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What is QCD?
Quantum Chromodynamics (QCD) is the theory of strong interactions of hadrons

It is a relativistic quantum field theory based on a non-Abelian gauge group

At a given distance, the strong interaction is stronger than the electromagnetic,
weak and gravitational ones, which can be taken as perturbations;
it gives account of most of the observed matter in the Universe

It exhibits two kinds of fields: quarks and gluons;
however, no isolated states of quarks and gluons have ever been seen;
they are confined into hadrons

At short distances (. 1 GeV−1) the interaction is weak enough to make
perturbation theory amenable (“asymptotic freedom”)

There are many QCD phenomena (mechanism of confinement, nucleon
structure, hadron masses, phase diagram at non-zero temperature and baryonic
density, etc.) beyond the reach of perturbative QCD, some of them still waiting for
an explanation
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Why study QCD?

Very practical (and compelling) reason:

LHC collides protons, EIC will collide electrons and ions;
a detailed knowledge of proton/ion structure and of pure QCD background
processes is mandatory before claiming discovery of new Physics

Conceptual reasons: yet many unsolved problems, mostly in the non-perturbative
regime

- theoretical understanding of the “mass gap”
(CMI Millennium problem, 1 M$ award:
https://www.claymath.org/millennium-problems/)

- nature of confinement/deconfinement transition at finite temperature

- QCD phase diagram on the temperature / baryon density plane

- proton spin

- connection to the bulk of nuclear physics

- ...
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Where was it from?

The QCD Lagrangian was proposed in 1972-1973 [Fritsch, Gell-Mann (1972); Fritsch,
Gell-Mann, Leutwyler (1973)], not the culmination of a linear development process, but
an ingenuous finding at the meeting point of several independent paths:

Quark model of hadron states

Current algebra

Deep inelastic lepton scattering

Theoretical development of non-Abelian gauge theories
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Quark model [Gell-Mann (1964), Zweig (1964)]

Approximate SU(3) flavor symmetry (“Three quarks for Muster Mark”, u, d, s):

- mesons (qq̄): 3⊗ 3̄ = 1⊕ 8; baryons (qqq): 3⊗ 3⊗ 3 = 1⊕ 8⊕ 8⊕ 10

- mass splittings explained by an SU(3) octet perturbation

Fermi statistics: ∆++(S = 3/2) = |u ↑, u ↑, u ↑〉 −→ εijk |ui ↑, uj ↑, uk ↑〉
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Current algebra

Phenomenology: Hweak−strong =
∫

d3x
∑

A jµA (x)XA,µ(x) , X = Z ,W±, γ

jµA (x)=”(conserved) hadronic current”

E.g., amplitude for n→ p + e− + ν̄e: ∝ 〈p|jµ−(0)|n〉 −igµρ
q2−m2

W
ūeγρ(1− γ5)vν ,

jµ− = “current which couples to W +”, q = pn − pp

Hadronic currents: (approximately) conserved currents related to chiral symmetries of
strong interactions

Symmetry group: SU(3)L⊗ SU(3)R spontaneously broken to SU(3)V
(or SU(2)L⊗ SU(2)R spontaneously broken to SU(2)V with pions as Goldstone bosons)

In this context, π0 decay to γγ should be suppressed, if not for the anomaly of the
U(1)A symmetry [Adler (1969); Bell, Jackiw (1969)]:

Γ(π0 → γγ) = N2
c (e2

u − e2
d )2 α

2
emm3

π

64π3fπ

π0

γ

γ

u, d
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Deep inelastic scattering (or the reality of quarks)

e−(l) + p(P)→ e−(l ′) + X

inclusive process

point-like electromagnetic probe of the proton

pioneered at SLAC 1967-1973 (' 21 GeV electrons to fixed target)

extensively studied at HERA 1992-2007 (27.5 GeV electrons, 920 GeV protons,√
s = 318 GeV)
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An H1 event display

https://www-h1.desy.de/pictures/H1-event.tutorial.pdf
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e−

e−

p

l

l′

q = l− l′

P

X

q2 = (l − l ′)2 ≡ −Q2

s = (l + P)2

m2
X ≡ W 2 = (P + q)2

= M2 + 2P · q − Q2

xB ≡ Q2

2P·q ,
Q2

s+Q2 ≤ xB ≤ 1 , xB = 1 elastic limit

y ≡ q·P
l·P '

Q2

xBs , proton rest frame: y = E−E′
E

m2
e

s , M2

s , M2

Q2 neglected

Deep inelastic regime: mX and Q large, xB fixed

Hem =
∫

d3x e jµ(x)Aµ(x) , jµ = j lept
µ + jh

µ

Lorentz-invariant differential cross section:

E ′ dσ
d3~l′
' πe4

2s
∑

X δ
(4)(pX − P − q)

∣∣∣〈l ′| j lept
µ |l〉 1

q2 〈X | jh,µ |P〉
∣∣∣2 =

2α2
em

sQ4 LµνWµν



11/114

j lept
µ = ψ̄eγµψe + . . . ... , Lµν = 1

2 Tr
[
γν 6 lγµ 6 l ′

]
= 2
(
lµl ′ν + l ′µlν − gµν l · l ′

)

Wµν ≡ 4π3
∑

X

δ(4)(pX − P − q)〈P| jh
µ(0) |X〉〈X | jh

ν(0) |P〉

=
1

4π

∫
d4z eiq·z〈P| jh

µ(z) jh
ν(0) |P〉

Current conservation, parity, hermiticity, spin average:

Wµν =
(
−gµν + qµqν

q2

)
F1(xB ,Q2) +

(
Pµ−qµ P·q

q2

)(
Pν−qν P·q

q2

)
P·q F2(xB ,Q2)

dσ
dxBdy

'
4πα2

em

xByQ2

[
(1− y)F2(xB ,Q2) + y2xBF1(xB ,Q2)

]
=

2πα2
em

xByQ2

[
(1 + (1− y)2)F2(xB ,Q2)− y2FL(xB ,Q2)

]
, FL ≡ F2 − 2xBF1

SLAC: Fi depend only on xB (Bjorken scaling), FL ' 0
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Parton model [Bjorken, Paschos (1969); Feynman (1972)]

The hard probe hits the proton on a time scale ∼ 1/Q, whereas the typical
interaction time within the proton is ∼ 1/M � 1/Q in the deep inelastic regime.

The photon interacts with the proton via incoherent scattering off point-like and
massless partons, carrying a fraction x of the proton momentum and each
distributed in the proton according to f (x).

P

q

xP

xP + q
(xP + q)2 ' 2x P · q

dσ =
∑

i
∫

dx fi (x)dσparton
i

Wµν =
∑

i
∫ dx

x fi (x) W parton,µν
i

Assuming massless partons with spin 1/2 and charge ei e:

W parton,µν
i = e2

i
1

4π
1
2

Tr
[
6kγν(6k+ 6q)γν

]
2πδ((q + k)2)

= e2
i (2kµkν + qµkν + kµqν − gµνq · k)

x
Q2

δ(x − xB) , k
!
≡ xP

−→ F2 =
∑

i e2
i xB fi (xB) , FL = F2 − 2xBF1 = 0
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Breit frame

QED conserves parton helicity

−→ ∆S = 1

transverse photon (FL = 0)
(0, 0, 0,−Q)

(Q/2, 0, 0, Q/2)

(Q/2, 0, 0,−Q/2)

Constraints on partonic distributions:

Valence:
∫

dx (fu(x)− fū(x)) = 2 ,
∫

dx (fd (x)− fd̄ (x)) = 1

Strangeness:
∫

dx (fs(x)− fs̄(x)) = 0

Charge:
2
3

∫
dx (fu(x)− fū(x))− 1

3

∫
dx (fd (x)− fd̄ (x))− 1

3

∫
dx (fs(x)− fs̄(x)) = 1

Momentum:
∑

i
∫

dx xfi (x) = 1

if only quarks are summed, experimentally violated! Gluons needed!
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Bjorken scaling, modern view (PDG 2020)

Scaling violations!

Milder at large x ,
stronger at small x

The parton model must be
improved!

19 18. Structure Functions
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Figure 18.8: The proton structure function F p2 measured in electromagnetic scattering of electrons and
positrons on protons, and for electrons/positrons (SLAC,HERMES,JLAB) and muons (BCDMS, E665,
NMC) on a fixed target. Statistical and systematic errors added in quadrature are shown. The H1+ZEUS
combined values are obtained from the measured reduced cross section and converted to F p2 with a HERA-
PDF NLO fit, for all measured points where the predicted ratio of F p2 to reduced cross-section was within
10% of unity. The data are plotted as a function of Q2 in bins of fixed x. Some points have been slightly offset
in Q2 for clarity. The H1+ZEUS combined binning in x is used in this plot; all other data are rebinned to the
x values of these data. For the purpose of plotting, F p2 has been multiplied by 2ix , where ix is the number
of the x bin, ranging from ix = 1 (x = 0.85) to ix = 26 (x = 0.0000085). Only data with W 2 > 3.5 GeV2 is
included. Plot from CJ collaboration (Shujie Li – private communication). References: H1 and ZEUS—
H. Abramowicz et al., Eur. Phys. J. C75, 580 (2015) (for both data and HERAPDF parameterization);
BCDMS—A.C. Benvenuti et al., Phys. Lett. B223, 485 (1989) (as given in [187]); E665—M.R. Adams
et al., Phys. Rev. D54, 3006 (1996); NMC—M. Arneodo et al., Nucl. Phys. B483, 3 (1997); SLAC—
L.W. Whitlow et al., Phys. Lett. B282, 475 (1992); HERMES—A. Airapetian et al., JHEP 1105, 126
(2011);JLAB—Y. Liang et al., Jefferson Lab Hall C E94-110 collaboration, nucl-ex/0410027, M.E. Christy
et al., Jefferson Lab Hall C E94-110 Collaboration, Phys. Rev. C70, 015206 (2004), S. Malace et al., Jeffer-
son Lab Hall C E00-116 Collaboration, Phys. Rev. C80, 035207 (2009), V. Tvaskis et al., Jefferson Lab Hall
C E99-118 Collaboration, Phys. Rev. C81, 055207 (2010), M. Osipenko et al., Jefferson Lab Hall B CLAS6
Collaboration, Phys. Rev. D67, 092001 (2003).

1st June, 2020 8:28am
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R-ratio

5 52. Plots of Cross Sections and Related Quantities

52.3 σ and R in e+e− Collisions
σ and R in e+e− Collisions
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Figure 52.2: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− →
hadrons, s)/σ(e+e− → µ+µ−, s). σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state
radiation and electron-positron vertex loops, σ(e+e− → µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV
and statistical above 2 GeV. The curves are an educative guide: the broken one (green) is a naive quark-parton model
prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of this
Review, Eq. (9.7) or, for more details [99], Breit-Wigner parameterizations of J/ψ, ψ(2S), and Υ (nS), n = 1, 2, 3, 4
are also shown. The full list of references to the original data and the details of the R ratio extraction from them can
be found in [100]. Corresponding computer-readable data files are available at http://pdg.lbl.gov/current/xsect/.
(Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, August 2019. Corrections by P. Janot
(CERN) and M. Schmitt (Northwestern U.))

21st May, 2020 7:49pm

R =
σ(e+e− → hadrons)

σ(e+e− → µ+µ−)

= Nc
∑

q
e2

q

e−

e+ q̄

q

hadrons
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Theoretical development of non-Abelian gauge theories

Non-Abelian gauge theories [Yang, Mills (1954)]

Quantization of Yang-Mills theories [Faddeev, Popov (1967)]

Renormalization of Yang-Mills theories [’t Hooft (1971)]

“Asymptotic freedom” of Yang-Mills theories ... [’t Hooft (1972); Gross, Wilczek
(1973); Politzer (1973)]

... and only of Yang-Mills theories [Coleman, Gross (1973)]

Which gauge symmetry?

SU(Nc = 3) ... [Fritsch, Gell-Mann (1972); Fritsch, Gell-Mann, Leutwyler (1973)]

... + hypothesis that hadrons are color singlet states.
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The paradigm of gauge theories: QED

Start from the free Dirac Lagrangian

L = ψ̄(i 6∂ −m)ψ

invariant under global U(1) (electric charge conservation)

ψ → eiθψ , ψ̄ → e−iθψ̄ , θ constant

Promote the U(1) invariance to local,

ψ → eiθ(x)ψ , ψ̄ → e−iθ(x)ψ̄ ,

L = ψ̄(i 6D −m)ψ , Dµ ≡ ∂µ + ieAµ ,

Aµ → Aµ −
1
e
∂µθ (Aµ photon field)

Add a kinetic term for the photon field

[Dµ,Dν ] = ie(∂µAν − ∂νAµ) ≡ ie Fµν , Fµν gauge invariant (photon neutral)

LQED = ψ̄(i 6D −m)ψ −
1
4

FµνFµν ,

which gives the correct Maxwell equations
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QCD

Start from the free Dirac Lagrangian (just one quark flavor, for the moment)

L = ψ̄(i 6∂ −m)ψ , ψ =

ψ1
ψ2
ψ3

 , i = 1, 2, 3 (three color states)

invariant under global SU(3) in the fundamental representation

ψ → Uψ , U = exp(iθata) ∈ SU(3) , a = 1, . . . , 8

SU(3) generators: [ta, tb] = if abc tc , f abc structure constants, Tr(tatb) = 1
2 δ

ab

Promote the SU(3) invariance to local (i.e. θa → θa(x)),

L = ψ̄(i 6D −m)ψ , Dµ ≡ ∂µ + igAµ , Aµ ≡ taAa
µ

Aµ → UAµU−1 +
i
g

(∂µU)U−1 (Aa
µ, a = 1, . . . , 8, gluon fields)

Add a kinetic term for the gluon fields

[Dµ,Dν ] = igFµν , Fµν = taF a
µν , F a

µν = ∂µAa
ν − ∂νAa

µ − gf abcAb
µAc

ν ,

F a
µν are not gauge invariant: Fµν → UFµνU−1

LQCD = ψ̄(i 6D −m)ψ − 1
2 Tr(FµνFµν) 3- and 4-gluon interaction terms here
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Remarks

a mass term for the gluon field Aa,µAa
µ would break gauge invariance

all terms in LQCD have dimension four, due to

[ψ] = M3/2 , [Aa
µ] = M , [∂µ] = M , [g] = M0

Lorentz- and gauge-invariant terms such as (Tr(FµνFµν))2 or similar would spoil
renormalizability

a term of the form Lθ = θ g2

32π2 εµνρσF a,µνF a,ρσ cannot be excluded

Lθ ∝ ~Ea · ~Ba and therefore breaks parity (P) and time reversal (T)
(recall: ~E is P-odd and T-even, ~B is P-even and T-odd)

Current upper bounds on the electric neutron moment impose θ . 10−10.
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QCD - Classical symmetries
Extension to many flavors: ψ̄(i 6D −m)ψ −→

∑Nf =6
f =1 ψ̄f (i 6D −mf )ψf

With no information about masses, LQCD is invariant under ψf → eiαf ψf

exact symmetry: U(1)u ⊗ U(1)d ⊗ U(1)s ⊗ U(1)c ⊗ U(1)b ⊗ U(1)t

each flavor is conserved separately

0 = δL = ∂µjµ, jµ = ∂L
∂(∂µψf )

δψf ∝ ψ̄f γ
µψf

Light quarks: mu ∼ 2− 4 MeV, md ∼ 3− 5 MeV, ms ∼ 100 MeV [PDG 2020]

L(ud)
F = ψ̄(i 6D −M)ψ , ψ =

(
ψu
ψd

)
, M =

(
mu 0
0 md

)
,

approximate (good) symmetry: U(2) = U(1)︸ ︷︷ ︸
baryon no.

⊗ SU(2)︸ ︷︷ ︸
isospin

L(uds)
F = ψ̄(i 6D −M)ψ , ψ =

ψu
ψd
ψs

 , M =

mu 0 0
0 md 0
0 0 ms

 ,

approximate symmetry: U(3) = U(1)︸ ︷︷ ︸
baryon no.

⊗ SU(3)︸ ︷︷ ︸
isospin
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mu,d � “typical hadron mass′′ (barely true also for ms):

assume ml = 0 for l = u, d (Lf = 2) or even for l = u, d , s (Lf = 3) (chiral limit)

ψR,L =
1± γ5

2
ψ ≡ PR,Lψ , γ5 = iγ0γ1γ2γ3

L(Lf )
F = ψ̄R(i 6D)ψR + ψ̄L(i 6D)ψL − ψ̄RMψL − ψ̄LMψR , M mass matrix Lf × Lf

for M → 0, symmetry: U(Lf )L⊗U(Lf )R = U(1)L ⊗ U(1)R︸ ︷︷ ︸
U(1)V⊗U(1)A

⊗SU(Lf )L ⊗ SU(Lf )R︸ ︷︷ ︸
SU(Lf )V⊗SU(Lf )A

U(1)L : ψL → eiθLψL , U(1)R : ψR → eiθRψR ,

U(1)V : ψ → eiθψ , U(1)A : ψ → eiθ̃γ5ψ

SU(Lf )L : ψL → eiθa
L ta
ψL , SU(Lf )R : ψR → eiθa

R ta
ψR ,

SU(Lf )V : ψ → eiθa ta
ψ , SU(Lf )A : ψ → eiθ̃a taγ5ψ
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(Classically) conserved currents:

U(1)V︸ ︷︷ ︸
baryon no.

: jµV =

Lf∑
i=1

ψ̄iγ
µψi , U(1)A︸ ︷︷ ︸

anomalous

: jµ5 =

Lf∑
i=1

ψ̄iγ
µγ5ψi ,

SU(Lf )V︸ ︷︷ ︸
isospin

: ja,µV =

Lf∑
i=1

ψ̄iγ
µtaψi , SU(Lf )A︸ ︷︷ ︸

spont. broken

: ja,µA =

Lf∑
i=1

ψ̄iγ
µγ5taψi

∂µjµV = δL(Lf )
F = 0

∂µjµA = δL(Lf )
F = 2iψ̄γ5Mψ + quantum anomaly

∂µja,µV = δL(Lf )
F = i

∑
i,j

(mi −mj )ψ̄i ta
ij ψj

∂µja,µA = δL(Lf )
F = i

∑
i,j

(mi + mj )ψ̄i ta
ij ψj

quantum anomaly = Lf
g2

16π2 εµνρσF a,µνF a,ρσ
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Quantization

Let’s start again from QED:

LQED = ψ̄(i 6D −m)ψ −
1
4

FµνFµν , Fµν = ∂µAν − ∂νAµ

Not suitable for quantization: Πµ =
∂LQED
∂(∂0Aµ)

= −F 0µ −→ Π0 = 0

Solution: gauge fixing! (different gauges lead to the same physics).

Covariant gauges: ∆LQED = − 1
2ξ (∂µAµ)2 (Maxwell theory + ∂µAµ = 0).

Photon propagator: Dµν(k) = i
k2

(
−gµν + (1− ξ) kµkν

k2

)
Ward identity: process with incoming photon, no matter other external particles

M = εµ(k)Mµ = (εµ(k) + αkµ)︸ ︷︷ ︸
gauge transformation

Mµ , −→ kµMµ = 0

Say kµ = (k , 0, 0, k), then 0 = kµMµ = k(M0 −M3) −→M0 =M3

∑
pol.

|M|2 =
∑
pol.

εµ(k)ε∗ν(k)

︸ ︷︷ ︸
−gµν

MµM∗ν = −(HHH|M0|2 − |M1|2 − |M2|2 −H
HH|M3|2 )

only transverse photons matter!
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In QCD, covariance gauge fixing by ∆LQCD = − 1
2ξ (∂µAa,µ)2 is not enough.

Unphysical gluon degrees of freedom are not automatically cancelled in cross
sections and in internal loops.

Extra fields: Faddeev-Popov ghosts

∆LQCD = −
1
2ξ

(∂µAa,µ)2 + ∂µη
a†(∂µδab + gfabcAc,µ︸ ︷︷ ︸

≡Dµab

)ηb

They anti-commute as fermionic fields, but propagate as bosonic ones

In physical gauges, n · Aa = 0, there are no ghosts, but the gluon propagator
takes the form

Dab,µν(k) = δab i
k2

(
−gµν +

kµnν + nµkν

n · k
− (n2 + ξk2)

kµkν

(n · k)2

)
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QCD Feynman rules - Covariant gauge, ξ = 1

i j

p
i

6p−m
δij

a, µ b, ν

k

− i
k2
gµνδab

a, µ

i j

−igγµλa
ij

2

a, µ

b, ν

c, ρ

p1

p2

p3

gfabc[gµν(p1 − p2)ρ + gνρ(p2 − p3)µ + gρµ(p3 − p1)ν]

a, µ

b, ν

c, ρ

d, σ

ig2 [fabefcde(gµρgνσ − gµσgνρ) + facefdbe(gµσgνρ − gµνgρσ)

+fadefbce(gµνgρσ − gµρgνσ)]
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λ1 =

0 1 0
1 0 0
0 0 0

 , λ2 =

0 −i 0
i 0 0
0 0 0

 , λ3 =

1 0 0
0 −1 0
0 0 0

 ,

λ4 =

0 0 1
0 0 0
1 0 0

 , λ5 =

0 0 −i
0 0 0
i 0 0

 ,

λ6 =

0 0 0
0 0 1
0 1 0

 , λ7 =

0 0 0
0 0 −i
0 i 0

 , λ8 =
1
√

3

1 0 0
0 1 0
0 0 −2

 ,

ta =
λa

2

Tr

(
λa

2
λb

2

)
=
δab

2
,

[
λa

2
,
λb

2

]
= if abc λ

c

2
,

f123 = 1 , f458 = f678 =
√

3/2 , f147 = f165 = f246 = f345 = f376 = f257 = 1/2
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|R〉 .=

1
0
0

 , |G〉 .=

0
1
0

 , |B〉 .=

0
0
1


λ1 = |G〉〈R|+ |R〉〈G| , λ2 = i|G〉〈R| − i|R〉〈G| , λ3 = |R〉〈R| − |G〉〈G| ,
λ4 = |B〉〈R|+ |R〉〈B| , λ5 = i|B〉〈R| − i|R〉〈B| ,
λ6 = |B〉〈G|+ |G〉〈B| , λ7 = i|B〉〈G| − i|G〉〈B| ,

λ8 =
1
√

3
|R〉〈R|+

1
√

3
|G〉〈G| −

2
√

3
|B〉〈B|

a = 1

i = 1j = 2

(t1)12 a = 7

b = 4

c = 1

f147

(
0 1 0

)0 1 0
1 0 0
0 0 0


︸ ︷︷ ︸

λ1

1
0
0


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Quark (say, red colored) splitting to quark-gluon

Prob(R → qg) = Prob(R → R) + Prob(R → G) + Prob(R → B)

= |〈R|
λ3

2
|R〉|2 + |〈R|

λ8

2
|R〉|2

+ |〈G|
λ1

2
|R〉|2 + |〈G|

λ2

2
|R〉|2

+ |〈B|
λ4

2
|R〉|2 + |〈B|

λ5

2
|R〉|2 = . . . =

4
3
≡ CF

(
=

N2
c − 1
2Nc

)

Gluon (say, no. 1) splitting to gluon-gluon

Prob(1→ gg) = 2(Prob(1→ 2 + 3) + Prob(1→ 4 + 7) + Prob(1→ 5 + 6))

= 2(f 2
123 + f 2

147 + f 2
156) = 3 ≡ CA(= Nc)

Gluon (say, no. 1) splitting to quark-antiquark

Prob(1→ qq) =

∣∣∣∣∣λ1
12
2

∣∣∣∣∣
2

+

∣∣∣∣∣λ1
21
2

∣∣∣∣∣
2

=
1
2
≡ TR
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a b

i

j

ta
ij tb

ji = Tr(tatb) = 1
2 δ

ab ≡ TRδ
ab

i jk
a a

ta
ik ta

kj = (tata)ij = 4
3 δij ≡ CF δij

a b

c

d

−f acd f cbd︸ ︷︷ ︸
Tr(T aT b)

= f acd f bcd = 3δab ≡ CAδ
ab

ta ≡
λa

2
, T a

bc = ifabc

CA = Nc , CF =
N2

c − 1
2Nc

, CA > CF

Gluon charge is larger than quark charge!
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quark-quark and quark-antiquark scattering

q

q

q

q

i

j

k

l

1
4

∑
a λ

a
ikλ

a
lj

q

q̄

i

j

k

l

q

q

i

j

k

l

1
4

∑∑∑
aλ

a
ikλ

a
jl

q

q̄

q

Examples:

qq, same color, RR → RR : 1
4

(
λ3

11
2
λ3

11
2 +

λ8
11
2
λ8

11
2

)
= 1

4

(
1 + 1

3

)
= 1

3

qq, two colors (no swap), RB → RB : 1
4
λ8

11
2
λ8

33
2 = 1

4
1√
3
−2√

3
= − 1

6

qq, two (with swap), RG→ GR : 1
4

(
λ1

12
2
λ1

21
2 +

λ2
12
2
λ2

21
2

)
= 1

4 (1 + 1) = 1
2

qq, three colors colors, RB → RG : 0 (color conservation)
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Further examples:

qq̄, same as qq, just pay attention to position of color indices,

∑
a
λa

ikλ
a
jl︸ ︷︷ ︸

qq

−→
∑

a
λa

ikλ
a
lj︸ ︷︷ ︸

qq

A useful shortcut,
∑

a
λa

ik
2
λa

jl
2 = 1

2

(
δilδkj − 1

Nc
δikδjl

)
Problem: consider the qq̄ scattering by one-gluon exchange for a pair in the

1) singlet state, 1√
3

(
|RR̄〉+ |GḠ〉+ |BB̄〉

)
2) in an octet state, e.g. |RḠ〉.

Show, by comparison with the known attractive e+e− scattering by one-photon
exchange, that case 1) is attractive, case 2) is repulsive.
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Renormalization

p

k

p− k p

E.g., quark self-energy (up to a color factor):

−g2
∫

d4k
(2π)4

γµ(6p− 6k + m)γµ

[(p − k)2 −m2] k2

divergent for large k , by power counting
(ultraviolet divergence)

Processes where UV divergences appear in QCD
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Regularization: gives meaning to div. integrals, by cutting-off large momenta

Most commonly: dimensional regularization (space-time dimension D).

E.g., I(n) ≡
∫ d4k

(2π)4
1

(k2−s)n does not exist for n ≤ 2,

but ID(n) ≡
∫ dDk

(2π)D
1

(k2−s)n does exist for n > D/2,

ID(n) = i (−1)n

Γ(n)
1

(4π)D/2
Γ(n−D/2)

sn−D/2 , analytically continued to all complex values D

The divergence for D → 4 resurfaces as pole in ε ≡ 4−D
2 , e.g.

ID(n = 2) =
i

(4π)D/2

Γ(2− D/2)

s2−D/2
=

i
(4π)2−ε

Γ(ε)

sε
, Γ[ε] =

1
ε
− γE +O(ε)

Dimensional analysis:

[L] = MD , [Aa
µ] = M

D−2
2 , [ψ] = M

D−1
2 −→ [g] = M

4−D
2 = Mε

To keep working with a dimensionless coupling, redefine g as gµε.

µ is an arbitrary mass scale.
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Re-normalize fields and parameters (original ones labeled by (0)):

A(0) = Z 1/2
A A , ψ(0) = Z 1/2

ψ ψ , η(0) = Z 1/2
η η ,

m(0) = Zmm , g(0) = Zgg , ξ(0) = ZAξ

Each term in LQCD can be recast as follows:

ψ̄(0)i 6∂ψ(0) = Zψψ̄i 6∂ψ = ψ̄i 6∂ψ + (Zψ − 1)ψ̄i 6∂ψ︸ ︷︷ ︸
counterterm

g(0)ψ̄(0) 6A(0)ψ(0) = ZgZψZ 1/2
A︸ ︷︷ ︸

ZAψ̄ψ

gψ̄6Aψ = gψ̄6Aψ + (ZAψ̄ψ − 1)gψ̄6Aψ︸ ︷︷ ︸
counterterm

...

LQCD[ψ(0),A(0), η(0),m(0), g(0), ξ(0)] = LQCD[ψ,A, η,m, g, ξ]︸ ︷︷ ︸
same form as original

+ Lcounterterms︸ ︷︷ ︸
extra interactions

Cancel ε-poles in divergent “processes”, order by order in perturbation theory, by
suitably choosing Zψ , ZA, Zη , Zmψ̄ψ , ZAψ̄ψ , ZAη̄η , ZA3 , ZA4 .

MS scheme: subtract not just 1
ε
, but 1

ε
+ ln(4π)− γE .
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In particular, determine Zg :

g(0) = Zg gµε , Zg =
ZAψ̄ψ

Z 1/2
A Zψ

=
ZAη̄η

Z 1/2
A Zη

=
ZA3

Z 3/2
A

=

√
ZA4

Z 2
A

[Taylor (1971); Slavnov (1972)]

MS scheme:

Zg = 1 +
αs

4π
1
ε

[
2
3

TRnf −
11
6

CA

]
+O(α2

s) ≡ 1 +
β0

ε

αs

2
+O(α2

s) , αs ≡
g2

4π

nf is the number of “light” quarks, i.e. quarks with mq � µ

The (dimensionless) renormalized coupling g evidently depends on µ. How?

β(g) ≡ µ
∂g
∂µ

, 0 = µ
dg(0)

dµ
= µ

d(Zg gµε)
dµ

−→ β(g) = −εg−
µ

Zg

∂Zg

∂µ
g = −εg−β0

g2

4π
β(g)

ε
+O(g5) = −β0

g3

4π
+O(g5, ε)

β(αs) ≡ µ2 ∂αs

∂µ2
= −α2

sβ0 +O(α3
s)

1
αs(µ2)

=
1

αs(µ2
0)

+ β0 ln
µ2

µ2
0

or αs(µ2) =
1

β0 ln µ2

Λ2
QCD

“Dimensional transmutation”
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β(αs) = −α2
s(β0 + β1αs + β2α

2
s + β3α

3
s + β4α

4
s + . . .)

αs(MZ
2) = 0.1179 ± 0.0010

α
s(

Q
2 )

Q [GeV]

τ decay (N3LO)
low Q2 cont. (N3LO)

DIS jets (NLO)
Heavy Quarkonia (NLO)

e+e- jets/shapes (NNLO+res)
pp/p-p (jets NLO)

EW precision fit (N3LO)
pp (top, NNLO)

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 1  10  100  1000

PDG2020
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Renormalization group - an example

Let’s consider again R = σ(e+e−→hadrons)

σ(e+e−→µ+µ−)
, up to an irrelevant normalization:

R

(
Q2

µ2
, αs(µ2)

)
= 1 +

∞∑
n=1

rn(Q2/µ2)αn
s (µ2) , Q2 squared c.o.m. energy

0 = µ2 d
dµ2

R

(
Q2

µ2
, αs(µ2)

)
=

[
µ2 ∂

∂µ2
+ β(αs)

∂

∂αs

]
R

(
Q2

µ2
, αs(µ2)

)

= µ2 dr1

dµ2
αs +

(
µ2 dr2

dµ2
−r1β0

)
α2

s +

(
µ2 dr3

dµ2
−2r2β0 − r1β1

)
α3

s + . . .

r1 = c1 , r2 = c2 + c1β0t , r3 = c3 + (2c2β0 + c1β1)t + c1β0t2 , t ≡ ln
µ2

Q2

R(t , αs) = 1 + c1
(
1 + β0αs t + (β0αs t)2 + . . .

)
αs + c2α

2
s + . . .

= 1 + c1
αs(µ2)

1 + β0αs(µ2) ln Q2

µ2

+ . . .

The choice µ = Q removes (possibly large) logarithms from the perturbative series:

R(1, αs(Q2)) = 1 + c1αs(Q2) + c2α
2
s(Q2) + . . .
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µ = Q not always the best choice, due to truncation: the first unknown ci can be large.

In many applications, results are quoted for µ ranging in the interval [ Q
2 , 2Q].

Optimization procedures have been designed to fix the µ scale.

Take R truncated at the order α2
s :

R(2)

(
Q2

µ2
, αs(µ2)

)
= 1 + c1αs(µ2) +

[
c2 − c1β0 ln

Q2

µ2

]
α2

s(µ2)

1) Principle of Minimum Sensitivity [Stevenson (1981)]

µ2 d
dµ2

R(2)(µ2)
∣∣∣
µ2

PMS

= 0 −→ µ2
PMS = Q2 exp

(
−

c2

β0c1
−

β1

2β2
0

)

2) Fast apparent convergence [Grunberg (1980)]

R(1)(µ2
FAC) = R(2)(µ2

FAC) −→ µ2
FAC = Q2 exp

(
−

c2

β0c1

)

3) BLM procedure [Brodsky, Lepage, Mackenzie (1983)]

choose µ so to remove the nf dependence in the perturbative coefficients
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Infrared divergences
Consider (again) e+ + e− → γ∗ → hadrons, including QCD effects up to O(αs)

Real corrections: gluon emission

p1

p2

k

p1

p2

k

+

Mµ
qq̄g = ū(p1)

[
(−igta 6ε(k)) i

6p1+ 6k
(p1 + k)2

(−ieqγ
µ) + (−ieqγ

µ) i
−6p2−6k
(p2 + k)2

(−igta 6ε(k))

]
v(p2)

Soft limit, k → 0, plus Dirac equation (ū(p1) 6p1 = 0 =6p2v(p2), massless quarks)

Mµ
qq̄g ' ū(p1)(−ieqγ

µ)v(p2)︸ ︷︷ ︸
Mµ

qq̄

(gta)

(
p1 · ε
p1 · k

−
p2 · ε
p2 · k

)

Hµνqq̄g '
∑

color, pol

Mµ
qq̄(Mν

qq̄)∗
∣∣∣∣(gta)

(
p1 · ε
p1 · k

−
p2 · ε
p2 · k

)∣∣∣∣2

= −Hµνqq̄ CF g2
(

p1

p1 · k
−

p2

p2 · k

)2
= Hµνqq̄ CF g2 2p1 · p2

(p1 · k)(p2 · k)
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p1

p2

k

p1

p2

k

+

2

Include phase space:

Hµνqq̄gdΦqq̄g ' Hµνqq̄ dΦqq̄
d3~k

(2π)32ω
CF g2 2p1 · p2

(p1 · k)(p2 · k)︸ ︷︷ ︸
soft−gluon factor≡dS

In the quark-antiquark c.o.m. frame

dS = ωdω d cos θ
dφ
2π

2αsCF

π

2p1 · p2

(2p1 · k)(2p2 · k)︸ ︷︷ ︸
1

ω2(1−cos θ2)

=
2αsCF

π

dω
ω

dθ
sin θ

dφ
2π

θ

q
p1

q̄
p2

Divergence for ω → 0: soft

Divergence for θ = 0, π: collinear
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Virtual corrections: no gluon emission

p1

p2

p1

p2

+

2

Interference term, O(αs), in the region of soft gluon momenta:

Hµνqq̄,V '
!
− Hµνqq̄

2αsCF

π

dω
ω

dθ
sin θ

dφ
2π

Total cross section

It must include both real and virtual gluon emission: Hµνqq̄,tot = Hµνqq̄g + Hµνqq̄,V
infrared-finite!

Actual calculation: σtot = σB

[
1 + 3

4 CF
αs
π

+O(α2
s)
]
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Lessons

Infrared divergences are related to long-distance/time physics: an internal line
“goes on-shell”.

Propagator: 6p1
2p1·k

∼ 1
ωθ2

Time scales: soft, ∼ 1/(ωθ2), much larger than hard, ∼ 1/Q

The cancellation of infrared divergences occurs for “inclusive enough” final states
- Kinoshita-Lee-Nauenberg theorem [Kinoshita (1962); Lee, Nauenberg (1964)]

In our example, at the O(αs) two degenerate final states were considered, qq̄
and qq̄g, which are not experimentally distinguishable for a soft/collinear gluon.

Infrared-safe observables must be insensitive to emissions of soft/collinear
partons:

On+1(p1, . . . , λpn, (1− λ)pn) = On(p1, . . . , pn)

On+1(p1, . . . , pn, pn+1 → 0) = On(p1, . . . , pn)

Relevant for event shape observables and jet algorithms.
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Jets
Hard QCD processes are perturbatively described in terms of scattered partons (quark
and gluons) ...

... but detectors see just colorless hadrons, which, however, cluster into groups or jets,
which can reveal the original hard scattering process.

Two-jet event,
√

s = 13 TeV [ATLAS Experiment @ 2021 CERN]
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Jet reconstruction
Distance between particles i and j

(∆Rij )
2 = (yi − yj )

2 + (φi − φj )
2

y =
1
2

ln
E + pz

E − pz︸ ︷︷ ︸
rapidity

m=0
=

1
2

ln
1 + cos θ

1− cos θ
= − ln tan

θ

2
= η︸ ︷︷ ︸

pseudo−rapidity

Recombination

kT : yij =
∆Rij

R
min(pT ,i , pT ,j ) yiB = pT ,i

Cambridge/Aachen : yij =
∆Rij

R
yiB = 1

anti−kT : yij =
∆Rij

R
min(p−1

T ,i , p
−1
T ,j ) yiB = p−1

T ,i

1) Find minij (yij , yiB) ≡ ymin.
2a) If ymin = yij < ycut, then i + j → i ; go back to 1).
2b) If ymin = yiB < ycut, remove subject i (beam radiation); go back to 1).
3) If ymin > ycut all subjects are jets.

R and ycut are parameters.
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Jet reconstruction

Momenta combination

~pi + ~pj → ~pi

Two options for the 0-th component:

i) fix it so to make the new subject’s invariant mass equal to zero
(the ideal reconstruction should trace back to massless partons)

ii) p0
i + p0

j → p0
i

(allows to extend jet algorithms to massive particles, such as Z , W , ...)

The (anti-)kt algorithm starts building a jet with (hard) soft constituents;
Cambridge/Aachen is purely geometrical.

They are all infrared safe.
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QCD-improved parton model

Infrared safety for final-state quark splitting

θ

zpp

ω = (1− z)p

σq

dσq+g ' σq
αsCF

π

dω
ω

dθ2

θ2

' σq
αsCF

π

dz
1− z

dk2
t

k2
t
, kt ' ωθ

Virtual corrections to σq (only soft part):

dσq,V ' −σq
αsCF

π

dz
1− z

dk2
t

k2
t

Infrared safety for initial-state quark splitting

zxPxP
σ(q)

ω = (1− z)xP

dσ(q)
g ' σ(q)(

!
zxP)

αsCF

π

dz
1− z

dk2
t

k2
t

Virtual corrections to σ(q) (only soft part):

dσ(q)
V ' −σ(q)(

!
xP)

αsCF

π

dz
1− z

dk2
t

k2
t
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Integrate over the kinematics of the emitted gluon:

σ
(q)
g + σ

(q)
V '

αsCF

π

∫ dk2
t

k2
t︸ ︷︷ ︸

infinite, collinear

∫ 1

0

dz
1− z

[
σ(q)(zxP)− σ(q)(xP)

]
︸ ︷︷ ︸

finite, soft

•
αsCF

π

∫ 1

0

dz
1− z

[
σ(q)(zxP)− σ(q)(xP)

]
=
αs

2π

∫ 1

0
dz Pqq(z)|soft︸ ︷︷ ︸

CF

(
2

1−z

)
+

σ(q)(zxP)

Pqq = CF

(
1 + z2

1− z

)
+

,

∫ 1

0
dz f (z)+g(z) ≡

∫ 1

0
dz f (z)[g(z)− g(1)]

•
∫ dk2

t

k2
t
−→

∫ Q2

µ2
h

dk2
t

k2
t

=

∫ µ2
F

µ2
h

dk2
t

k2
t

+

∫ Q2

µ2
F

dk2
t

k2
t

= ln
µ2

F

µ2
h

+ ln
Q2

µ2
F

So that

σ
(q)
g + σ

(q)
V '

αs

2π

(
ln
µ2

F

µ2
h

+ ln
Q2

µ2
F

)∫ 1

0
dz Pqq(z)|soft σ

(q)(zxP)
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Get the hadronic cross section, including leading order:

σ(h) =

∫ 1

0
dx fq(x)

[
σ(q)(xP)︸ ︷︷ ︸

parton model

+σ
(q)
g + σ

(q)
V

]

=

∫ 1

0
dx fq(x)

[
σ(q)(xP) +

αs

2π

(
ln
µ2

F

µ2
h

+ ln
Q2

µ2
F

)∫ 1

0
dz Pqq(z)|soft σ

(q)(zxP)

]
Observe that∫ 1

0
dx fq(x)

[
σ(q)(xP) +

αs

2π
ln
µ2

F

µ2
h

∫ 1

0
dz Pqq(z)|soft σ

(q)(zxP)

]

=

∫ 1

0
dx

[
fq(x)σ(q)(xP) +

αs

2π
ln
µ2

F

µ2
h

∫ 1

x

dz
z

fq
(x

z

)
Pqq(z)|soft σ

(q)(
!

xP)

]

=

∫ 1

0
dx

[
fq(x) +

αs

2π
ln
µ2

F

µ2
h

∫ 1

x

dz
z

fq
(x

z

)
Pqq(z)|soft

]
︸ ︷︷ ︸

fq (x,µF )

σ(q)(xP)

So, finally

σ(h) =

∫ 1

0
dx fq(x , µF )

[
σ(q)(xP) +

αs

2π
ln

Q2

µ2
F

∫ 1

0
dz Pqq(z)|soft σ

(q)(zxP)

]
+O(α2

s)
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Renormalized partonic distributions, such as fq(x , µF ) are non-perturbative
objects, but their dependence on µF is perturbative:

∂fq(x , µF )

∂ lnµ2
F

=
αs(µF )

2π

∫ 1

x

dz
z

Pqq(z)|soft fq
(x

z

)
The actual calculation, taking also into account all splitting options, gives:

∂fq(x , µF )

∂ lnµ2
F

=
αs(µF )

2π

∫ 1

x

dz
z

[
Pqq(z)fq

(x
z

)
+ Pqg(z)fg

(x
z

)]
∂fg(x , µF )

∂ lnµ2
F

=
αs(µF )

2π

∫ 1

x

dz
z

Pgg(z)fg
(x

z

)
+
∑

a=q,q̄

Pga(z)fa
(x

z

)

Pqq = CF

(
1 + z2

1− z

)
+

, Pgq = CF

(
1 + (1− z)2

z

)
, Pqg = TR [z2+(1−z)2] ,

Pgg = 2CA

(
z

(1− z)+
+

1− z
z

+ z(1− z)

)
+

11CA − 4nf TR

6
δ(1− z)

[Dokshitzer (1977); Gribov, Lipatov (1972); Altarelli, Parisi (1977)]

Pgg and Pgq diverge for z → 0: gluon dominance at small x .
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How to solve DGLAP equations?

Simplified DGLAP equation:

∂f (x , µF )

∂ lnµ2
F

=
αs(µF )

2π

∫ 1

x

dz
z

P(z) f
(x

z

)
Move to moment space, through a Mellin transform:

f (n) =

∫ 1

0
dx xn−1f (x) , f (x) =

∫ δ+i∞

δ−i∞
dn x−nf (n)

with δ to the right of all singularities in the analytic continuation of f (n).

In moment space the DGLAP equation becomes

∂f (n, µF )

∂ lnµ2
F

=
αs(µF )

2π
γ(n) f (n) −→ f (n, µF ) = f (n, µ0)

(
µ2

µ2
0

)αs
2π γ(n)

with γ(n) = P(n) (anomalous dimension).

Leading logs αn
s logn µ2

F resummed to all orders!
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Example: fu − fd ≡ fNS

∂fNS(x , µF )

∂ lnµ2
F

=
αs(µF )

2π

∫ 1

x

dz
z

Pqq(z) fNS

(x
z

)

fNS(n, µF ) = fNS(n, µ0)

(
µ2

µ2
0

)αs
2π γqq (n)

Flavor number conservation (e.g. in the proton)∫ 1

0
dx (fu(x)− fd (x)) = 2 , −→ fNS(n = 1) = 2 −→ γqq(n = 1) = 0

which holds true since

γqq(1) =

∫ 1

0
dx Pqq(x) = CF

∫ 1

0
dx

(
1 + x2

1− x

)
+

= 0
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DGLAP at higher orders

∂fi (x , µF )

∂ lnµ2
F

=
αs(µF )

2π

∑
j

Pij ⊗ fj (µF )

Pij = P(0)
ij +

αs

2π
P(1)

ij +
(αs

2π

)2
P(2)

ij + . . .

LO P(0)
ij [Dokshitzer (1977); Gribov, Lipatov (1972); Altarelli, Parisi (1977)]

resum all leading logs, αn
s logn µ2

F

NLO P(1)
ij [Curci, Furmanski, Petronzio (1980)]

resum all next-to-leading logs, αn+1
s logn µ2

F

NNLO P(2)
ij [Moch, Vermaseren, Vogt (2004)]

resum all next-to-next-to-leading logs, αn+2
s logn µ2

F
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Proton PDFs

Partonic distribution functions (PDFs) are extracted from experiments, using an input
parametrization at some (low) scale µ0 and DGLAP-evolving it to higher scales.

xU = xfu + xfc
xU = xfū + xfc̄
xD = xfd + xfs
xD = xfd̄ + xfs̄

xuv = xU − xU

xdv = xD − xD

xS = 2x(U + D)

[H. Abramowicz et al., Eur. Phys. J. C (2015) 75:580, [arXiv:1506.06042]]
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[H. Abramowicz et al., Eur. Phys. J. C (2015) 75:580, [arXiv:1506.06042]]
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Factorization

Ingredients: inclusiveness, large s, hard scale Q ∼
√

s

lepton-hadron (H) scattering (DIS):

σ(p,Q2) =
∑

a=q,q̄,g

∫ 1

0
dz fa/H (z, µF )︸ ︷︷ ︸

process independent

σ̂a(zp, αs(Q2), µF )︸ ︷︷ ︸
hard partonic cross section

hadron (H1)-hadron (H2) scattering:

σ(p1, p2,Q2) =
∑
a,b

∫ 1

0
dz1

∫ 1

0
dz2 fa/H1

(z1, µF ) fb/H2
(z2, µF )

×σ̂a,b(z1p1, z2p2, αs(Q2), µF )

E.g., Drell-Yan (H1 + H2 → µ+ + µ− + X , e+ + e− + X , W + X , Z + X )
H1 + H2 → jet + X
H1 + H2 → heavy quark + X

Corrections to factorization are power-suppressed, O
(

mh
Q

)n
.

[Collins, Soper, Sterman (1981-1986)]
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Semihard processes

Collision processes with the following scale hierarchy:

s � Q2 � Λ2
QCD

Q is the hard scale of the process (e.g. photon virtuality, heavy quark mass, jet/hadron
transverse momentum, t , etc.)

large Q =⇒ αs(Q)� 1 =⇒ perturbative QCD

large s =⇒ large energy logs =⇒ αs(Q) log s ∼ 1 =⇒ resummation

The Balitsky-Fadin-Kuraev-Lipatov (BFKL) approach provides with the general
framework for this resummation.
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Gluon Reggeization in perturbative QCD

Elastic scattering process A + B −→ A′ + B′

gluon quantum numbers in the t-channel: octet color representation, negative
signature

Regge limit: s ' −u →∞, t fixed (i.e. not growing with s)

all-order resummation:
leading logarithmic approximation (LLA): αn

s (ln s)n

next-to-leading logarithmic approximation (NLA): αn+1
s (ln s)n

�

�

���

� �

�

(
A−8
)A′B′

AB
= Γc

A′A

[(
−s
−t

)j(t)
−
(

s
−t

)j(t)
]

Γc
B′B

j(t) = 1 + ω(t) , j(0) = 1

ω(t) – Reggeized gluon trajectory

Γc
A′A = g〈A′|T c |A〉ΓA′A

T c fundamental (quarks) or adjoint (gluons)
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Gluon Reggeization in perturbative QCD

Interlude: Sudakov decomposition

p = βp1 + αp2 + p⊥ , p2
⊥ = −~p 2

(p1, p2) light-cone basis of the initial particle momenta plane

pA = p1 +
m2

A
s

p2 , pB = p2 +
m2

B
s

p1 , 2 p1 · p2 = s �

The gluon Reggeization has been first verified in fixed order calculations, then
rigorously proved

in the LLA [Ya.Ya. Balitsky, V.S. Fadin, L.N. Lipatov (1979)]

Γ
(0)
A′A = δλA′λA , ω(1)(t) =

g2t

(2π)D−1
N
2

∫
dD−2k⊥

k2
⊥(q − k)2

⊥
= −g2 NΓ(1− ε)

(4π)D/2

Γ2(ε)

Γ(2ε)
(~q 2)ε

D = 4 + 2ε , t = q2 ' q2
⊥

in the NLA [V.S. Fadin, R. Fiore, M.G. Kozlov, A.V. Reznichenko (2006)]

Γ
(1)
A′A = δλA′λA Γ

(+)
AA + δλA′ ,−λA Γ

(−)
AA , ω(2)(t)
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BFKL in leading accuracy

Inelastic scattering process A + B → Ã + B̃ + n in the LLA

�

�

��

��

���

���
���	�
�

�����
�


��


��


��

������ � � �����
� ���������	�
��� �! 

ReAÃB̃+n
AB = 2s Γ

c1
ÃA

( n∏
i=1

γ
Pi
ci ci+1

(qi , qi+1)

(
si

sR

)ω(ti ) 1
ti

)
1

tn+1

(
sn+1

sR

)ω(tn+1)

Γ
cn+1
B̃B

si invariant mass of the {gi−1, gi} system, proportional to s

sR energy scale, irrelevant in the LLA
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BFKL in leading accuracy

Elastic amplitude A + B −→ A′ + B′ in the LLA via s-channel unitarity

���

���

� ���

� � �

�	�

��


��

���

�������

����

� �


� �

���

� ������

� �

AA′B′
AB =

∑
R

(AR)A′B′
AB , R = 1 (singlet), 8− (octet), . . .

The 8− color representation is important for the bootstrap, i.e. the consistency
between the above amplitude and that with one Reggeized gluon exchange
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BFKL in leading accuracy

Structure of the amplitude:

��� � ���� �����

�	� �
��� �

��
 ��
�� �

�

��� � � �
� � � �

Ims(AR)A′B′
AB =

s
(2π)D−2

∫
dD−2q1

~q 2
1 (~q1 − ~q)2

∫
dD−2q2

~q 2
2 (~q2 − ~q)2

∑
ν

Φ
(R,ν)
A′A (~q1;~q)

×
∫ δ+i∞

δ−i∞

dω
2πi

[(
s
s0

)ω
G(R)
ω (~q1, ~q2, ~q)

]
Φ

(R,ν)
B′B (−~q2;−~q)
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BFKL in leading accuracy

G(R)
ω – Mellin transform of the Green’s functions for Reggeon-Reggeon scattering

ωG(R)
ω

(
~q1, ~q2, ~q

)
= ~q 2

1 (~q1 − ~q) 2δ(D−2)
(
~q1 − ~q2

)
+

∫
dD−2qr

~q 2
r (~qr − ~q) 2

K(R)
(
~q1, ~qr ;~q

)
G(R)
ω

(
~qr , ~q2;~q

)
BFKL equation: t = 0 and singlet color representation

[Ya.Ya. Balitsky, V.S. Fadin, E.A. Kuraev, L.N. Lipatov (1975)]

q1

q2

q1 − q

q2 − q

q1 q1 − q

q1

qr

q2

q1 − q

qr − q

q2 − q

G
G

= +
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BFKL in leading accuracy

K(R)
(
~q1, ~q2;~q

)
=
[
ω
(
−~q 2

1

)
+ ω

(
−(~q1 − ~q) 2

)]
δ(D−2)

(
~q1 − ~q2

)
+K(R)

r
(
~q1, ~q2;~q

)

In the LLA: ω(t) = ω(1)(t), Kr = K(B)
RRG

Φ
(R,ν)
A′A – impact factors in the t-channel color state (R, ν)

ΦA′A =
∑
{f}

∫
dκ
2π

dρf Γc
{f}A(Γc′

{f}A′ )
∗

constant in the LLA
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BFKL in leading accuracy

Pomeron channel: t = 0 and singlet color representation in the t-channel

Redefinition: Gω(~q1, ~q2) ≡ G(0)
ω (~q1,~q2,0)

~q 2
1
~q 2

2
, K(~q1, ~q2) ≡ K

(0)(~q1,~q2,0)

~q 2
1
~q 2

2

ωGω
(
~q1, ~q2

)
= δ(D−2)

(
~q1 − ~q2

)
+

∫
dD−2qrK

(
~q1, ~qr

)
Gω
(
~qr , ~q2

)

K
(
~q1, ~q2

)
= 2ω(−~q 2

1 )δ(D−2)
(
~q1 − ~q2

)
+Kr

(
~q1, ~q2

)
Infrared divergences cancel in the singlet kernel

K
(
~q1, ~q2

)
is scale-invariant −→ its eigenfunctions are powers of ~q 2

2 :∫
dD−2q2K

(
~q1, ~q2

)
(~q 2

2 )γ−1 =
Nαs

π
χ(γ)(~q 2

1 )γ−1

χ(γ) = 2ψ(1)− ψ(γ)− ψ(1− γ) , ψ(γ) =
Γ′(γ)

Γ(γ)

The set of functions (~q 2
2 )γ−1, with γ = 1/2 + iν, ν ∈ (−∞,+∞) is complete.
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BFKL in leading accuracy

Total cross section for the process A + B → all

σAB(s) =
Ims

(
AAB

AB

)
s

=
1

(2π)D−2

∫
dD−2~qA

~q 2
A

ΦA(~qA)

∫
dD−2~qB

~q 2
B

ΦB(−~qB)

δ+i∞∫
δ−i∞

dω
2πi

(
s
s0

)ω
Gω(~qA, ~qB)

Using the complete set of kernel eigenfunctions, the BFKL equation and D = 4

σAB(s) =

δ+i∞∫
δ−i∞

dω
2πi

∫ +∞

−∞

dν

2π2(ω − Nαs
π
χ(1/2 + iν))

×
∫

d2~qA

2π

∫
d2~qB

2π

(
s
s0

)ω
ΦA(~qA)(~q 2

A )−iν−3/2ΦB(−~qB)(~q 2
B )iν−3/2

Infrared finiteness guaranteed for colorless colliding particles
[V.S. Fadin, A.D. Martin (1999)]
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BFKL in leading accuracy

Contour integration over ω

σAB(s) =

∫ +∞

−∞

dν
2π2

∫
d2~qA

2π

∫
d2~qB

2π

(
s
s0

)ᾱsχ(ν)

ΦA(~qA)(~q 2
A )−iν−3/2ΦB(−~qB)(~q 2

B )iν−3/2

ᾱs ≡
Nαs

π
, χ(ν) ≡ χ(1/2 + iν)

Saddle point approximation:
χ(ν) = 4 ln 2− 14ζ(3)ν2 + O(ν4)

σAB(s) ∼
s4ᾱs ln 2
√

ln s
ωP = 4ᾱs ln 2 ' 0.40 for αs = 0.15 -1 -0.5 0.5 1

Ν

-1

1

2

ΧHΝL

unitarity is violated; BFKL cannot be applied at asymptotically high energies

the scale of s and the argument of the running coupling constant are not fixed in
the LLA −→ NLA
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BFKL and deep inelastic scattering

e−

e−

p

l

l′

q = l− l′

P

X

q2 = (l − l ′)2 ≡ −Q2

s = (l + P)2

W 2 = (P + q)2

xB =
Q2

2P · q
'

Q2

Q2 + W 2
, W 2 '

Q2(1− xB)

xB

y =
q · P
l · P

'
Q2

xBs

d2σ

dxB dQ2
=

2πα2
em

xBQ4

{
[1 + (1− y)2]F2(xB ,Q2)− y2FL(xB ,Q2)

}
F2(xB ,Q2) =

Q2

4π2αem
[σT (xB ,Q2) + σL(xB ,Q2)]

FL(xB ,Q2) =
Q2

4π2αem
σL(xB ,Q2)
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Low-xB (or large W 2) regime: W 2 � Q2 � M2
P −→ xB � 1

γ∗ γ∗
Φγ∗→γ∗

G

p p
Φp

F2(xB ,Q2) ∼ σtot(γ
∗p)

=
ImA(γ∗p → γ∗p)|t=0

W 2

∼ x−4ᾱs ln 2
B

σT ,L = ΦT ,L ⊗ G ⊗ Φp︸ ︷︷ ︸
UGD

Straightforward emergence of the “unintegrated gluon distribution (UGD)”:

valid both in the LLA and in the NLA

not unambiguous: normalization, s0-scale setting, etc., follow from the definition
of the (photon) impact factor

non-perturbative ...
- the proton impact factor Φp is intrinsically non-perturbative
- unavoidable diffusion in the infrared of the transverse momentum integration

... but (ln x)-resummation automatically encoded.
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Let’s get a closer look (only in the LLA)...

σT ,L(x ,Q2) =
1

(2π)2

∫
d2~k
~k2

∫
d2~k ′

~k ′2
ΦT ,L(Q2, ~k) G(x , ~k , ~k ′) Φp(−~k ′)

= 2π
∫

d2~k

(~k2)2
ΦT ,L(Q2, ~k)︸ ︷︷ ︸

known at LO

~k2

(2π)3

∫
d2~k ′

~k ′2
G(x , ~k , ~k ′) Φp(−~k ′)︸ ︷︷ ︸
F(x,~k)

In the limit Q2 →∞ (double leading-log approximation):

∂F2(x ,Q2)

∂ ln Q2
=

nf∑
q=1

e2
q
ᾱs

9
G(x ,Q2) , G(x ,Q2) ≡

∫
d2~k

π~k2
Θ(Q2 − ~k2)F(x , ~k)

Using a specific model for the proton impact factor, Φp(~k) ∼
(

~k2

~k2+µ2

)δ
,

F(x , ~k)

~k2
∝

1
2π

∫ +∞

−∞

dν√
µ2~k2

(
~k2

µ2

)iν

eᾱsχ(ν) ln 1/x Γ(δ − 1/2− iν)Γ(1/2 + iν)

Γ(δ)

F2(x ,Q2) ≈ N (δ) ᾱs
∑

e2
q

(
Q2

µ2

)1/2

eωP ln 1/x exp

(
−

ln2(Q2/µ2)

56ᾱsζ(3) ln 1/x

)
by the saddle point method at ν = 0 (recall, ωP = 4ᾱs ln 2)
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Mellin transforms

FN (~k) =

∫ 1

0
dx xN−1 F(x , ~k) , N stands for ω

F̃N (γ) =

∫ ∞
1

d

(
~k2

µ2

) (
~k2

µ2

)−γ−1

FN (~k)

Apply to

F2(x ,Q2) =
Q2

4π2α
[σT (x ,Q2) + σL(x ,Q2)]

σT ,L(x ,Q2) = 2π
∫

d2~k

(~k2)2
ΦT ,L(Q2, ~k) F(x , ~k)

−→ F2,N (Q2) =

∫ 1/2+i∞

1/2−i∞

dγ
2πi

h2,N (γ)

γ2

1
(2π)3

Φp(γ, µ)

N︸ ︷︷ ︸
F̃0

N (γ)

N
N − ᾱsχ(γ)

(
Q2

µ2

)γ

with γ = 1/2 + iν and χ(γ) stands for the previous χ(ν)

Contour integral in the γ-plane (left half plane):
(a) simple (!) pole at γ = 0 (contributes with Q2-independent term)
(b) pole at γ̄ such that N = ᾱsχ(γ̄)
(c) other poles (from h2,N ) contribute with terms suppressed in Q2
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Up to a Q2-independent additive term,

∂F2,N (Q2)

∂ ln Q2
= h2,N (γ̄)RN F̃0

N (γ̄)

(
Q2

µ2

)γ̄
, RN =

1
−ᾱs γ̄χ′(γ̄)/N

i) Expanding χ(γ̄) around γ̄ = 1/2 (i.e. ν = 0) and solving N = ᾱsχ(γ̄), one gets

γ̄ '
1
2
−

√
N − ωP

14ᾱsζ(3)
, RN ' −

ωP√
14ᾱsζ(3)(N − ωP)

and the Mellin anti-transform gives back

F2(x ,Q2) ≈ N (δ) ᾱs
∑

q
e2

q

(
Q2

µ2

)1/2

eωP ln 1/x exp

(
−

ln2(Q2/µ2)

56ᾱsζ(3) ln 1/x

)

ii) Scaling violations even at asymptotically large Q2:

N = ᾱsχ(γ̄) , χ(γ) =
1
γ

+ 2
∞∑

r=1

ζ(2r + 1) γ2r , |γ| < 1

−→ γ̄ =
ᾱs

N
+ 2ζ(3)

(
ᾱs

N

)4
+ 2ζ(5)

(
ᾱs

N

)6
+O

(
ᾱs

N

)7

BFKL anomalous dimension
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Contact with the DGLAP formalism

G(x ,Q2) ≡ xg(x ,Q2) , Σ(x ,Q2) ≡
nf∑

i=1

[xqi (x ,Q2) + xq̄i (x ,Q2)]

∂

∂ ln Q2

(
ΣN (Q2)
GN (Q2)

)
=

(
γN

qq 2nf γ
N
qg

γN
gq γN

gg

)(
ΣN (Q2)
GN (Q2)

)
F2,N (Q2) =

∑
i

e2
i Ci,N (Q2/µ2

F , αs(µ2
F ))Qi,N (µ2

F ) + Cg,N (Q2/µ2
F , αs(µ2

F ))GN (µ2
F )

(i) Leading order, (ii) µF = Q, (iii) neglect quark densities at low x , (iv) neglect
derivatives wrt ln Q2 of coefficient functions (subleading):

∂F2,N (Q2)

∂ ln Q2
=
(
〈e2

q〉2nf γ
N
qg + CN

g (1, αs)γN
gg
)
GN (Q2)

GN (Q2) = GN (µ2)

(
Q2

µ2

)γN
gg

Compare with
∂F2,N (Q2)

∂ ln Q2
= h2,N (γ̄)RN F̃0

N (γ̄)

(
Q2

µ2

)γ̄
−→ γN

gg = γ̄ =
ᾱs

N
Note also that γN

qg |N→0 = ᾱs
18 and h2,N (γ̄) = ᾱs〈e2

q〉
nf
9 .

BFKL predicts the most singular part of γN
gg to all orders in αs .
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BFKL in next-to-leading accuracy

Production amplitudes keep the simple factorized form

ReAÃB̃+n
AB = 2s Γ

c1
ÃA

( n∏
i=1

γ
Pi
ci ci+1

(qi , qi+1)

(
si

sR

)ω(ti ) 1
ti

)
1

tn+1

(
sn+1

sR

)ω(tn+1)

Γ
cn+1
B̃B

but, with respect to the LLA case, one replacement is allowed among the following:

multi-Regge kinematics

ω(1) −→ ω(2)

Γ
c (Born)
P′P −→ Γ

c (1-loop)
P′P

������� �	� 
���
 �����

γ
Gi (Born)
ci ci+1

−→ γ
Gi (1-loop)
ci ci+1

�������
�	�


���
 �����
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BFKL in next-to-leading accuracy

quasi-multi-Regge kinematics

Γ
c (Born)
P′P −→ Γ

c (Born)
{f}P

������� �	�
�������

γ
Gi (Born)
ci ci+1

−→ γ
QQ(Born)
ci ci+1

�������

�	�

�������

γ
Gi (Born)
ci ci+1

−→ γ
GG(Born)
ci ci+1

�������

�	�

�������

This is the program of calculation of radiative corrections to the LLA BFKL
[V.S. Fadin, L.N. Lipatov (1989)]
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BFKL in next-to-leading accuracy

ω(2)(t) [V.S. Fadin (1995)] [V.S. Fadin, R. Fiore, M.I. Kotsky (1995)]
[V.S. Fadin, R. Fiore, A. Quartarolo (1996)]

[V.S. Fadin, R. Fiore, M.I. Kotsky (1996)]
[V.S. Fadin, M.I. Kotsky (1996)]

γ
Gi (1-loop)
ci ci+1

[V.S. Fadin, L.N. Lipatov (1993)]
[V.S. Fadin, R. Fiore, A. Quartarolo (1994)]

[V.S. Fadin, R. Fiore, M.I. Kotsky (1996)]
[V.S. Fadin, R. Fiore, A. P. (2001)]

Γ
c (1-loop)
P′P [V.S. Fadin, R. Fiore (1992)] [V.S. Fadin, L.N. Lipatov (1993)]

[V.S. Fadin, R. Fiore, A. Quartarolo (1994)]
[V.S. Fadin, R. Fiore, M.I. Kotsky (1995)]

γ
QQ (Born)
ci ci+1

[V.S. Fadin, R. Fiore, A. Flachi, M.I. Kotsky (1997)]
[S. Catani, M. Ciafaloni, F. Hautmann (1990)]

[G. Camici, M. Ciafaloni (1996)]

γ
GG(Born)
ci ci+1

[V.S. Fadin, L.N. Lipatov (1996)]
[V.S. Fadin, M.I. Kotsky, L.N. Lipatov (1997)]
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BFKL in next-to-leading accuracy

Structure of the amplitude:

��� � ���� �����

�	� �
��� �

��
 ��
�� �

�

��� � � �
� � � �

Ims(AR)A′B′
AB =

s
(2π)D−2

∫
dD−2q1

~q 2
1 (~q1 − ~q)2

∫
dD−2q2

~q 2
2 (~q2 − ~q)2

∑
ν

Φ
(R,ν)
A′A (~q1;~q; s0)

×
∫ δ+i∞

δ−i∞

dω
2πi

[(
s
s0

)ω
G(R)
ω (~q1, ~q2, ~q)

]
Φ

(R,ν)
B′B (−~q2;−~q; s0)
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BFKL in next-to-leading accuracy
G(R)
ω – Mellin transform of the Green’s functions for Reggeon-Reggeon scattering

ωG(R)
ω

(
~q1, ~q2, ~q

)
= ~q 2

1 (~q1 − ~q) 2δ(D−2)
(
~q1 − ~q2

)
+

∫
dD−2qr

~q 2
r (~qr − ~q) 2

K(R)
(
~q1, ~qr ;~q

)
G(R)
ω

(
~qr , ~q2;~q

)
K(R)

(
~q1, ~q2;~q

)
=
[
ω
(
−~q 2

1

)
+ ω

(
−(~q1 − ~q) 2

)]
δ(D−2)

(
~q1 − ~q2

)
+K(R)

r
(
~q1, ~q2;~q

)
In the NLA: ω(t) = ω(1)(t) + ω(2)(t), Kr = K(B)

RRG +K(1)
RRG +K(B)

RRQQ
+K(B)

RRGG

K(1)
RRG

t = 0: [V.S. Fadin, L.N. Lipatov (1993)]
[V.S. Fadin, R. Fiore, A. Quartarolo (1994)]

[V.S. Fadin, R. Fiore, M.I. Kotsky (1996)]
t 6= 0: [V.S. Fadin, R. Fiore, A. P. (2001)]

K(B)

RRQQ
t = 0: [V.S. Fadin, R. Fiore, A. Flachi, M.I. Kotsky (1997)]
t 6= 0: [V.S. Fadin, R. Fiore, A. P. (1999)]

� �������	��

����
����

K(B)
RRGG

t = 0: [V.S. Fadin, L.N. Lipatov, M.I. Kotsky (1997)]
t 6= 0: [V.S. Fadin, D.A. Gorbachev (2000)]

[V.S. Fadin, R. Fiore (2005)]
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BFKL in next-to-leading accuracy

Φ
(R,ν)
A′A – impact factors in the t-channel color state (R, ν)

ΦA′A =
∑
{f}

∫
dκ
2π

dρf Γc
{f}A(Γc′

{f}A′ )
∗

×
(

s0

~q 2
1

)ω(−~q 2
1 )

2 (
s0

(~q1 − ~q)2

)ω(−(~q1−~q)2)

2

non-trivial momentum and scale-dependence

� �������	��

����

���
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BFKL in next-to-leading accuracy
Pomeron channel: t = 0 and singlet color representation in the t-channel(
K(~q1, ~q2) ≡ K

(0)(~q1,~q2,0)

~q 2
1
~q 2

2
, γ = 1

2 + iν
)

∫
dD−2q2K

(
~q1, ~q2

)
(~q 2

2 )γ−1 =
Nαs(~q2

1)

π

(
χ(γ) +

Nαs(~q2
1)

π
χ(1)(γ)

)
(~q 2

1 )γ−1

χ(1)(ν) = −
β0

8 Nc

(
χ2(ν)−

10
3
χ(ν)− iχ′(ν)

)
+ χ̄(ν) , β0 =

11 Nc

3
−

2nf

3

χ̄(ν) = −
1
4

[
π2 − 4

3
χ(ν)− 6ζ(3)− χ′′(ν)−

π3

cosh(πν)

+
π2 sinh(πν)

2ν cosh2(πν)

(
3 +

(
1 +

nf

N3
c

)
11 + 12ν2

16(1 + ν2)

)
+ 4φ(ν)

]

φ(ν) = 2

1∫
0

dx
cos(ν ln(x))

(1 + x)
√

x

[
π2

6
− Li2(x)

]

broken scale invariance

large corrections: − χ(1)(γ)
χ(γ)

∣∣∣∣
γ=1/2

' 6.46 + 0.05 nf
N + 0.96 nf

N3

[V.S. Fadin, L.N. Lipatov (1998)] [G. Camici, M. Ciafaloni (1998)]
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BFKL in next-to-leading accuracy

χ(ν) + ᾱs(~q 2
1 )χ(1)(ν) vs ν

ᾱs(~q 2
1 ) ≡ αs(~q 2

1 )N
π

= 0.15

(omitted terms with the first derivative) 0.2 0.4 0.6 0.8 1
Ν

-2

-1

1

2

3

4

Double maxima −→ oscillations in momentum space after ν-integration

Ways out:

rapidity veto [C.R. Schmidt (1999)]
[J.R. Forshaw, D.A. Ross, A. Sabio Vera (1999)]

collinear improvement [G. Salam (1998)] [M. Ciafaloni, D. Colferai (1999)]

renormalization with a physical scheme
[S.J. Brodsky, V.S. Fadin, V.T. Kim, L.N. Lipatov, G.B. Pivovarov (1999)]

...
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Mueller-Navelet jets

proton(p1) + proton(p2) → jet1(k1) + jet2(k2) + X

p2

x2

p1

x1 k1

k2

large jet transverse momenta (hard scales): ~k 2
1 ∼ ~k

2
2 � Λ2

QCD

large rapidity gap between jets, ∆y ≡ Y = yJ1 − yJ2 ,
which requires large c.m. energy of the proton collisions, s = 2p1 · p2 � ~k 2

1,2

[A.H. Mueller, H. Navelet (1987)]
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Step 0: take the impact factors for colliding partons
[V.S. Fadin, R. Fiore, M.I. Kotsky, A.P. (2000)]

[M. Ciafaloni and G. Rodrigo (2000)]

quark impact factor gluon impact factor

Step 1: “open” one of the integrations over the phase space of the intermediate
state to “allow” one parton to generate the jet

quark jet vertex gluon jet vertex

Step 2: take the convolution with leading-twist PDFs∑
a=q,q̄

fa ⊗ (quark jet vertex) + fg ⊗ (gluon jet vertex)

[J. Bartels, D. Colferai, G.P. Vacca (2003)]
[F. Caporale, D.Yu. Ivanov, B. Murdaca, A.P., A. Perri (2011)]

[D.Yu. Ivanov, A.P. (2012)] (small-cone approximation)
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small-cone approximation
BLM scale setting

� CMS (7 TeV)

[F. Caporale, D.Yu. Ivanov, B. Murdaca,
A.P. (2014)]
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Cn/Cm = 〈cos(nφ)〉
〈cos(mφ)〉 vs Y = yJ1 − yJ2 [A. Sabio Vera (2006)]

[A. Sabio Vera, F. Schwennsen (2007)]

small-cone approximation
BLM scale setting

� CMS (7 TeV)

Similar results obtained with the exact jet vertices
[B. Ducloué, L. Szymanowski, S. Wallon (2013,2014)]
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Path integral formalism

Z =

∫
Dψ̄Dψ DAµeiSQCD =

∫
Dψ̄DψDAµ exp

[
i
∫

dt
∫

d3~xLQCD

]
〈O〉 =

1
Z

∫
Dψ̄DψDAµ O[ψ̄, ψ,Aµ] eiSQCD

a

ψ(n)

Uµ

1 Euclidean space-time:

t → −iτ , iSQCD → −S(E)
QCD

2 space-time lattice (spacing a)
ψ fields on sites, gauge fields on links

Uµ(n) = P exp

(
ig
∫ x+µ̂a

x
dxµAµ(x)

)

3 Z →
∫

Dψ̄Dψ DU e−S(E)
QCD

suitable for Monte-Carlo methods

Space-time lattice acts as a regulator, cutting off momenta above ∼ 1/a.

Also non-perturbative physics gets accessible, just “measure” the appropriate O.
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Lattice action

a

UP

SQCD = SG[U] + SF [U, ψ, ψ]

UP,µν = 1 + iga2Fµν −
1
2

g2a4FµνFµν +O(a6)

SG[U] =
2Nc

g2

∑
P

[
1−

1
Nc

Re Tr UP

]
[Wilson (1974)]

g = g(a)
a→0−→ 0

SF =
1
2

∑
n,µ

nf∑
f =1

[
ψ

f
(n)γµUµ(n)ψf (n + µ̂)− ψf

(n + µ̂)γµU†µ(n)ψf (n)

]

+ a
∑

n

nf∑
f =1

mfψ
f
(n)ψf (n)

−→ Doublers (nf = 1 =⇒ 24 fermions)

Ways out: staggered, Wilson, overlap, domain-wall or twisted-mass fermions
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Lattice setup

How to get to the continuum limit?

Tune bare parameters (g(a), mf (a)) in the direction where a decreases, keeping
the physics “constant”, e.g. (

mπ
mp

)
lat

=

(
mπ
mp

)
exp

Scale fixing: take a reference observable, e.g. mp , “measure” it on the lattice for a
choice of bare parameters and compare with the experimental value:

(mp)lat = a(mp)exp −→ a = a(g,mf ) =
(mp)lat

(mp)exp

Increase accordingly the number of lattice sites, to keep the physical volume fixed
at a size large enough to accommodate the relevant physics.

Current best settings:

V4 = (aN)4 , N . O(100) , aN = (a few) fm , a & 0.04 fm

degenerate up and down quarks, with physical masses, plus physical strange
plus (possibly) charm (2+1+1)
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αs

0.110 0.115 0.120 0.125 0.130
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Z)August 2019

Baikov 2008

Davier 2014

Boito 2015

Pich 2016

Boito 2018

PDG 2018

τ decays
&

low Q2

Mateu 2018

Peset 2018

QQ
 bound states

BBG06

JR14

MMHT14

ABMP16

NNPDF31

CT14

DIS
&

PDF fits

ALEPH (j&s)

OPAL (j&s)

JADE (j&s)

Dissertori (3j)

JADE (3j)

Verbytskyi (2j)

Kardos (EEC)

Abbate (T)

Gehrmann (T)

Hoang (C)

  e +e −

jets
&

shapes

Klijnsma (t ̄t)

CMS (t ̄t)

H1 (jets)

hadron
collider

PDG 2018

Gfitter 2018
 electroweak

FLAG2019 lattice

0.115 0.120

αs(M2
Z)

August 2019

ALPHA 17

PACS-CS 09A

Bazanov 14

HPQCD 10

Maltman 08

JLQCD 17

HPQCD 14A

HPQCD 10

Through QQ̄ potential, current-current
correlators, QCD vertices, Schrödinger

functional, ...

αs(M2
Z ) = 0.1182(8) [FLAG2019]

αs(M2
Z ) = 0.1176(11) world w/o latt.
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Hadron spectrum

(2+1)-QCD with almost physical quark masses

[Dürr et al., Science 322 (2008), 1224 [arXiv:0906.3599 [hep-lat]]]
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Static quark potential - pure gauge case

T

R

WL

〈WL〉
T→∞∝ e−TV (R)

V (R) - potential between a static
quark-antiquark pair

V (R) = A + B
R + σR

σ ≈ 900 MeV/fm

[S. Necco, hep-lat/0306005]

r2
0 F (r0) = 1.65

r0 ≈ 0.5 fm
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Flux-tube anatomy - pure gauge case

E (NP)
x = Ex − E (Coulomb)

x [M. Baker et al., Eur. Phys. J. C 80 (2020) 514 [arXiv:1912.04739]]
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String breaking in QCD

Q Q̄

qq̄

R

QCD with Nf = 2 Wilson fermions
rbreak ' 1.25 fm

[G.S. Bali et a., Nucl. Phys. B Proc. Suppl. 140 (2005), 609 [arXiv:hep-lat/0409137]]
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Partonic distributions

Formal definition:

q(x) =

∫
dz
2π

e−ixP+z 〈P|ψ̄(z)
γ+

2
A[z, 0]︸ ︷︷ ︸

Wilson line

ψ(0)|P〉 , P+ =
P0 + P3
√

2

z a light-cone vector, hard to implement on a lattice with finite spacing

Traditional approach: evaluate moments of partonic distributions
signal-to-noise drops fast, only n = 3 reachable, theoretical issues

Recent development: express PDFs as Fourier transforms of equal-time
correlators

Quasi-PDFs: the Fourier variable is z [X. Ji (2013)]

Pseudo-PDFs: the Fourier variable is P · z (“Ioffe time”), dual to xB

[A. Radyushkin (2017)]
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Partonic distributions

Quasi-PDFs

Nf = 2 twisted Wilson fermions
physical quark masses

[C. Alexandrou et al., Phys. Rev. D 99 (2019)
114504 [arXiv:1902.00587]]

Pseudo-PDFs

QCD with 2+1 Wilson fermions
extrapolated to physical quark mass

[B. Joo et al., Phys. Rev. Lett. 125 (2020)
232003 [arXiv:2004.01687]]
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QCD at non-zero temperature

~x

τ

Nσ a

Nτ a

Nτ =
1

aT

(Anti-)periodic boundary
conditions:

Uµ(~n, 0) = Uµ(~n,Nτ )

ψ(~n, 0) = −ψ(~n,Nτ )

Z (E) =

∫
Dψ̄Dψ DU exp

[
−
∫ T

0
dτ
∫

d3~x L(E)

]
, β ≡

1
aNτ

mq →∞: breaking of the center symmetry, Z(Nc ); Td ≈ 260 MeV

P(~n) = Tr
∏Nτ

n4=1 U4(~n, n4) , e−βFq = 〈P(~n)〉 = 〈L〉

T < Td : 〈L〉 = 0 confinement; T > Td : 〈L〉 6= 0 deconfinement

mq → 0: breaking of the chiral symmetry;

T < Tch : 〈ψ̄ψ〉 6= 0 broken symm.; T > Tch : 〈ψ̄ψ〉 = 0 restored symm.
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QCD at non-zero temperature: Columbia plot

?

?
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QCD equation of state

(2+1)-QCD with physical-mass staggered fermions

[HotQCD Collaboration, Phys. Rev. D 90 (2014) 094503, [arXiv:1407.6387]]

High-temperature QCD matter (quark-gluon plasma) as a low-viscosity fluid.
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QCD at non-zero baryon density

Take, for simplicity, nf = 1:

Z (E)(T , µ) = Tr exp

[
−

H − µN̂
T

]
, N̂ =

∫
d3~xJ0 , Jµ = ψ̄γµψ

N̂ quark number operator; its eigenvalues give the excess of quarks over anti-quarks.

LQCD(µ)→ LQCD + µJ0

Z (E)(T , µ) =

∫
DU DψDψ e−SF [U,ψ,ψ,µ]−SG [U]

SF =
∑
n,m

ψ(n)Mnm(µ)ψ(m) ,

∫
DψDψ e−SF [U,ψ,ψ,µ] = det M(µ)

Z (E)(T , µ) =

∫
DU e−Seff[U] , Seff[U] = SG[U]− ln det M[U, µ]︸ ︷︷ ︸

complex for µ6=0

Sign problem! Monte-Carlo methods unfeasible.

Ways out: reweighting, Taylor expansion around µ = 0, imaginary chemical potential,
field complexification, dual transformations, ...
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QCD phase diagram

[BNL: www.bnl.gov (2010)]
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QCD phase diagram: heavy-ion collisions

[BNL: www.bnl.gov]
5. Re-hadronization 6. Chemical freeze-out

Thermo-statistical models can describe particle abundances in terms of T and µ

[P. Cea, L. Cosmai, A.P.,
Phys. Rev. D 93 (2016) 014507 [arXiv:1508.07599]]

Lattice data (critical line):
(2+1)-QCD with almost physical
staggered fermions,
µu = µd = µs

Exp. data (freeze-out, BNL):
AGS (black), STAR (green)
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Conclusions

QCD is a fascinating, multi-faceted theory, answering many questions
in hadron physics, but posing also hard challenges.

It is the ideal place for creative minds.
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