respect to the LLA case, one replacement is allowed among the following:

multi-Regge kinematics

o wh) — ®

o r(;/(Eom) — r;/(;-IOOp) Born % — % 1-loop
Born 1-loop
G;(Born) Gi(1-loop)
’Ycilci+1 - ’YCIICIH -
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BFKL in next-to-leading accuracy

quasi-multi-Regge kinematics

B B -,
(] F‘;,,(Pom) — F‘Ef(};,)m) Born % — % 5
orn

Born

G;(Born) QQ(Born Born
Yeiciy ”Yc,-c,i1 ) ?@TD‘ —
Born Bor
G;(Born) GG(Born)
o 'Yc,-z:,-ﬂ — Yeiciyq —

This is the program of calculation of radiative corrections to the LLA BFKL
[V.S. Fadin, L.N. Lipatov (1989)]
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BFKL in next-to-leading accuracy

@ L@t [V.S. Fadin (1995)] [V.S. Fadin, R. Fiore, M.I. Kotsky (1995
[V.S. Fadin, R. Fiore, A. Quartarolo (1996

[V.S. Fadin, R. Fiore, M.l. Kotsky (1996

[V.S. Fadin, M.1. Kotsky (1996

(4] ’YG" (1-loop) [V.S. Fadin, L.N. Lipatov (1993

(1995)]

( )]

(1996)]

( )

CiCit1 ( )]
[V.S. Fadin, R. Fiore, A. Quartarolo (1994)]

[V.S. Fadin, R. Fiore, M.I. Kotsky (1996)]

[V.S. Fadin, R. Fiore, A. P. (2001)]

o rolloop) [V.S. Fadin, R. Fiore (1992)] [V.S. Fadin, L.N. Lipatov (1993)]
[V.S. Fadin, R. Fiore, A. Quartarolo (1994)]

[V.S. Fadin, R. Fiore, M.I. Kotsky (1995)]

° 732(150'”) [V.S. Fadin, R. Fiore, A. Flachi, M.1. Kotsky (1997)]
[S. Catani, M. Ciafaloni, F. Hautmann (1990)]

[G. Camici, M. Ciafaloni (1996)]
(1996)

( )

@ G¢(Bom) [V.S. Fadin, L.N. Lipatov (1996

CiCit1 ]
[V.S. Fadin, M.I. Kotsky, L.N. Lipatov (1997)]

83/114



BFKL in next-to-leading accuracy

Structure of the amplitude:

A = S [ [ S el G
= = = / 0
SVIRIAB T (2mP-2 | G2(G - §)2 (02—Q)2 wa (9

+ico gl S\Y (R)2 = =] a(Rv), = =
o o Ge, > U2, (I —qo; —q;
X/a_,'oo o [(SO) (G1, G q)} B (—02 —0; o)
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BFKL in next-to-leading accuracy

) GEJR) — Mellin transform of the Green’s functions for Reggeon-Reggeon scattering

WGl (G1,6,G) = GP(G —§)%° ) (G — o)
dD72qr R
ﬁ’C(R) 6176 :57' G‘(u ) 6 762;5
/qrz(qrfq)2 (613 4) Go™ (. Gei 9)
KR (61, 60:6) = [w (~2) +w (~(@ - §)2)] 6@ (@ — &) + £V (G, 6: G)
Inthe NLA: w(t) = w(1) +w® (), Kr = Kigh + K + KON+ Kice
‘ . t=0: [V.S. Fadin, L.N. Lipatov (1993)]
U] [V.S. Fadin, R. Fiore, A. Quartarolo (1994)]
RRG [V.S. Fadin, R. Fiore, M.1. Kotsky (1996)]
! t#£0: [V.S. Fadin, R. Fiore, A. P. (2001)]
‘ \
(8  t=0:[V.S. Fadin, R. Fiore, A. Flachi, M.I. Kotsky (1997)]
RRQQ t# 0: [V.S. Fadin, R. Fiore, A. P. (1999)]
|
|
t=20: [V.S. Fadin, L.N. Lipatov, M.l. Kotsky (1997)]
(B t#0: [V.S. Fadin, D.A. Gorbachev (2000)]
RRGG [V.S. Fadin, R. Fiore (2005)]
|
— counterterm
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BFKL in next-to-leading accuracy

@ oo _ impact factors in the t-channel color state (R, v)

A’A
dk / .
¢A’A = Z/defF?,}A(l'?f}A,)
{r}

w(=3f)
(&) (@)
g7 @ — d)

non-trivial momentum and scale-dependence

w(— (3 —8?)
2

— counterterm

86/114



BFKL in next-to-leading accuracy

Pomeron channel: t = 0 and singlet color representation in the {-channel
. ©) (5
(ﬂ%ﬁﬂ i

,G2,0 1
LG ),7=é+’”)
L

=2
N“ij”x(“(v)) G2y~

™

Qs G2
/dD_ZCIz’C (G1,3) (G2) " = Nos(@) (X(’Y)+

0) =22 () - 3

8 No 3 x®) ffX’(v)) +RW),  fo= ”3’\’° ?
_ 1|72 —4 .
) = - [ 3 X() ~ 603~ X') ~ os
72 sinh(mv) ny M
m <3+ (1 + ﬁg) 16(1 +V2)> +4¢(V)]

’

‘ _ cos(v In(x)) | w2 .
o(v) = 20/de [6 - L|2(x)}
@ broken scale invariance

. O]
@ large corrections: ()

x(7)

~ 6.46 +0.057; + 0.96 %
y=1/2
[V.S. Fadin, L.N. Lipatov (1998)] [G. Camici, M. Ciafaloni (1998)]
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BFKL in next-to-leading accuracy

() + (G2 () vs v

52
as(G) = 2N _ 015

(omitted terms with the first derivative) 0.2 0.4 0.6 0.8 1

Double maxima — oscillations in momentum space after v-integration

Ways out:
@ rapidity veto [C.R. Schmidt (1999)]
[J.R. Forshaw, D.A. Ross, A. Sabio Vera (1999)]
@ collinear improvement [G. Salam (1998)] [M. Ciafaloni, D. Colferai (1999)]

@ renormalization with a physical scheme
[S.J. Brodsky, V.S. Fadin, V.T. Kim, L.N. Lipatov, G.B. Pivovarov (1999)]
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o QCD in the high-energy limit

@ LHC phenomenology - an example
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Mueller-Navelet jets

proton(p;) + proton(py) — jet; (k1) + jety(ko) + X

@ large jet transverse momenta (hard scales): k2 ~ k2 > A2,

@ large rapidity gap between jets, Ay = Y =y, — y,,,
which requires large c.m. energy of the proton collisions, s = 2p; - p» > l?122

[A.H. Mueller, H. Navelet (1987)]
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@ Step 0: take the impact factors for colliding partons
[V.S. Fadin, R. Fiore, M.I. Kotsky, A.P. (2000)]
[M. Ciafaloni and G. Rodrigo (2000)]

quark impact factor gluon impact factor

@ Step 1: “open” one of the integrations over the phase space of the intermediate
state to “allow” one parton to generate the jet

(anpr. ) (anpr, Fn)

quark jet vertex gluon jet vertex

@ Step 2: take the convolution with leading-twist PDFs

Z fa ® (quark jet vertex) +  fg ® (gluon jet vertex)
a=q,q

[J. Bartels, D. Colferai, G.P. Vacca (2003)]
[F. Caporale, D.Yu. Ivanov, B. Murdaca, A.P., A. Perri (2011)]
[D.Yu. Ivanov, A.P. (2012)] (small-cone approximation)
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--- LLA
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+—+ BLM
=—a CMS data

0.9

0.8
0.7
0.6
0.5
0.4
03

02

0.1

<

Cn/Co = (cos[n(dy, — by, — m)])
vsY =y — Y

small-cone approximation
BLM scale setting

0 CMS (7 TeV)

[F. Caporale, D.Yu. Ivanov, B. Murdaca,
A.P. (2014)]
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/e, —————— Y

L= —— LLA N L —— LLA N

L »—w BLM, B L +—w BLM, B

L +—+ BLM, ] L +—+ BLM, ]

09~ s—a CMS data] 09~ s—a CMS data]
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041 B 041 B

03 B 03 -

02 B 02 B

01 B 01 B

| | | | | | | | | | | | | |

0 4 5 6 7 8 9 Y 03 4 5 6 7 8 9 Y

Co/Com = eost0) oy [A. Sabio Vera (2006)
nj/~m {cos(m)y Jq J2 )

]
[A. Sabio Vera, F. Schwennsen (2007)]

small-cone approximation
BLM scale setting

0 CMS (7 TeV)

Similar results obtained with the exact jet vertices
[B. Ducloué, L. Szymanowski, S. Wallon (2013,2014)]
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e Using the theory (non-perturbatively)
@ General setup
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Path integral formalism

Z= / DDy DA, e'Sec0 = / DyDyDA, exp [i / at / dS)?LQCD]

1 _ _ .
(0) = E/szszDAu O[, ¥, A, eSeco

@ Euclidean space-time:

h(n
) t— —ir, iSqco = —Soeh

@ space-time lattice (spacing a)
1 fields on sites, gauge fields on links

Un(n) = Pexp (ig /X e dx“AH(x))

_ (E)
@ Z— [ DyDy DU e So»
suitable for Monte-Carlo methods

Space-time lattice acts as a regulator, cutting off momenta above ~ 1/a.

Also non-perturbative physics gets accessible, just “measure” the appropriate O.
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Lattice action

Socp = Sg[U] + SF[U, %, ¥]
Up . 1
UP,,uz/ =1 “FlgazF,uu - 79284F;WF“V +O(36)
2N,
SglU] = 7 XP: [1 - ﬁcRe Tr Up}
a [Wilson (1974)]
g=ga = o
S = 5 ZZ[ (M Un (M (n 4+ 1) = B (0 + )y U;(n)wf(n)]
mp f=1

+ aY) Z me' () (n)

n f=1

— Doublers (nf =1 = 2* fermions)

Ways out: staggered, Wilson, overlap, domain-wall or twisted-mass fermions
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Lattice setup

How to get to the continuum limit?

@ Tune bare parameters (g(a), m¢(a)) in the direction where a decreases, keeping

the physics “constant”, e.g.
( mp ) ( mp )
lat exp

@ Scale fixing: take a reference observable, e.g. mp, “measure” it on the lattice for a
choice of bare parameters and compare with the experimental value:

(mp)iac

(Mp)exp

@ Increase accordingly the number of lattice sites, to keep the physical volume fixed
at a size large enough to accommodate the relevant physics.

(Mp)iae = @(Mp)exp —> a@=a(g, my) =

Current best settings:
@ V,=(aN)*, N<O(100), aN=(afew)fm, a=0.04fm

@ degenerate up and down quarks, with physical masses, plus physical strange
plus (possibly) charm (2+1+1)
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e Using the theory (non-perturbatively)

@ Some selected results
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Baikov 2008
Davier 2014 4
Boito 2015 T decays
Pich 2016 low 02
Boito 2018
PDG 2018
|
T
Mateu 2018 %Ot |
Peset 2018 °U" stateq
BBGO6 —o—s
JR14 —
MMHT14 Ds|‘5
ABMP16 —e—i PDF Aits
NNPDF31
cT14
ALEPH (j&s)
OPAL (j&s)
JADE (j&s)
Dissertori (3j) et e -
JADE (3j) je
Verbytskyi (2j)
Kardos (EEC) shapes
Abbate (T)
Gehrmann (T) ._._.
Hoang (C)
Klij tt)
nsma (@) hadron
s 0 collider
H1 (jets)
PDG 2018 diectrowedk
Gfitter 2018 ectraweq
FLAG2019 lattice
1 1
0.110 0.115 0.120 0.125 0.13
2
August 2019 as(M3)

ALPHA 17

PACS-CS 09A t
Bazanov 14

HPQCD 10

Maltman 08

JLQCD 17

HPQCD 14A

HPQCD 10

- [ R T
August 2019 0.115 0.120
as(M3)

Through QQ potential, current-current
correlators, QCD vertices, Schrédinger
functional,

as(M2) = 0.1182(8) [FLAG2019)]

as(M2) =0.1176(11) world w/o latt.
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Hadron spectrum

2000
E <0
1500~ E£;;;E*
> . o =L
= ] e
500 4 K — experiment
] == width
i o input
et & prediction
0

(2+1)-QCD with almost physical quark masses

[Durr et al., Science 322 (2008), 1224 [arXiv:0906.3599 [hep-lat]]]

100/114



Static quark potential - pure gauge case

2r T T T
-
-
1 - -
Wi, . .
- -
= .
5 &
T = 0 » —
1 ¢
—_ »
] r .
z, ’ . continuum limit
L . =6.92 ]
R : -p=6.4
[ * ]
ol v
0 0.5 1 1.5
r/r,

(W) T&W e—TV(R)

V(R) - potential between a static
quark-antiquark pair

[S. Necco, hep-lat/0306005]

V(R)=A+ B +oR reF(ry) =1.65

o ~ 900 MeV /fm o ~ 0.5 fm
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Flux-tube anatomy - pure gauge case

EM [Gev?)

. 0.30
e Ifm] 05 o7s  xlfml

EWNP) — E, — E{Coulomb) 1\ Baker et al., Eur. Phys. J. C 80 (2020) 514 [arXiv:1912.04739]]
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String breaking in QCD

R >
1h I/'/
Q | Q 08 1 o 1
= /
O——ee—9 > ooy

74 "f’

l 0.4 ground state —e—

/ excited state —e—

Maa
@ “® sl e —

2 4 8 8 10 12 14 16 18
r/a

QCD with Ny = 2 Wilson fermions
Toreak =~ 1.25 fm

[G.S. Bali et a., Nucl. Phys. B Proc. Suppl. 140 (2005), 609 [arXiv:hep-lat/0409137]]
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Partonic distributions

Formal definition:
PO 4 P8
V2

a0 = [ L'z pii) Y Az 0 vOIP) P =
Wllson line

z a light-cone vector, hard to implement on a lattice with finite spacing

@ Traditional approach: evaluate moments of partonic distributions
signal-to-noise drops fast, only n = 3 reachable, theoretical issues

@ Recent development: express PDFs as Fourier transforms of equal-time
correlators

Quasi-PDFs: the Fourier variable is z [X. Ji (2013)]

Pseudo-PDFs: the Fourier variable is P - z (“loffe time”), dual to xg
[A. Radyushkin (2017)]
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Partonic distributions

5
s —_— This work
e m—1mL va A — €J15 NLO
chs \ —— MSTW 2008 NNLO
a ABMP16 ] NNPDF31 NNLO
——— NNFDF3.1 a1k
B \
2 = W
\\\ 2 h Yy
N R
N ~N
V) SR — I~ 1
. . ] 0 -
1 -0.5 0.5 1 0 02 1
& T
Quasi-PDFs

N; = 2 twisted Wilson fermions Pseudo-PDFs

physical quark masses QCD with 2+1 Wilson fermions
[C. Alexandrou et al., Phys. Rev. D 99 (2019)  extrapolated to physical quark mass

114504 [arXiv:1902.00587]] [B. Joo et al,, Phys. Rev. Lett. 125 (2020)
232003 [arXiv:2004.01687]]
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QCD at non-zero temperature

(Anti-)periodic  boundary
conditions:

UL(5,0) = U, (7, Ny)
¢(ﬁ7 O) = —w(ﬁ7 NT)

1
N=—
al

-

N;a

-
Z(E) = /D1/_)D1/1 DU exp |:/ dT/dSY E(E):| . B= !
0 aN-

@ mg — oo: breaking of the center symmetry, Z(N¢); Ty =~ 260 MeV
P(A) = TeTTn_, Us(fi,na) . e~ PFa = (P(7)) = (L)
T < Tyg: (L) =0 confinement; T > Ty: (L) # 0 deconfinement
@ mq — 0: breaking of the chiral symmetry;

T < Ton: (d9) #0 brokensymm.; T > Tg,: (¢1h) =0 restored symm.
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QCD at non-zero temperature: Columbia plot

o N2
o™ order 2" order
0(4)? Z@)
physicgl point
] mtsﬁ ?

- IGAUGE
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QCD equation of state

rrr T T T T T T T T T T T T T T T T T T T

3p/T*
EJI'T" - T
3s/4T3 .

T [MeV]

130 170 210 250 290 330 370

0

(2+1)-QCD with physical-mass staggered fermions
[HotQCD Collaboration, Phys. Rev. D 90 (2014) 094503, [arXiv:1407.6387]]
High-temperature QCD matter (quark-gluon plasma) as a low-viscosity fluid.
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QCD at non-zero baryon density

Take, for simplicity, ny = 1:

Y
-

ZENT, ) = Trexp [—H

; N:/ds)?Jo, JH = Prytap
N quark number operator; its eigenvalues give the excess of quarks over anti-quarks.
Loen (1) = Lacp + pl°
ZEN(T, p) = / DU DGDy e~ SFIU-:.11-SalU]

S = S UOMan(u)im) [ DGDw e~V — det M(y)

ZEN(T, 1) :/DU eSalll | S.i[U] = Sg[U] — In det M[U, 1]
N———
complex for p#£0

Sign problem! Monte-Carlo methods unfeasible.

Ways out: reweighting, Taylor expansion around p = 0, imaginary chemical potential,
field complexification, dual transformations, ...
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Temperature

Bl The Phases of QCD

; Future LHC Experiments

Quark-Gluon Plasma

NIC%F uture FAIR Experiments
75t o

=

’QSrDﬁ
5, Phag
e

1 T —— —
X
Color
Superconductor

Critical Point

Hadron Gas

Nuclear
Matter Neutron Stars
o

900 MeV
Baryon Chemical Potential

[BNL: www.bnl.gov (2010)]

110/114



1. lons about to collide® 2. lon collision 3. Quarks, gluons freed 4. Plasma created

[BNL: www.bnl.gov]
5. Re-hadronization 6. Chemical freeze-out

Thermo-statistical models can describe particle abundances in terms of T and

0.2

0.15

= Lattice data (critical line):

3 (2+1)-QCD with almost physical
=" ] staggered fermions,

= Hu = pd = s

Exp. data (freeze-out, BNL):
) ) ) ) AGS (black), STAR (green)
G e
[P. Cea, L. Cosmai, A.P,
Phys. Rev. D 93 (2016) 014507 [arXiv:1508.07599]]
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Conclusions

QCD is a fascinating, multi-faceted theory, answering many questions
in hadron physics, but posing also hard challenges.

It is the ideal place for creative minds.
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