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Goals of quantum technologies
What?

• Isolating and controlling (simple) quantum objects.

• Building complex quantum systems from them.

Why?

• Study new physics with ‘engineered’ many-body systems.

• Creating and probing new exotic phases of matter.

• Explore new applications.

• Quantum computing & simulation.

• Quantum communications.

• Quantum sensing & metrology. 

a superposition. We measure some dedicated output bits of this final state in the computational
basis in order to (probabilistically) obtain an output.

To draw such circuits, we typically let time progress from left to right: we start with the initial
state on the left. Each qubit is pictured as a wire, and the circuit prescribes which gates are to
be applied to which wires. Single-qubit gates like X and H just act on one wire, while multi-qubit
gates such as the CNOT act on multiple wires simultaneously.2 When one qubit “controls” the
application of a gate to another qubit, then the controlling wire is drawn with a dot linked vertically
to the gate that is applied to the target qubit. This happens for instance with the CNOT, where
the applied single-qubit gate is X (sometimes drawn as ‘�’). Figure 2.1 gives a simple example on
two qubits, initially in basis state |00i: first apply H to the 1st qubit, then CNOT to both qubits
(with the first qubit acting as the control), and then Z to the last qubit. The resulting state is
1p
2
(|00i � |11i).

|0! H •

|0! Z

Figure 2.1: Simple circuit for turning |00i into an entangled state

In analogy to the classical class BPP, we will define BQP (“Bounded-error Quantum Poly-
nomial time”) as the class of languages that can e�ciently be computed with success probability
at least 2/3 by (a family of) quantum circuits whose size grows at most polynomially with the
input length. We will study this quantum complexity class and its relation with various classical
complexity classes in more detail in Chapter 12.

2.2 Universality of various sets of elementary gates

Which set of elementary gates should we allow? There are several reasonable choices.

(1) The set of all 1-qubit operations together with the 2-qubit CNOT gate is universal,
meaning that any other unitary transformation can be built from these gates.

Allowing all 1-qubit gates is not very realistic from an implementational point of view, as there are
continuously many of them, and we cannot expect experimentalists to implement gates to infinite
precision. However, the model is usually restricted, only allowing a small finite set of 1-qubit gates
from which all other 1-qubit gates can be e�ciently approximated.

(2) The set consisting of CNOT, Hadamard, and the phase-gate T = R⇡/4 is universal
in the sense of approximation, meaning that any other unitary can be arbitrarily well
approximated using circuits of only these gates. The Solovay-Kitaev theorem [117,
Appendix 3] says that this approximation is quite e�cient: we can approximate any
gate on 1 or 2 qubits up to error " using a number of gates (from our small set) that
is only polylog(1/"), i.e., polynomial in the logarithm of 1/"; in particular, simulating
arbitrary gates up to exponentially small error costs only a polynomial overhead.

2Note that the number of wires (qubits) going into a unitary must equal the number of wires going out because
a unitary is always invertible (reversible). This di↵ers from the case of classical circuits, where non-reversible gates
like AND have more wires going in than out.
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Today’s talk

Quantum technologies: "Between hype and hope”

• Basic principles.

• Potential applications: computing, communications, and sensing/metrology. 

Brief overview of quantum computing

• Digital quantum computing model.

• Quantum algorithms.

Quantum computing with qudits.

• Decomposition of multiqubit gates.

• Qudit-based quantum algorithms.

+ Open quantum systems analysis.
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Frontiers of Nature: Big questions about our Universe

Short distances Long distances

Higgs mechanism

Supersymmetry

Quantum gravity

Large-scale structure 

Dark matter 

Dark energy

J. Preskill, Entanglement Frontier, arXiv:1203.5813 (2012) 
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Modern quantum technologies: Controlling quantum phenomena

First quantum revolution:
Collective quantum phenomena 

LasersTransistors Single ions, atoms, photons, 
and etc

Second quantum revolution:
Individual quantum phenomena 

‘Modern quantum technologies’:
individual quantum effects play a 

crucial role



Goals of quantum technologies
What?

• Isolating and controlling (simple) quantum objects.

• Building complex quantum systems from them.

Why?

• Study new physics with ‘engineered’ many-body systems.

• Creating and probing new exotic phases of matter.

• Explore new applications.

• Quantum computing & simulation.

• Quantum communications.

• Quantum sensing & metrology. 

a superposition. We measure some dedicated output bits of this final state in the computational
basis in order to (probabilistically) obtain an output.

To draw such circuits, we typically let time progress from left to right: we start with the initial
state on the left. Each qubit is pictured as a wire, and the circuit prescribes which gates are to
be applied to which wires. Single-qubit gates like X and H just act on one wire, while multi-qubit
gates such as the CNOT act on multiple wires simultaneously.2 When one qubit “controls” the
application of a gate to another qubit, then the controlling wire is drawn with a dot linked vertically
to the gate that is applied to the target qubit. This happens for instance with the CNOT, where
the applied single-qubit gate is X (sometimes drawn as ‘�’). Figure 2.1 gives a simple example on
two qubits, initially in basis state |00i: first apply H to the 1st qubit, then CNOT to both qubits
(with the first qubit acting as the control), and then Z to the last qubit. The resulting state is
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(|00i � |11i).
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Figure 2.1: Simple circuit for turning |00i into an entangled state

In analogy to the classical class BPP, we will define BQP (“Bounded-error Quantum Poly-
nomial time”) as the class of languages that can e�ciently be computed with success probability
at least 2/3 by (a family of) quantum circuits whose size grows at most polynomially with the
input length. We will study this quantum complexity class and its relation with various classical
complexity classes in more detail in Chapter 12.

2.2 Universality of various sets of elementary gates

Which set of elementary gates should we allow? There are several reasonable choices.

(1) The set of all 1-qubit operations together with the 2-qubit CNOT gate is universal,
meaning that any other unitary transformation can be built from these gates.

Allowing all 1-qubit gates is not very realistic from an implementational point of view, as there are
continuously many of them, and we cannot expect experimentalists to implement gates to infinite
precision. However, the model is usually restricted, only allowing a small finite set of 1-qubit gates
from which all other 1-qubit gates can be e�ciently approximated.

(2) The set consisting of CNOT, Hadamard, and the phase-gate T = R⇡/4 is universal
in the sense of approximation, meaning that any other unitary can be arbitrarily well
approximated using circuits of only these gates. The Solovay-Kitaev theorem [117,
Appendix 3] says that this approximation is quite e�cient: we can approximate any
gate on 1 or 2 qubits up to error " using a number of gates (from our small set) that
is only polylog(1/"), i.e., polynomial in the logarithm of 1/"; in particular, simulating
arbitrary gates up to exponentially small error costs only a polynomial overhead.

2Note that the number of wires (qubits) going into a unitary must equal the number of wires going out because
a unitary is always invertible (reversible). This di↵ers from the case of classical circuits, where non-reversible gates
like AND have more wires going in than out.
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Basic building blocks of quantum technologies

Quantum systems, 
e.g. two-level atom 

(polarization of 
photons, …)

1. Making quantum superposition. 

2. Making entangled states of quantum systems.

3. No-cloning theorem.

4. Protecting quantum effects from decoherence.
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Potentail applications
Quantum computing

• Building a new generation of computing devices based on principles of quantum physics 
(e.g. superposition, entanglement, tunnelling, etc). Conjecture is that such computing 
devices are able to solve computational problems, which are beyond the capabilities of 
classical devices (simulation, prime factorization,…).

Quantum communications (and quantum random number generators)

• Encoding information using states of individual quantum systems (e.g. single photons) 
and transmit them. Fundamental postulates of quantum physics guarantee that it is 
impossible to extract information without introducing errors. A perfect system for 
distributing cryptographic keys. 

Quantum sensing and metrology

• Using sensitivity of quantum systems to extract perturbation in order to measure weak 
fields (e.g. magnetic sensors or quantum clocks). 



Example: Quantum random number generator

Source of photons

Detector “0”

Detector “1”

Russia

• First-principles calculations (Monte-Carlo).

• Information security and cryptography.

• E-commerce.

• Lotteries and online casinos.

World



Brief introduction to quantum computing



Quantum computing: Brief history

Journal of Statistical Physics, FoL 29, No. 3, 1982 

Quantum Mechanical Hamiltonian Models of 
Turing Machines 
Paul  B e n i o f f  I 

Received October 5, 1981; rev&ed June 9, 1982 

Quantum mechanical Hamiltonian models, which represent an aribtrary but 
finite number of steps of any Turing machine computation, are constructed here 
on a finite lattice of spin-1/2 systems. Different regions of the lattice correspond 
to different components of the Turing machine (plus recording system). Succes- 
sive states of any machine computation are represented in the model by spin 
configuration states. Both time-independent and time-dependent Hamiltonian 
models are constructed here. The time-independent models do not dissipate 
energy or degrade the system state as they evolve. They operate close to the 
quantum limit in that the total system energy uncertainty/computation speed is 
close to the limit given by the time-energy uncertainty relation. However, the 
model evolution is time global and the Hamiltonian is more complex. The 
time-dependent models do not degrade the system state. Also they are time local 
and the Hamiltonian is less complex. 

KEY WORDS: Schr6dinger equation description of Turing machines; 
nondissipative models of computers; quantum spin lattices, 

1. I N T R O D U C T I O N  

In  recent years there has been  an  upsurge of interest in the physical  
l imitat ions of the computa t ion  process. In  par t icular  the energy cost of 
computa t ion  or in format ion  transfer and  whether or not  there must  be 
energy dissipation are the subjects of much  discussion. (1-1~ Some years ago 
it was felt (3'7) that there mus t  be dissipat ion associated with the computa -  
t ion process because the process is irreversible. However,  in 1973, Ben- 
net t  (2~ constructed reversible models  of the computa t ion  process a n d  

1 Division of Environmental Impact Studies, Argonne National Laboratory, Argonne, Illinois 
60439. 
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C. Bennet during his talk on the International Conference on Quantum Technologies in Moscow (July, 2019)



Computing: classical vs. quantum

Classical computing:


Basic unit: bit = 0 or 1


Computing process: 

logical operation under bits
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Quantum computing:


Basic unit: qubit = 0 and 1


Computing process: 

logical operation under qubits



Quantum computing models: Digital quantum computer

a superposition. We measure some dedicated output bits of this final state in the computational
basis in order to (probabilistically) obtain an output.

To draw such circuits, we typically let time progress from left to right: we start with the initial
state on the left. Each qubit is pictured as a wire, and the circuit prescribes which gates are to
be applied to which wires. Single-qubit gates like X and H just act on one wire, while multi-qubit
gates such as the CNOT act on multiple wires simultaneously.2 When one qubit “controls” the
application of a gate to another qubit, then the controlling wire is drawn with a dot linked vertically
to the gate that is applied to the target qubit. This happens for instance with the CNOT, where
the applied single-qubit gate is X (sometimes drawn as ‘�’). Figure 2.1 gives a simple example on
two qubits, initially in basis state |00i: first apply H to the 1st qubit, then CNOT to both qubits
(with the first qubit acting as the control), and then Z to the last qubit. The resulting state is
1p
2
(|00i � |11i).

|0! H •

|0! Z

Figure 2.1: Simple circuit for turning |00i into an entangled state

In analogy to the classical class BPP, we will define BQP (“Bounded-error Quantum Poly-
nomial time”) as the class of languages that can e�ciently be computed with success probability
at least 2/3 by (a family of) quantum circuits whose size grows at most polynomially with the
input length. We will study this quantum complexity class and its relation with various classical
complexity classes in more detail in Chapter 12.

2.2 Universality of various sets of elementary gates

Which set of elementary gates should we allow? There are several reasonable choices.

(1) The set of all 1-qubit operations together with the 2-qubit CNOT gate is universal,
meaning that any other unitary transformation can be built from these gates.

Allowing all 1-qubit gates is not very realistic from an implementational point of view, as there are
continuously many of them, and we cannot expect experimentalists to implement gates to infinite
precision. However, the model is usually restricted, only allowing a small finite set of 1-qubit gates
from which all other 1-qubit gates can be e�ciently approximated.

(2) The set consisting of CNOT, Hadamard, and the phase-gate T = R⇡/4 is universal
in the sense of approximation, meaning that any other unitary can be arbitrarily well
approximated using circuits of only these gates. The Solovay-Kitaev theorem [117,
Appendix 3] says that this approximation is quite e�cient: we can approximate any
gate on 1 or 2 qubits up to error " using a number of gates (from our small set) that
is only polylog(1/"), i.e., polynomial in the logarithm of 1/"; in particular, simulating
arbitrary gates up to exponentially small error costs only a polynomial overhead.

2Note that the number of wires (qubits) going into a unitary must equal the number of wires going out because
a unitary is always invertible (reversible). This di↵ers from the case of classical circuits, where non-reversible gates
like AND have more wires going in than out.
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Qubits

Single-qubit 
gates

Two-qubit 
gates

Measurements

Increase the computational volume of a quantum computer: (i) increasing the number of 
qubits, (ii) increasing the quality of quantum operations, (iii) controlling interactions with 
the environment (exclude errors) 



Quantum gates

Single-qubit gates: 

A unitary that acts on a small number of qubits (say, at most 3) is often called a gate, in 
analogy to classical logic gates like AND, OR, and NOT. 
Examples: The Pauli matrices I, X, Y, Z.

Two-qubit gates: 

Example: controlled-not gate CNOT. 

Universal set of gates: 

Theorem: any unitary transformation on any number of qubits can be decomposed as a 
product of 1- and 2-qubit gates. 

Question: What do we need to have in the universal set of quantum gates?



Universal set of quantum gates



Universal set of quantum gates

1. We need to generate a superposition of quantum states.



1. We need to generate a superposition of quantum states.

But superposition is not enough. The reason is simply that an unentangled pure state of n 
qubits can be always written as:

Such a state requires only 2n amplitudes, so we can store the state efficiently.

Universal set of quantum gates



1. We need to generate a superposition of quantum states.

But superposition is not enough. The reason is simply that an unentangled pure state of n 
qubits can be always written as:

Such a state requires only 2n amplitudes, so we can store the state efficiently.

2. We need to create entanglement.

Universal set of quantum gates

This state requires only 2N amplitudes, so we cannot store the state efficiently. Superposition 
and entanglement allows accessing exponentially large computation spaces.



Access to the exponentially large computational space  

No known classical algorithm can simulate a quantum computer. But perhaps the most 
persuasive argument we have that quantum computing is powerful is simply that we don’t 
know how to simulate a quantum computer using a digital computer; that remains true even 
after many decades of effort by physicists to find better ways to simulate quantum systems.

J. Preskill, Quantum computing in the NISQ era and beyond, Quantum. 2, p. 79 (2018). 

||Matthias Troyer

Simulating quantum computers on classical computers

Simulating a quantum gate acting on N qubits needs O(2N) memory and operations  

16

Qubits Memory Time for one gate operation
10 16 kByte microseconds on a watch
20 16 MByte milliseconds on smartphone
30 16 GByte seconds on laptop
40 16 TByte minutes on supercomputer
50 16 PByte hours on top supercomputer
60 16 EByte long long time
80 size of visible universe age of the universe



Quantum gates

Superposition

Entanglement 

Is it enough for quantum computing?



3. Real vs. imaginary gates.

The set {Hadamard, CNOT} is getting closer to universality, as it’s capable of creating entangled 
superposition states. But it’s still not there, as can be seen from the fact that the cNOT and 
Hadamard matrices have real entries only. So composing them could never give us a unitary 
transformation like 

Universal set of quantum gates

Let us then take {Haramard, CNOT, Phase}, they can generate superposition, and 
entanglement, and amplitudes that are not real. 

4. Non-trivial observation: {Haramard, CNOT, Phase} is not universal in the view of the 
Gottesman-Knill Theorem since these gates are stabilzers. 

But {CNOT, R(pi/8), Phase} is the universal set of gates



Quantum hardware

1. Superconductors 2. Trapped ions 3. Rydberg atoms 4. Silicon photonics

+ ~10 alternative platforms: semiconductors, color centres, quantum dots, 
graphene, polaritons,..



Quantum hardware REVIEWINSIGHT
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samples. If we make an average-case hardness assumption and prove one 
more technical assumption known as anticoncentration, we can rule 
out additive-error simulations—that is, those satisfying inequality (2). 
Anticoncentration means that the distribution q(z) is reasonably close to 
uniform. It is known to hold for random circuits of sufficient depth20 and 
for IQP18 and is conjectured to hold for boson sampling9.

One disadvantage of average-case assumptions is that they cannot easily 
be reduced to each other. By contrast, if a problem is NP-hard in the worst 
case then we know that an algorithm that works for all inputs would yield 
algorithms for thousands of other problems in NP, which collectively 
have been studied for decades by researchers across all of science and  
engineering. But for average-case hardness, we may have different hardness  
for each distribution of instances. For example, for 3-SAT a natural distri-
bution is to choose n variables and !n random clauses. It is believed that 
random instances are likely to be satisfiable for !!<!!c and unsatisfiable 
for ! > !c, for some critical value !c ! 4.2667 (ref. 16). Based on this, it is 
reasonable to conjecture that choosing ! = !c yields a hard distribution, 
but this conjecture is far flimsier than the worst-case conjectures even for 
this relatively well-studied problem.

In rare cases, a problem will have the same average-case and worst-
case complexity, and it is a major open question to establish quantum 
supremacy based on such a problem. Boson sampling takes steps in that 
direction9, by using a conjecture about the average-case complexity of 
estimating a linear-algebraic function known as the permanent, while 

an average-to-worst-case reduction is known only for the exact case. 
Indeed the known reduction is based on polynomial interpolation and 
its numerical instability means that new ideas will be needed to argue 
that estimating the permanent is hard on average. More generally, a major 
open problem is to base the hardness of approximate classical simulations 
of the form of inequality (2) merely on well-believed classical complexity 
assumptions, such as non-collapse of the polynomial hierarchy.

Maximal assumptions
Another reasonable possibility is to make our complexity assumptions 
as strong as possible without contradicting known algorithms. Here the 
high-level strategy is to try to improve our (often exponential-time) clas-
sical simulations as far as possible and then to conjecture that they are 
essentially optimal. Aaronson and Chen20 have recently carried out this 
programme. Among other contributions, they developed classical simu-
lations for n-qubit, depth-d circuits that calculate matrix elements in time 
O((2d)n) and nearly linear space (note that with 2n space, O(d2n) time is 
possible). An easier task than classical simulation is to distinguish likely 
from unlikely outcomes of a quantum circuit with some exponentially 
small advantage over random guessing. The ‘QUATH’ conjecture20 asserts 
that poly-time classical algorithms cannot perform this task for quan-
tum circuits whose depth d " n. The advantage of this approach is that it 
enables a ‘semi-efficient’ verification procedure which uses the quantum 
device only a polynomial number of times but still requires exponential 
time on a classical computer.

Making these conjectures as strong as possible makes our confidence 
in them as low as possible; essentially any non-trivial improvement in 
simulating quantum mechanics would refute them. But so what? Unlike 
the case of cryptographic assumptions, a too-strong conjecture would not 
create any vulnerability to hackers. In this view, hardness conjectures are 
just ways of guessing the complexity of simulating quantum systems, and 
these estimates are always subject to revision as new evidence (in the form 
of algorithms) appears. Further, these conjectures highlight the limits of 
our current simulation algorithms, so that refuting them would be both 
plausible and a substantial advance in our current knowledge.

Physical noise and simulation errors
Any realistic quantum experiment will be affected by noise, that is, unde-
sired interactions with the environment. Dealing with this noise is a 
major challenge for both theorists and experimentalists. The general 
theory of quantum fault-tolerance21,22 allows quantum computations to 
be protected against a sufficiently small amount of physically reasonable 
noise. However, although the asymptotic overhead of fault-tolerance is 
relatively minor, the constant factors involved are daunting: to produce 
a fault-tolerant logical qubit may require 103#104 physical qubits23, an 
overhead far too great for short-term quantum-supremacy experiments. 
As excessive noise can render a hard probability distribution easy to 
simulate, it is an important question to determine to what extent these 
experiments remain hard to simulate classically, even in the presence of 
uncorrected noise.

A related issue is that classical simulation algorithms of quantum cir-
cuits will have errors of their own. This could be seen as analogous to 
the fact that realistic quantum computers only implement ideal quantum 
circuits imperfectly. Classical noise could be multiplicative as in inequality 
(1) or additive as in inequality (2). Methods based on representing the 
exact state24 can achieve low enough error rates that we can think of them 
as low multiplicative error, while methods based on sampling (see, for 
example, ref. 25) naturally achieve low additive error. For multiplicative 
noise it is relatively easy to show hardness results. IQP circuits remain 
hard to simulate under this notion of noise11, and similar results have 
since been shown for the one clean qubit model26 and other restricted 
classes of circuits. However, additive noise is arguably a more natural 
model, and ruling out such simulations would be a stronger result.

Addressing this question was one of the major steps forward taken by 
Aaronson and Arkhipov9 in their work on boson sampling. Based on 
two reasonable (yet currently unproven) conjectures, they argued that 

BOX 2
Random quantum circuits
Unlike boson sampling, some quantum-supremacy proposals remain 
within the standard quantum circuit model. In the model of commuting 
quantum circuits10 known as IQP (instantaneous quantum polynomial-
time), one considers circuits made up of gates that all commute, and 
in particular are all diagonal in the X basis; see Box 2 Figure below. 
Although these diagonal gates may act on the same qubit many times, 
as they all commute, in principle they could be applied simultaneously. 
The computational task is to sample from the distribution on 
measurement outcomes for a random circuit of this form, given a !xed 
input state. Such circuits are both potentially easier to implement than 
general quantum circuits and have appealing theoretical properties that 
make them simpler to analyse11,18. However, this very simplicity may 
make them easier to simulate classically too. Of course, one need not 
be restricted to commuting circuits to demonstrate supremacy. The 
quantum-AI group at Google has recently suggested an experiment 
based on superconducting qubits and non-commuting gates12. The 
proposal is to sample from the output distributions of random quantum 
circuits, of depth around 25, on a system of around 49 qubits arranged 
in a 2D square lattice structure (see Fig. 1). It has been suggested12 
that this should be hard to simulate, based on (a) the absence of any 
known simulation requiring less than a petabyte of storage, (b) IQP-style 
theoretical arguments18 suggesting that larger versions of this system 
should be asymptotically hard to simulate, and (c) numerical evidence12 
that such circuits have properties that we would expect in hard-to-
simulate distributions. If this experiment were successful, it would  
come very close to being out of reach of current classical simulation  
(or validation, for that matter) using current hardware and algorithms.

Box 2 Figure | Example of an IQP circuit. Between two columns of 
Hadamard gates (H) is a collection of diagonal gates (T and controlled-$Z).  
Although these diagonal gates may act on the same qubit many times 
they all commute, so in principle could be applied simultaneously.

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.
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quantum processor time is only about 30 seconds. The bitstring samples 
from all circuits have been archived online (see ‘Data availability’ section) 
to encourage development and testing of more advanced verification 
algorithms.

One may wonder to what extent algorithmic innovation can enhance 
classical simulations. Our assumption, based on insights from complex-
ity theory11–13, is that the cost of this algorithmic task is exponential in 
circuit size. Indeed, simulation methods have improved steadily over the 
past few years42–50. We expect that lower simulation costs than reported 
here will eventually be achieved, but we also expect that they will be 
consistently outpaced by hardware improvements on larger quantum 
processors.

Verifying the digital error model
A key assumption underlying the theory of quantum error correction 
is that quantum state errors may be considered digitized and local-
ized38,51. Under such a digital model, all errors in the evolving quantum 
state may be characterized by a set of localized Pauli errors (bit-flips or 
phase-flips) interspersed into the circuit. Since continuous amplitudes 
are fundamental to quantum mechanics, it needs to be tested whether 
errors in a quantum system could be treated as discrete and probabil-
istic. Indeed, our experimental observations support the validity of 
this model for our processor. Our system fidelity is well predicted by a 
simple model in which the individually characterized fidelities of each 
gate are multiplied together (Fig.!4).

To be successfully described by a digitized error model, a system 
should be low in correlated errors. We achieve this in our experiment by 

choosing circuits that randomize and decorrelate errors, by optimizing 
control to minimize systematic errors and leakage, and by designing 
gates that operate much faster than correlated noise sources, such as 
1/f flux noise37. Demonstrating a predictive uncorrelated error model 
up to a Hilbert space of size 253 shows that we can build a system where 
quantum resources, such as entanglement, are not prohibitively fragile.

The future
Quantum processors based on superconducting qubits can now perform 
computations in a Hilbert space of dimension 253!"!9!#!1015, beyond the 
reach of the fastest classical supercomputers available today. To our 
knowledge, this experiment marks the first computation that can be 
performed only on a quantum processor. Quantum processors have 
thus reached the regime of quantum supremacy. We expect that their 
computational power will continue to grow at a double-exponential 
rate: the classical cost of simulating a quantum circuit increases expo-
nentially with computational volume, and hardware improvements will 
probably follow a quantum-processor equivalent of Moore’s law52,53, 
doubling this computational volume every few years. To sustain the 
double-exponential growth rate and to eventually offer the computa-
tional volume needed to run well known quantum algorithms, such as 
the Shor or Grover algorithms25,54, the engineering of quantum error 
correction will need to become a focus of attention.

The extended Church–Turing thesis formulated by Bernstein and 
Vazirani55 asserts that any ‘reasonable’ model of computation can be 
efficiently simulated by a Turing machine. Our experiment suggests 
that a model of computation may now be available that violates this 
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Fig. 4 | Demonstrating quantum supremacy. a, Verification of benchmarking 
methods. FXEB values for patch, elided and full verification circuits are 
calculated from measured bitstrings and the corresponding probabilities 
predicted by classical simulation. Here, the two-qubit gates are applied in a 
simplifiable tiling and sequence such that the full circuits can be simulated out 
to n = 53, m = 14 in a reasonable amount of time. Each data point is an average over 
ten distinct quantum circuit instances that differ in their single-qubit gates (for n 
= 39, 42 and 43 only two instances were simulated). For each n, each instance is 
sampled with Ns of 0.5–2.5 million. The black line shows the predicted FXEB based 
on single- and two-qubit gate and measurement errors. The close 
correspondence between all four curves, despite their vast differences in 

complexity, justifies the use of elided circuits to estimate fidelity in the 
supremacy regime. b, Estimating FXEB in the quantum supremacy regime. Here, 
the two-qubit gates are applied in a non-simplifiable tiling and sequence for 
which it is much harder to simulate. For the largest elided data (n = 53, m = 20, 
total Ns = 30 million), we find an average FXEB!>!0.1% with 5! confidence, where ! 
includes both systematic and statistical uncertainties. The corresponding full 
circuit data, not simulated but archived, is expected to show similarly 
statistically significant fidelity. For m = 20, obtaining a million samples on the 
quantum processor takes 200 seconds, whereas an equal-fidelity classical 
sampling would take 10,000 years on a million cores, and verifying the fidelity 
would take millions of years.

“Our Sycamore processor takes about 200 seconds to 
sample one instance of a quantum circuit a million times
—our benchmarks currently indicate that the equivalent 
task for a state-of-the-art classical supercomputer would 

take approximately 10,000 years”.
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samples. If we make an average-case hardness assumption and prove one 
more technical assumption known as anticoncentration, we can rule 
out additive-error simulations—that is, those satisfying inequality (2). 
Anticoncentration means that the distribution q(z) is reasonably close to 
uniform. It is known to hold for random circuits of sufficient depth20 and 
for IQP18 and is conjectured to hold for boson sampling9.

One disadvantage of average-case assumptions is that they cannot easily 
be reduced to each other. By contrast, if a problem is NP-hard in the worst 
case then we know that an algorithm that works for all inputs would yield 
algorithms for thousands of other problems in NP, which collectively 
have been studied for decades by researchers across all of science and  
engineering. But for average-case hardness, we may have different hardness  
for each distribution of instances. For example, for 3-SAT a natural distri-
bution is to choose n variables and !n random clauses. It is believed that 
random instances are likely to be satisfiable for !!<!!c and unsatisfiable 
for ! > !c, for some critical value !c ! 4.2667 (ref. 16). Based on this, it is 
reasonable to conjecture that choosing ! = !c yields a hard distribution, 
but this conjecture is far flimsier than the worst-case conjectures even for 
this relatively well-studied problem.

In rare cases, a problem will have the same average-case and worst-
case complexity, and it is a major open question to establish quantum 
supremacy based on such a problem. Boson sampling takes steps in that 
direction9, by using a conjecture about the average-case complexity of 
estimating a linear-algebraic function known as the permanent, while 

an average-to-worst-case reduction is known only for the exact case. 
Indeed the known reduction is based on polynomial interpolation and 
its numerical instability means that new ideas will be needed to argue 
that estimating the permanent is hard on average. More generally, a major 
open problem is to base the hardness of approximate classical simulations 
of the form of inequality (2) merely on well-believed classical complexity 
assumptions, such as non-collapse of the polynomial hierarchy.

Maximal assumptions
Another reasonable possibility is to make our complexity assumptions 
as strong as possible without contradicting known algorithms. Here the 
high-level strategy is to try to improve our (often exponential-time) clas-
sical simulations as far as possible and then to conjecture that they are 
essentially optimal. Aaronson and Chen20 have recently carried out this 
programme. Among other contributions, they developed classical simu-
lations for n-qubit, depth-d circuits that calculate matrix elements in time 
O((2d)n) and nearly linear space (note that with 2n space, O(d2n) time is 
possible). An easier task than classical simulation is to distinguish likely 
from unlikely outcomes of a quantum circuit with some exponentially 
small advantage over random guessing. The ‘QUATH’ conjecture20 asserts 
that poly-time classical algorithms cannot perform this task for quan-
tum circuits whose depth d " n. The advantage of this approach is that it 
enables a ‘semi-efficient’ verification procedure which uses the quantum 
device only a polynomial number of times but still requires exponential 
time on a classical computer.

Making these conjectures as strong as possible makes our confidence 
in them as low as possible; essentially any non-trivial improvement in 
simulating quantum mechanics would refute them. But so what? Unlike 
the case of cryptographic assumptions, a too-strong conjecture would not 
create any vulnerability to hackers. In this view, hardness conjectures are 
just ways of guessing the complexity of simulating quantum systems, and 
these estimates are always subject to revision as new evidence (in the form 
of algorithms) appears. Further, these conjectures highlight the limits of 
our current simulation algorithms, so that refuting them would be both 
plausible and a substantial advance in our current knowledge.

Physical noise and simulation errors
Any realistic quantum experiment will be affected by noise, that is, unde-
sired interactions with the environment. Dealing with this noise is a 
major challenge for both theorists and experimentalists. The general 
theory of quantum fault-tolerance21,22 allows quantum computations to 
be protected against a sufficiently small amount of physically reasonable 
noise. However, although the asymptotic overhead of fault-tolerance is 
relatively minor, the constant factors involved are daunting: to produce 
a fault-tolerant logical qubit may require 103#104 physical qubits23, an 
overhead far too great for short-term quantum-supremacy experiments. 
As excessive noise can render a hard probability distribution easy to 
simulate, it is an important question to determine to what extent these 
experiments remain hard to simulate classically, even in the presence of 
uncorrected noise.

A related issue is that classical simulation algorithms of quantum cir-
cuits will have errors of their own. This could be seen as analogous to 
the fact that realistic quantum computers only implement ideal quantum 
circuits imperfectly. Classical noise could be multiplicative as in inequality 
(1) or additive as in inequality (2). Methods based on representing the 
exact state24 can achieve low enough error rates that we can think of them 
as low multiplicative error, while methods based on sampling (see, for 
example, ref. 25) naturally achieve low additive error. For multiplicative 
noise it is relatively easy to show hardness results. IQP circuits remain 
hard to simulate under this notion of noise11, and similar results have 
since been shown for the one clean qubit model26 and other restricted 
classes of circuits. However, additive noise is arguably a more natural 
model, and ruling out such simulations would be a stronger result.

Addressing this question was one of the major steps forward taken by 
Aaronson and Arkhipov9 in their work on boson sampling. Based on 
two reasonable (yet currently unproven) conjectures, they argued that 

BOX 2
Random quantum circuits
Unlike boson sampling, some quantum-supremacy proposals remain 
within the standard quantum circuit model. In the model of commuting 
quantum circuits10 known as IQP (instantaneous quantum polynomial-
time), one considers circuits made up of gates that all commute, and 
in particular are all diagonal in the X basis; see Box 2 Figure below. 
Although these diagonal gates may act on the same qubit many times, 
as they all commute, in principle they could be applied simultaneously. 
The computational task is to sample from the distribution on 
measurement outcomes for a random circuit of this form, given a !xed 
input state. Such circuits are both potentially easier to implement than 
general quantum circuits and have appealing theoretical properties that 
make them simpler to analyse11,18. However, this very simplicity may 
make them easier to simulate classically too. Of course, one need not 
be restricted to commuting circuits to demonstrate supremacy. The 
quantum-AI group at Google has recently suggested an experiment 
based on superconducting qubits and non-commuting gates12. The 
proposal is to sample from the output distributions of random quantum 
circuits, of depth around 25, on a system of around 49 qubits arranged 
in a 2D square lattice structure (see Fig. 1). It has been suggested12 
that this should be hard to simulate, based on (a) the absence of any 
known simulation requiring less than a petabyte of storage, (b) IQP-style 
theoretical arguments18 suggesting that larger versions of this system 
should be asymptotically hard to simulate, and (c) numerical evidence12 
that such circuits have properties that we would expect in hard-to-
simulate distributions. If this experiment were successful, it would  
come very close to being out of reach of current classical simulation  
(or validation, for that matter) using current hardware and algorithms.

Box 2 Figure | Example of an IQP circuit. Between two columns of 
Hadamard gates (H) is a collection of diagonal gates (T and controlled-$Z).  
Although these diagonal gates may act on the same qubit many times 
they all commute, so in principle could be applied simultaneously.

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.
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quantum processor time is only about 30 seconds. The bitstring samples 
from all circuits have been archived online (see ‘Data availability’ section) 
to encourage development and testing of more advanced verification 
algorithms.

One may wonder to what extent algorithmic innovation can enhance 
classical simulations. Our assumption, based on insights from complex-
ity theory11–13, is that the cost of this algorithmic task is exponential in 
circuit size. Indeed, simulation methods have improved steadily over the 
past few years42–50. We expect that lower simulation costs than reported 
here will eventually be achieved, but we also expect that they will be 
consistently outpaced by hardware improvements on larger quantum 
processors.

Verifying the digital error model
A key assumption underlying the theory of quantum error correction 
is that quantum state errors may be considered digitized and local-
ized38,51. Under such a digital model, all errors in the evolving quantum 
state may be characterized by a set of localized Pauli errors (bit-flips or 
phase-flips) interspersed into the circuit. Since continuous amplitudes 
are fundamental to quantum mechanics, it needs to be tested whether 
errors in a quantum system could be treated as discrete and probabil-
istic. Indeed, our experimental observations support the validity of 
this model for our processor. Our system fidelity is well predicted by a 
simple model in which the individually characterized fidelities of each 
gate are multiplied together (Fig.!4).

To be successfully described by a digitized error model, a system 
should be low in correlated errors. We achieve this in our experiment by 

choosing circuits that randomize and decorrelate errors, by optimizing 
control to minimize systematic errors and leakage, and by designing 
gates that operate much faster than correlated noise sources, such as 
1/f flux noise37. Demonstrating a predictive uncorrelated error model 
up to a Hilbert space of size 253 shows that we can build a system where 
quantum resources, such as entanglement, are not prohibitively fragile.

The future
Quantum processors based on superconducting qubits can now perform 
computations in a Hilbert space of dimension 253!"!9!#!1015, beyond the 
reach of the fastest classical supercomputers available today. To our 
knowledge, this experiment marks the first computation that can be 
performed only on a quantum processor. Quantum processors have 
thus reached the regime of quantum supremacy. We expect that their 
computational power will continue to grow at a double-exponential 
rate: the classical cost of simulating a quantum circuit increases expo-
nentially with computational volume, and hardware improvements will 
probably follow a quantum-processor equivalent of Moore’s law52,53, 
doubling this computational volume every few years. To sustain the 
double-exponential growth rate and to eventually offer the computa-
tional volume needed to run well known quantum algorithms, such as 
the Shor or Grover algorithms25,54, the engineering of quantum error 
correction will need to become a focus of attention.

The extended Church–Turing thesis formulated by Bernstein and 
Vazirani55 asserts that any ‘reasonable’ model of computation can be 
efficiently simulated by a Turing machine. Our experiment suggests 
that a model of computation may now be available that violates this 
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Fig. 4 | Demonstrating quantum supremacy. a, Verification of benchmarking 
methods. FXEB values for patch, elided and full verification circuits are 
calculated from measured bitstrings and the corresponding probabilities 
predicted by classical simulation. Here, the two-qubit gates are applied in a 
simplifiable tiling and sequence such that the full circuits can be simulated out 
to n = 53, m = 14 in a reasonable amount of time. Each data point is an average over 
ten distinct quantum circuit instances that differ in their single-qubit gates (for n 
= 39, 42 and 43 only two instances were simulated). For each n, each instance is 
sampled with Ns of 0.5–2.5 million. The black line shows the predicted FXEB based 
on single- and two-qubit gate and measurement errors. The close 
correspondence between all four curves, despite their vast differences in 

complexity, justifies the use of elided circuits to estimate fidelity in the 
supremacy regime. b, Estimating FXEB in the quantum supremacy regime. Here, 
the two-qubit gates are applied in a non-simplifiable tiling and sequence for 
which it is much harder to simulate. For the largest elided data (n = 53, m = 20, 
total Ns = 30 million), we find an average FXEB!>!0.1% with 5! confidence, where ! 
includes both systematic and statistical uncertainties. The corresponding full 
circuit data, not simulated but archived, is expected to show similarly 
statistically significant fidelity. For m = 20, obtaining a million samples on the 
quantum processor takes 200 seconds, whereas an equal-fidelity classical 
sampling would take 10,000 years on a million cores, and verifying the fidelity 
would take millions of years.

“Our Sycamore processor takes about 200 seconds to 
sample one instance of a quantum circuit a million times
—our benchmarks currently indicate that the equivalent 
task for a state-of-the-art classical supercomputer would 

take approximately 10,000 years”.

IBM:10’000 years can be reduced to several days

Alibaba: 10’000 years are reduced to 20 days


Chinese Academy of Science: only 5 days are needed


Let us wait!



Quantum hardware

Increase the computational volume of a quantum computer: (i) increasing the number of 
qubits, (ii) increasing the quality of quantum operations, (iii) controlling interactions with 

the environment 

Various physical platforms

(i) Superconducting circuits / MISiS & RQC & 
BMSTU & ISSP RAS & MIPT & VNIAA … 

(ii) Neutral atoms / QTC MSU & ISP RAS

(iii) Optical qubits / QTC MSU & BMSTU

(iv) Ions / Lebedev Institute & RQC



Quantum computing: Applications

Optimization Simulation Factroization

• Logistics

• Finance 

• Job scheduling

• Machine learning

• …

• Chemistry

• Biophysics 

• Materials

• Drugs

• …

• Cryptoanalysis



Grover’s algorithm

Unstructured Search 

Suppose you are given a large list of N items. Among these items there is one item with a unique 
property that we wish to locate; we will call this one the winner w. Think of each item in the list as 
a box of a particular color. Say all items in the list are gray except the winner w, which is purple.

To find the purple box — the marked item — using classical computation, one would have to check on 
average N/2 of these boxes. On a quantum computer, however, we can find the marked item in 
roughly √N steps with Grover's algorithm. A quadratic speedup is indeed a substantial time-saver for 
finding marked items in long lists. Additionally, the algorithm does not use the list's internal structure, 
which makes it generic; this is why it immediately provides a quadratic quantum speed-up for many 
classical problems.

https://qiskit.org/textbook/ch-algorithms/grover.html



Grover’s algorithm

https://qiskit.org/textbook/ch-algorithms/grover.html



Quantum computing with qudits



Quantum computing with ion qubits / qudits

Goal: Building a small-scale quantum computers based on ions with online access 
(2020-2022)

Quantum 
algorithms

Quantum 
tomography

Experiments & 
Theory, Software



Quantum software



Quantum processors require compilers

Compiler optimization is important for saving quantum resources 



Grover’s algorithm

1. What we receive the quantum circuit from end-user: 

Initialization of 
qubits

Hadamard gate 
creates 

superposition

Measurements

Multiqubit 

Toffoli gate
Pauli X-gate



Toffoli gate

Multiqubit 

Toffoli gate


Problem: Decomposition of multiqubit gates on the set of single-qubit and two-qubit gates



Grover’s algorithm

2. What we can do on the hardware-agnostic level: 

|0i H T H X X H

|0i H X T T
† X H X X H

|0i X T
† T T

† T H

Standard decomposition of the Toffoli gate: 6 CNOTs.

What about n-qubit Toffoli gates? 



Ancilla qubits

«Clean ancilla»

The decomposition of an n-qubit Toffoli can be achieved using Toffoli gates and clean 
ancilla qubits 



Realistic quantum systems have more than two levels

Example: Quantum information processing with Rydberg atoms



From qubits to qudits

|d − 1⟩

|0⟩

|1⟩

…

|0⟩

|1⟩

For a review, see M. Erhard, R. Fickler, M. Krenn, and A. Zeilinger, Twisted photons: New quantum perspectives in high dimensions, Light: Sci. Appl. 7, 
17146 (2018); Many works: X. Wang, B.C. Sanders, and D. W. Berry, Entangling power and operator entanglement in qudit systems, Phys. Rev. A 67, 
042323 (2003); A. B. Klimov, R. Guzmán, J.C. Retamal, and C. Saavedra, Qutrit quantum computer with trapped ions, Phys. Rev. A 67, 062313 (2003); 
T. C. Ralph, K. J. Resch, and A. Gilchrist, Efficient Toffoli gates using qudits, Phys. Rev. A 75, 022313 (2007); S. S. Ivanov, H. S. Tonchev, and N. V. 
Vitanov, Time-efficient implementation of quantum search with qudits, Phys. Rev. A 85, 062321 (2012) and many other theoretical and experimental 
works.



From qubits to qudits

|d − 1⟩

|0⟩

|1⟩

…

Is it possible to make more efficient implementation of quantum algorithms with qudits? 
Is it possible to reduce the number of two-qubit operations?

Is it possible to increase the total fidelity? 



From qubits to qudits

|d − 1⟩

|0⟩

|1⟩

…

Approach #1.

High-dimensional 

quantum systems can be 
decomposed on a set of 

qubits

Approach #2.

Additional levels can be 
used instead of ancilla 

qubits



From qubits to qudits

|d − 1⟩

|0⟩

|1⟩

…

Approach #1.

High-dimensional 

quantum systems can be 
decomposed on a set of 

qubits

Approach #2.

Additional levels can be 
used instead of ancilla 

qubits



Decomposition of qubits to qudits

E. Svetitsky, H. Suchowski, R. Resh, Y. Shalibo, J.M. Martinis, and N. Katz, Nat. Comm. 5, 5617 (2014)



Realization of gates with ‘virtual’ qubits
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E.O. Kiktenko, A.K. Fedorov, O.V. Man’ko, V.I. Man’ko, Phys. Rev. A 91, 042312 (2015).

Single-qubit and two-qubit quantum gates are realizable, e.g. universal gate set

1 pulse 4 pulses 4 pulses 7 pulses



Deutsch algorithm using single qudit
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E.O. Kiktenko, A.K. Fedorov, A.A. Strakhov, V.I. Man’ko, Phys. Lett. A 379, 1409 (2015).

Measurements5-level qudit



Scalability of the qudit approach: Two-qudit example with CZ
|11⟩ → − |11⟩
|xy⟩ → |xy⟩ for xy ≠ 1

{
{

qudit A

qudit B

|01⟩A |10⟩B → − |01⟩A |10⟩B

qubit

qubit

qubit

qubit

|01⟩A |11⟩B → − |01⟩A |11⟩B

|11⟩A |10⟩B → − |11⟩A |10⟩B

|11⟩A |11⟩B → − |11⟩A |11⟩B

4 two-quidit operations 

VS 


1 two-qubit operation

|11⟩A |10⟩B → − |11⟩A |10⟩B

|11⟩A |11⟩B → − |11⟩A |11⟩B

2 two-quidit operations 

VS 


6 two-qubit operations

{
{

qudit A

qudit B

qubit

qubit

qubit

qubit

{
{

qudit A

qudit B

qubit

qubit

qubit

qubit

|11⟩A |11⟩B → − |11⟩A |11⟩B

1 two-quidit operation 

VS 


26 two-qubit operation

{
{

qudit A

qudit B

qubit

qubit

qubit

qubit

0 two-quidit operations 

VS 


1 two-qubit operation

The number of two-particle operations can be reduced significantly! But not always…



From qubits to qudits

|d − 1⟩

|0⟩

|1⟩

…

Approach #1.

High-dimensional 

quantum systems can be 
decomposed on a set of 

qubits

Approach #2.

Additional levels can be 
used instead of ancilla 

qubits



Ancilla qubits

«Clean ancilla»

Standard way for the decomposition of multiqubit gates. Toffoli gate:

The decomposition of an n-qubit Toffoli can be achieved using Toffoli gates and clean 
ancilla qubits 



From additional qubits to additional levels

{ |0⟩, |1⟩}

{ |0⟩, |1⟩, |2⟩}

{ |0⟩, |1⟩}

=

1

1-2 2

0-1

1

1-2

Toffoli gate using qudits (qubit-qutrit-qubit):
Qudit inversion

1

1

0

1

1

1

0

1

0

0

1

0

1

1

0

2

1

1 1

2 1

0

0

0 0

1 1 1

0





Generalization: 4-qubit Toffoli gate

{ |0⟩, |1⟩}

{ |0⟩, |1⟩, |2⟩}

{ |0⟩, |1⟩}

=

{ |0⟩, |1⟩, |2⟩}

1

1-2 2

1-2

1

1-22

1-22

0-1

4 qubit Toffoli = {2 qubits + 2 qutrit} + 5 gen. CNOTs + linear topology 

N qubit Toffoli = {2 qubits + (N - 2) qutrit} + (2N - 3) gen. CNOTs + linear topology 



Generalization: n-qubit Toffoli gate

A

C

B D

{ |0⟩, |1⟩}

{ |0⟩, |1⟩}

{ |0⟩, |1⟩}

=

1

1-2

1

{ |0⟩, |1⟩, |2⟩, |3⟩} 3

0-1

2-3

1

2-3

1

1-2

A

B

C

D

N qubit Toffoli = {(N - 1) qubits + N-level qudit} + (2N - 3) gen. CNOTs + star topology 

The same scaling in other topologies, but we need to increase the number of levels



Scalability of the 
approach: we need 

to increase the 
number of levels



A C

B

D E

D

EC

AB

If {# of levels in qudit  # connections + 1} then N-qubit Toffoli = (2N - 3) gen. CNOTs   ≥

{ |0⟩, |1⟩}

{ |0⟩, |1⟩, |2⟩ |3⟩}

{ |0⟩, |1⟩}

{ |0⟩, |1⟩, |2⟩}

{ |0⟩, |1⟩}

A

B

C

D

E

1-2

1

1

2-3 3

1-2 2

0-1

3

1-2

1

2-3 1-2

1

=

Generalization for other topologies saves the scaling

Generalization: n-qubit Toffoli gate



# of levels in qudit  # of connections + 1≥

# connection within 
the subgraph plays a 

role (not 
connectivity)



Qudit compiler for ion-based quantum processor

Quantum circuit in the 
qubit form

Quantum processor info 
(# of qudits, # of levels [2..8],  
fidelities of single- and two-

qudit gates)

Decomposition with 
qubits

Optimal decomposition 
with qudits  

(gates sequence + 
mapping)

Comparison analysis

Qudit compiler



Input circuit

0

1

2

3

4

|0⟩1 |0⟩3

|0⟩1 |1⟩3

|1⟩1 |1⟩3

|1⟩1 |0⟩3

|1⟩0

|0⟩0

|anc⟩

|1⟩2

|0⟩2

|anc⟩

|1⟩4

|0⟩4

|anc⟩

0 1 2 3

|0⟩

|1⟩
0

|0⟩

|1⟩
1

|0⟩

|1⟩
2

|0⟩

|1⟩
4

|0⟩

|1⟩
3

We consider the full set of mappings and optimize the total fidelity  

Qudit compiler for ion-based quantum processor

4 level quantum 
systems

Possible mappings



Input circuit

0

1

2

3

4

Qudit compiler for ion-based quantum processor



Qudit compiler for ion-based quantum processor

We combine two approaches: we use the first qudit as a set of two qubits and additional 
levels of other qudits as ancillas 



Open quantum systems



Theory of open quantum systems
The unified framework of open quantum systems theory is aimed to analyze non-equilibrium 
dynamical effects of quantum physics. One of the goals is to make a prediction of the dynamics.

|e⟩

|g⟩
ω

∂tρ(t) =
1
i

[H, ρ(t)]

S

E
Hard to solve

(curse of dimensionality)

∂tρS(t) = ∫
t

0
dτK(τ)ρS(t − τ)

Time-convolution called the Nakajima-Zwanzig equation

Hard to derive
(the exact derivation is of the 
same complexity as solving 

dynamics equation)

Non-Markovianity, i.e. effects of memory, are among the most 
challenging problems

Evolution equation



Theory of open quantum systems
The unified framework of open quantum systems theory is aimed to analyze non-equilibrium 
dynamical effects of quantum physics. One of the goals is to make a prediction of the dynamics.

|e⟩

|g⟩
ω

S

E

• The class of problems that can be understood analytically is limited 
to several exceptional situations.

• Many different approaches are suggested (non-Markovian quantum 
state diffusion, the hierarchical equations of motion, the time-
evolving matrix product operators, the dressed quantum 
trajectories, the Dirac-Frenkel time-dependent variational 
approach, etc.), but they have many limitations. 

• Moreover, in realistic experimental conditions the joint Hamiltonian 
of system and environment is often unknown. 

 A possible solution: to use a data-driven approach (learning non-Markovian 
dynamics).

 Advantages: can be based on experimentally observed data.

 Disadvantages: “black-box” approaches (no physical insights about the  
system), scalability, convergence, and model selection.  



Learning non-Markovian dynamics

• One can learn NZ equation from data
J. Cerrillo and J. Cao, Non-Markovian dynamical maps: 
numerical processing of open quantum trajectories. Phys. 
Rev. Lett. 112, 110401 (2014).

• One can train RNN (or other models) to 
predict quantum trajectories from data

L. Banchi, E. Grant, A. Rocchetto, and S. Severini, 
Modelling non-markovian quantum processes with 
recurrent neural networks, New J. Phys. 20, 123030 
(2018).

• One can train Markovian embedding of 
non-Markovian quantum dynamics from 
data using non-convex optimization
I.A. Luchnikov, S.V. Vintskevich, D.A. Grigoriev, and S.N. 
Filippov, Machine learning non-Markovian quantum 
dynamics, Phys. Rev. Lett. 124, 140502 (2020).

C. Guo, K. Modi, and D. Poletti, Tensor-network-based 
machine learning of non-Markovian quantum processes, 
Phys. Rev. A 102, 062414 (2020).

Convergence to the optimal 
solution with guaranties Interpretability Automatic 

model selection Scalability

The concept of 
Markovian embedding



Markovian embedding

• Idea: Embedding the non-Markovian system dynamics into a Markovian dynamics of the 
system and the effective environment of a finite dimension. 

• Environment induces the system’s non-Markovian dynamics as a two-component 
system consisting of effective and far environments.

•

Environment is split into two parts: The finite-dimensional effective environment, which is 
responsible for memory effects in the system’s dynamics, and the remaining far 
environment responsible for dissipation. 



Features of Markovian embedding

• Markovian embedding is not just a “black box” model of open quantum dynamics; it 
provides insights both about the system’s properties and its environment.

• Markovian embedding can be reconstructed having only information about the non-
Markovian dynamics of a system, which is accessible in realistic experimental conditions.

|e⟩

|g⟩
ω

S

E

|e⟩

|g⟩
ω

S

Effective (small 
dimensional) 

 environment or 
«memory»

Markov dissipation

∂tρ(t) =
1
i

[H, ρ(t)] +
N2−1

∑
n,m=1

γnm (Fnρ(t)F†
m −

1
2 {F†

mFn, ρ(t)})



Our goal

Convergence to the optimal 
solution with guaranties Interpretability Automatic 

model selection Scalability

Idea: The system and the effective environment instantiate a Markovian embedding, and their collective 
dynamics is dissipative and Markovian. We would like to base our method on:

• experimentally accessible data;
• linear machine learning methods (scalable, data efficient and admit the exact solution);

Linear machine learning 
methods, matrix 
decompositions

The concept of 
Markovian embedding

Linear machine 
learning methods

Choosing the simplest 
possible model that captures 

relevant physics



Probing non-Markovian dynamics: General scheme

a) Extraction of quantum trajectories via quantum tomography of system states at discrete 
time moments. b) Main building blocks of the input data processing and connections 
between blocks. c) Dynamics prediction based on the reconstructed Markovian embedding.



Predicted Markovian embedding minimal dimension 

Qubit with a finite dimensional environment; we sample at random a quantum dynamical semigroup generator in 
the GKSL form. We simulate noise appearing during data acquisition of trajectories.

The method works correctly and 
predicts the irregular non-Markovian 
dynamics of a qubit 



Predicted Markovian embedding minimal dimension 

Qubit with a finite dimensional environment; we sample at random a quantum dynamical semigroup generator in 
the GKSL form. We simulate noise appearing during data acquisition of trajectories.



Selection of the memory depth hyperparemeter 

Qubit with a finite dimensional environment; we sample at random a quantum dynamical semigroup generator in 
the GKSL form. We simulate noise appearing during data acquisition of trajectories.

‘Saturation’ value of K: starting from 
which the accuracy of prediction is 
mainly determined by the noise level 



Reconstructing eigenfrequencies of the joint system

Qubit with a finite dimensional environment; we sample at random a quantum dynamical semigroup generator in 
the GKSL form. We simulate noise appearing during data acquisition of trajectories.

A perfect coincidence in the case 
without noise; in the presence of 
noise, we see that the approach 
provides valuable information about 
eigenfrequencies. 



Quality of deniosing 

Qubit with a finite dimensional environment; we sample at random a quantum dynamical semigroup generator in 
the GKSL form. We simulate noise appearing during data acquisition of trajectories.

As a valuable by-product of the rank 
estimation we obtain the denoised 
version of a data set. 



Dynamics prediction and denoising for various models
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Quantum simulation: Lattice models



Quantum simulation: Quantum machine learning
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Quantum computing models: Digital quantum computer



Quantum simulation: (Bose-)Hubbard model

Precise calculation of a phase diagram is di�cult, most commonly used methods are mean field
approximations, Monte Carlo methods, etc. A review of useful analytical and numerical approaches
can be seen in [12], pages 26-33.

Despite its simple appearance, the Bose-Hubbard model is a many-particle model, which makes
it really di�cult to simulate. Generally, modern supercomputers allow us to solve lattices with up
to about 20 particles. This, paired with the fact that there is surprisingly rich physics contained in
the model, gives us a good motivation to pursue other ways of solving it.

Next, we will examine an alternative method of exploring the properties of our model.

4 Optical lattices and quantum simulation

Dynamics of an optical lattice, filled with bosonic atoms can be described with a Bose-Hubbard
Hamiltonian. This allows us to use it as a quantum simulator for this and other similar models.
First, we will explain how optical lattices work, and later return to some recent experiments that
use this technology to probe into new properties of matter.

4.1 Optical lattices

An oscillating electric field ~E(~r, t) induces an electrical dipole ~d in an atom. If the frequency of the

electric field is far away from possible transition frequencies of electronic states, then ~d is proportional
to ~E and it oscillates with the same frequency. If we denote laser frequency by !L and electrical
polarizability by ↵, we write:

~d = ↵(!L) · ~E(~r, t) (12)

Polarizability depends on laser frequency and energies of excited states of the atom. We assume
that only one of those excited states (we denote En = ~!n) has a frequency !n close to !L. In that
regime, polarizability is roughly inversely proportionate to this di↵erence � = !L � !n as we can
neglect e↵ects of other transitions. In this situation, electronic energy states undergo a shift caused
by the Stark e↵ect. The energy shift �W is proportional to

�W (~r) = �↵(!L)h ~E(~r, t) · ~E(~r, t)i / I(~r)

�
. (13)

This shift creates an optical potential for atoms. We write:

Vpot /
I(~r)

�
, (14)

where I(~r) is the intensity of our laser. We notice that � can be either positive or negative.
If � < 0, atoms will be attracted to areas where light intensity is the highest, and if � > 0, minima
of light intensity will be attractive to atoms.
In both cases an optical lattice is created if we point two identical lasers against each other.
This creates a standing wave, which, by the mechanism described above has an e↵ective poten-
tial V / sin2(kx). With six such lasers pointed in all three dimensions, we can create an optical
lattice with almost arbitrary geometry.

Figure 4: A scheme of a potential with spacial dependency Vopt / sin2 x · sin2 y that creates a two
dimensional simple cubic optical lattice, pictured with single filling.
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the lowest order overlap integrals. These occur for nearest-neighbor terms
where i = j ± 1, so that the kinetic energy term becomes

Ĥkin =
!

i

"

Vtrap(ri) +
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2

#

b̂†i b̂i

!
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V0

$
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b̂†i b̂j (11.193)

=
!

i

#ib̂
†
i b̂i !

!

<i,j>

ti,j b̂
†
i b̂j, (11.194)

where < i, j > denotes a sum over all nearest neighbors. The first term is the
energy associated with having a particle on lattice site i, whereas the second
term allows atoms to hop from one lattice site to a nearest-neighbor site at
a rate t. Note that the sign of the hopping term is negative. This occurs
because the actual potential for any given lattice site is reduced from its
bare value by the potentials for nearby lattice sites. Treating this di!erence
in energy in perturbation theory allows tunnelling and reduces the overall
energy of the system.

Putting the kinetic energy and interaction terms together yields a simple
form for the Hamiltonian in terms of creation and annihilation operators for
atoms on each lattice site:

Ĥ =
!

i

#ib̂
†
i b̂i !

!

<i,j>

ti,j b̂
†
i b̂j + U0

!

i

n̂i(n̂i ! 1). (11.195)

This Hamiltonian is known as the “Hubbard model,” and has been exten-
sively studied in the context of condensed-matter physics.

11.8.2 The physics of the Bose-Hubbard model

By loading an Bose condensate into an optical lattice, one can create a
physical implementation of the Bose-Hubbard model where the parameters
U and t can be experimentally adjusted by changing the atomic scattering
length or lattice depth respectively. As we shall see, changing the relative
size of these parameters results in qualitative changes in the ground state of
the system. To elucidate this transition, we will consider the two limiting
cases:t " U0 and U0 " t.
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for analyzing indistinguishable atoms in a periodic potential. Our system of
N atoms at positions {xi} is governed by a general Hamiltonian including
two-particle interactions,

Ĥ =
N
!

i=1

p2
i

2m
+ V (xi) +

!

j !=i

1

2
U(xi ! xj), (11.178)

where for su!ciently cold atoms the interaction potential may be replaced
by the s-wave pseudopotential,

U(xi ! xj) =
4!!2as

m
"(xi ! xj). (11.179)

In the language of second quantization, where #̂†(r) creates a boson or
fermion at position r, the Hamiltonian may be written

Ĥ =

"

#̂†(r)

#
p2

2m
+ V (x)

$

#̂(r)d3r

+
1

2

4!!2as

m

"

#̂†(r)#̂†(r)#̂(r)#̂(r)d3r. (11.180)

For bosons, the field operators obey commutation relations

[#̂(r), #̂†(r")] = "(r ! r") (11.181)

(11.182)

whereas for fermions they obey anticommutation relations

{#̂(r), #̂†(r")} = "(r ! r"). (11.183)

Our previous analysis of Bose condensates replaced the operator #̂ by
a c-number representing the macroscopic wavefunction of the condensate.
This analysis was valid provided that the interactions were not too strong,
i.e. the first term in the Hamiltonian dominated over the second. In an
optical lattice, however, this hierarchy need not be obeyed, and we will need
to go beyond the Gross-Pitaevskii equation to understand how the system
behaves.

11.8.1 Atoms in a periodic potential

Atoms confined to an optical lattice will experience a potential V (r) which
is periodic. Under the assumption of a strong periodic potential, we can
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Quantum simulation: (Bose-)Hubbard model



Quantum simulation: ‘Higgs’ mode



Quantum simulation: ‘Higgs’ mode



Quantum simulation: Lattice models



Quantum simulation: Lattice models



Example: Quantum communications 
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Figure 5 - Illustration of a typical prepare-and-measurement QKD setup. 

 

As the recipient, Bob needs to record values for each photon he receives via the quantum channel. To 
do this, he must, like Alice, make a measurement of each one, and he therefore also chooses one of the 
two possible ‘’bases’’ and records which one he measured in. These choices are random and do not 
require any information about the bases that Alice chose when she was sending each bit. Afterward, 
Alice and Bob then communicate over the classical channel to compare which basis each bit was 
measured in at each end of the quantum channel. Sometimes Alice and Bob will randomly choose the 
same basis, and these are the bits for which they will get the same value for the photon (which is useful, 
so they will keep this bit as part of the key). When Alice and Bob measure the photon using different 
bases, they throw this bit away and do not use it in the final key. 

After each bit has been sent and received, Alice and Bob can speak publicly about which basis they used 
to measure each photon, and this can provide enough information for each of them to generate key 
from the received quantum states, but not enough information for an adversary to reconstruct the key. 
Thus, an eavesdropper will not be able to discover the transmitted key for two important reasons. 
Firstly, the adversary cannot directly observe the photon without changing them, therefore being 
detected and having these bits discarded by Alice and Bob. Secondly, the adversary cannot indirectly 
observe the photon through observing the measurements of Alice and Bob, either, since Alice and Bob 
do not disclose the final measurement result for each quantum state. Rather, they only disclose which 
basis they used to measure it. By this time, it is too late for the adversary to measure the photon, 
because it has already been received by Bob, so knowing the basis that Alice used is not useful. It is well-
established using information theoretic proofs that the measurement information is inadequate for an 
adversary to use to reconstruct the generated key. 

• One cannot take a measurement 
without perturbing the system.


• One cannot determine 
simultaneously the position and the 
momentum of a particle with 
arbitrarily high accuracy (Heisenberg 
uncertainty principle).


• One cannot duplicate an unknown 
quantum state (No-cloning theorem).


• One cannot simultaneously measure 
the polarization of a photon in the 
vertical-horizontal basis and 
simultaneously in the diagonal basis 
-> BB84.



Example: Quantum communications
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Figure 2. Operating of the setup with the use of the BB84
QKD protocol without decoy states. In (a) the QBER level as
the function of distributed key size is shown. In (b) the QBER
level as the function of distributed key size after improvements
in stability is shown. We note that here sharp change of the
QBER level as the function of distributed key size correspond
to a change of the regime of the key generation. In (c) and
(d) the QBER level as the function of distributed key size is
shown for particular stability regions.

the laboratory, including unsupervised work. The out-
put data are a truly random 70.2 MB keys. Fig. 2a
is shown with QBER averaging for every 2 KB of the
key. We should point that the operating of the setup
is noisy, in particular, the standard deviation of QBER
�(QBER) = 0.59 is significant.

Parameters Laboratory conditions Urban conditions
L 25.5 km 30.6 km

Attn 4.8 dB 11.7 dB
QBER 1.6% 5.1%
Rrec 3.2 kbit/s 1.5 kbit/s

Table I. Implementation parameters and experimen-
tal results on realization of the plug-and-play scheme
with the BB84 protocol. Results of operating of the de-
veloped setup in laboratory and urban conditions, where L
is the length of the communication channel and Attn is the
total attenuation. The generation rate Rrec is for keys after
information reconciliation.

We also present the result of testing of the developed
QKD setup with improved stability. The results of the
operating of the developed QKD setup are presented in
Table I. After the stability improvement (both in hard-
ware and software), the setup shows less noisy operation.
The corresponding QBER as the function of distributed
key size is shown in Fig. 2b, Fig. 2c, and Fig. 2d. Dur-
ing the 18 hours of intermittent work, 4 MB key was
distributed with 1.6% average QBER. The abrupt steps
of QBER are connected to changes of Alice’s optic sig-
nal attenuation. The value of the standard deviation
�(QBER) = 0.25 in the stability regions is lower signifi-
cantly than before (�(QBER) = 0.59, see Fig. 2a).

Although the fact that the developed QKD setup is ori-

ented on education and research applications, it demon-
strates high degree of robustness beyond laboratory con-
ditions. We present results of test of the developed setup
between two bank o�ces in Moscow with the fully func-
tional plug-and-play scheme. The parameters of the ex-
periment and results of the operating of the developed
QKD setup in the urban conditions are presented in Ta-
ble I. The highest achievable sifted key generation rate is
close to 2.2 kbit/s. We should point out that this behav-
ior is similar to the performance of IDQ’s system [11] and
the recently presented QKD system [16]. However, the
fact that this data are obtained in the urban conditions is
important. In particular, in urban fibers lines the e↵ect
of crosstalk on QBER can become significant [32].
As it was mentioned before, the important lack of such

implementations of QKD setups for R&D applications is
missing decoy-states protocols. That is the reason why
for realistic experimental parameters we demonstrate the
key rates after the information reconciliation stage, but
not after privacy amplification (see Table I).

IV. DECOY-STATE QKD PROTOCOL

To exclude the shortcoming of our modular QKD setup
regarding to missing the decoy-states method, we demon-
strate the results of its implementation. The decoy-state
technique [19–22] can guarantee the security of the BB84
protocol over long distances, and it has already been re-
alized in most of QKD systems.
The decoy-state method is based on using laser pulses

with di↵erent intensities. The intensities are chosen form
a certain finite set. The choices for the pulses are kept
in secret by Alice, but are publicly announced after the
reception of all pulses by Bob. By analyzing (i) statistics
of reception for pulses with di↵erent intensities and (ii)
error rates for di↵erent intensities, one can estimate the
fraction of single-photon pulses and the error rate for
single-photon pulses. In particular, this allows detecting
the photon number splitting attack [19–22, 36–39].
Here, we use a finite-key version of the decoy statistics

analysis described in Ref. [22]. Each round Alice sends
to Bob a fixed number N pulses. We employ three types
of pulses: “signal pulse” µ > 0 with the probability pµ,
“weak decoy pulse” ⌫ > 0 with the probability p⌫ , and
“vacuum pulse” � � 0 with the probability p� = 1�pµ�
p⌫ . We note that the intensity of the “vacuum state” �
is close to zero, but not exactly zero due to the technical
reasons. We then assume � = 0.01. In fact, the “vacuum
intensity” is the second decoy intensity. It is required
that � < ⌫/2 and � + ⌫ < µ. Signal pulses are used to
establish the raw key (and then the sifted, verified, and
secret keys), whereas decoy pulses are used in order to
determine the length of the final secret key [22, 39].
The length of processed verified block lver is limited by

the value of 16 Mbit or the length of sifted key accumu-
lated after 30 min of the operation of the QKD setup. We
use the di↵erential evolution method for numerical op-



Experimental prospectives
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Xm+

Xm = |0⟩⟨m | + |m⟩⟨0 | + {I − |0⟩⟨0 | − |1⟩⟨1 |}

Required set of two-qudit gate can be obtained from the one particular two-qudit gate and 
the single-qudit gate  

In experiment we have some concrete (‘native’) two-qubit gate, so the scheme works for 
experimentally relevant cases  



Scalability of the qudit approach: Two-qudit example with CZ
|11⟩ → − |11⟩
|xy⟩ → |xy⟩ for xy ≠ 1

{
{

qudit A

qudit B

|01⟩A |10⟩B → − |01⟩A |10⟩B

qubit

qubit

qubit

qubit

|01⟩A |11⟩B → − |01⟩A |11⟩B

|11⟩A |10⟩B → − |11⟩A |10⟩B

|11⟩A |11⟩B → − |11⟩A |11⟩B

4 two-quidit operations 

VS 


1 two-qubit operation

|11⟩A |10⟩B → − |11⟩A |10⟩B

|11⟩A |11⟩B → − |11⟩A |11⟩B

2 two-quidit operations 

VS 


6 two-qubit operations

{
{

qudit A

qudit B

qubit

qubit

qubit

qubit

{
{

qudit A

qudit B

qubit

qubit

qubit

qubit

|11⟩A |11⟩B → − |11⟩A |11⟩B

1 two-quidit operation 

VS 


26 two-qubit operation

{
{

qudit A

qudit B

qubit

qubit

qubit

qubit

0 two-quidit operations 

VS 


1 two-qubit operation

The number of two-particle operations can be reduced significantly! But not always…



Realization of gates with ‘virtual’ qubits



Quantum optimization platform: QBoard


