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Classical Integrability

L =L, M|
I, = Tr L* «——  Integrals of motion
L= "

Various representations for integrals of motion

N
I, =Tr LF = Z xf — power sums
1=1
Sk = E LizLig e+ Lipg elementary symmetric functions
11 <19<...<t
N
det(L — 1) =) (—ONFSp, =1
k=0
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e Quantum trace formulae for integrals Ii of
the hyperbolic Ruijsenaars-Schneider model

Derivation

e Classical Heisenberg double and Poisson reduction
e Quantization

* Relation of I to Macdonald operators

Baxterisation of quantum R-matrix structures

with Rob Kilabbers & Enrico Olivucci, 1902.06755 [hep-th]
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Hyperbolic Ruijsenaars-Schneider Model

Q, = e where q;, : = 1,..., N are coordinates
al Q. — wQ
1 . . ; _
Hzéz<bi/w€pz+b‘fe P, =] == L, w=e"
i e Erveoym e a#i o = Qi

coupling constant
Performing a canonical transformation

1w

4 — qi, Pi—>pi+§10gb1/wa

together with v — ¢, the Hamiltonian turns into

N sin? 2
i=1 j#i 24Y
Ruijsenaars & Schneider, °86
Quantum theory
N r o
" 8q.,; . = h¥
H:ij"l'j, sze 8%, bj_b]
j=1
On smooth functions f(Q,..., Q) the operator T; acts as
_ —h
(T3, Qn) = f(Q1s---,9Q;,---QnN) q=¢

Commutative family is given by a set {Sx} of Macdonald operators
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Quantum trace formulae for hyperbolic RS model

Quantum version of I, = TrLF

Quantum trace formulae

Quantum L-operator

- |
Wl /'
N N
Cio= Y FE;j;®Ej), Cis = Y Eij ® By

Quantum R-matrices T i,j=1 k i,j=1

Split Casimir matrix unities
Tyt _ 77 + _ +
Ik Im — ImIk ) Ik Irzlr:L — I;ll:’b‘[k

In the classical limit R, R — 1

= - Z Tr(E;; L*) Tr(E;;) Tr(ZEmLk’) = TxL*

1,7=1
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Derivation



Heisenberg Double

. Kazhdan, Kostant & Sternberg °78
Consider Flll’l(G x G ) Olshanetsky & Perelomov ‘81
Gorsky & Nekrasov, ‘95
Frolov & G.A. ‘98

A,B € G = GL(N,C)

{Al, AQ} = —C_ A1A2 — AlAQ (4. + Al Z_AQ + AQ Z_|_A1 ,
{Al, B2} = —T_ AlBQ — A1B2 _ + Al Z_BQ + BQ Z_|_A1 ,

1 N N
w=+5) Ei®QFE;+ ) E;QFEj,
{Bl, AQ} = —y BlAQ — BlAQ (A + Bl Z_AQ + A2 Z-I—Bl , i 2; ; S
1 N N
{Bl, B2} = —t_ BBy — B1Bsty + Byt_By+ Bs Z_|_B1 . =5 Fi®Ei—) Eij®E;,
=1 1>7
Semenov-Tian-Shansky °85
(A, B) monodromies of a flat connection on a punctured torus Fock & Rosly 99

If G is a Poisson-Lie group with the Sklyanin bracket

{h1,ha} = —[ts, hiho]
then its adjoint action on the Heisenberg double
A— hAh™!, B — hBh!
1s Poisson map. The corresponding (non-abelian) moment map is

M =BA B 1A



Poisson RHeduction

Fix the moment map to the following value
/\ coupling constant

M = exp(yn),

where 7 is the Lie algebra element n=e®e’' -1, e = (1,...,1)

One needs to solve the following matrix equation (the moment map equation)

BA 1B 1A =wl + fBe®et

Special parametrisation
detl =1

N? — 1 equations

A=TQT 1,
B =UpP 7!

Matrix P decouples
Frolov & G.A. ‘98

Q, P are diagonal matrices

T,U € G are two Frobenius matrices, i.e. they satisfy the Frobenius condition

T.UeFCddG

T

Frobenius grou
Introducing W =T~1U € F, QW —wW ™l =Be®e' T, We=e sroup

/

W is invariant under

w Stability group f ={h € G: he=e, e'h=2¢e"} dime f = (N —1)?
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Poisson RHeduction

Solution N o
[1(e;" -
[T@;"—aah
aFj
Dimension of the reduced phase space
2N? — (N2 —1) —dimc F =2N? — (N? —1) — (N —1)?> = 2N, coordinates (P, Q)
dim of const‘faintsj stabilizer

initial phase space

Lax matrix

Lax of the hyperbolic RS model

N
I — Z Q; —wQ,; HwQJ Qa —1
o (2
i,j=1 7 wQJ aj Qj - Qa J J
Frobenius-invariant extension of L to the Heisenberg double
L:T_lBT, where A =TQT ! Te=e

B=Up-iT-!

Note that L=wpP! WwW=17T"1U

10



Poisson Reduction

Dirac brackets

{L1,La} = r1ol1Lo — L1 Lor 15 + L1791 Lo — LoT1214

N . Qi = Q; —Q
Q Q; i i j
T:Z(Q,JjEi'—Q—,jEij>®(Ej'—Ej')=
1#£] v 5
N
77:2 Qi (Bii — Eij) ® Ejj,
iz Qi
N
Q;
r :ZQ..(EU@EJ'Z'_E”@EN)’ 19 =T12 +T21 — T12

~
Y
<
<
<

If we parametrise P; = eP* Q ; = €%, then brackets between p; and ¢; are canonical

(712, 713] + [r12,723]) + [r13,723] =0 — CYBE

(712, T13]) + {712, p3} — {713, p2} =0,

Two more equations involving r and 7
(712, 713] + [r12, T23] + [F13, T23] + {r12,p3} =0

Gervais-Neveu-Felder equation r 127 13 + 1127 93] + (1157 03] + {7 12,03} —{r 15.p2} + {ro3.p1} =0

Quantities I = TrL* are in involution!
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Quantum Heisenberg Double

RTITARL AL = ALR“T AR,
RTIBoyRL A = AAR“'BoR_
RTT AR By = BIRZ ARy,
RZI'ByR. By = BiIR"'BoR

Ritz=Ro1, R_19=Ry

RiogtR_12=1

h h —h
QZZE”@EJJ—l—e/2ZE“®E“—|—(6 /2—6 /Q)ZEU@EJZ
1#] =1 1>7

Semenov-Tian-Shansky,’92

Quantum RS model should be obtained from the double by “quantum” Poisson reduction

This can be done for the rational case where the appropriate algebra is the quantum cotangent bundle

Frolov & G.A., °98
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Quantization

Assume that the matrices R and R for the hyperbolic RS model satisfy the system of equations

RioR13R23 = RosRi3R12 “—  [rio,71s] + [r12, 7o) + [r1s,ras] = 0

p; — Pj =¢ 99
RiaRi3R23 = RosRi3PsR12P; -

R12E2R13P2_1 = R13E3R12P3_1-
2

Since r* = —r, for R we can take R = exp hr . (QJ

[F12,713] + {12, 03} — {F13,p2} = 0,

[r12, F13] + [r12, T23] + [T13, T2s] + {ri2,p3} =0

(_-

N Q.
Ry =1+(1 —Q)Z (Q_]Ez — Q—ZE13> ® (Ejj — Eji)
i#j g
S Q Q,
R.o=1-(1-q¢"))> (Bi—Eyj)®(="E;; — —~FEj;
; ’ <Qij ’ Qij ’ )
Rio1R_15 =1 <«— precisely in the same way as their -dynamical counterparts.

Ri1aR13Ry3 = RosRi3PsRyo Pyt

Rzﬂ—ZMi—_%(Eii—Ei')®Ej'



Quantization

Introduce Ry, = Rl_21R12R21 : «——— quantisation of r
N Q
R, = ﬂ+(1_q)ZQ__Z_(Eij@)Eji_Eii@Ejj)a
it
N Q
R_=1-(1-¢"")) Q.J, (Eij ® Eji — By © Ejj)
ity

These matrices satisfy the Gervais-Neveu-Felder equation

B:I:12P2_1B:|:13P2B:|:23 - P1_1B:|:23P1£:|:13P3_1B:|:12P3

Quantum L-operator algebra

Ri12LoRiy Ly = LRy LoR 5,
R_19LsRy5; Ly = LiR; ' LoR 4, .

«——— quantisation of {L1, Lo}

Quantum L-operator

N

N
L= L9y g = e
= Qi W, ai: U~ Qa
_po
where w = e~ and T is the operator T; =e "4 . On smooth functions f(Qq,-..,Qy) it acts as

(T3H(Qus-- 5 Qn) = f(Q1s---59Q5,--- Q) -
14



Quantization

Quantum trace formulae

IF =Trip (CRLIRGRE Ly ... IR R 5Ly - quantisation of I, = TrL*

generalize the formula for the rational case

Frolov & G.A., °98

5 Q;
RERZ =1+ (1-q)) —— E;®(E;— Ej),
i

RAR? ), =1+ (1-q)) [—

2]
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Relation to Macdonald operators

Commutative family of Macdonald operators (two-parametric w,q finite-difference operators)

DY | B

JC{1,...,N}ieJ ~7 1eJ
|J|=k JEJ
Generating function
N
tdet(L—CL):= ) (=N S, S=1
k=0
Determinant formulae ki g
— 3 g =
n=0 q
i |
h [k — 141 0 e 0 g-number [k],
IF I [k —2],+1 --- 0
g - 1 . . : .
T S T T
I~ I’ft_2 [1:]|:q:|:1
Ik: Ik:—l Il
S 1 o --- 0
]23 _ [2](711092 Sl 1 0
: : R |
[k]qilcgk Sk:—l Sk;_g tee 81
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Quantum baxterised r-matrices

Quantum L-operator / Original quantum L-operator
ofi/2

L\ =L— MT\—/Q_lLQ

gauge equivalent

Quantum L-operator algebra / Riy(\, 1) = Riy (\)Raz(X, ) Raa ()

v
Ria(\, 1) Lo () Ry (A) L1 (A) = Li(A)Ray' (1) La () Ry (A, 1)

N
Aeh/2R+ _ ,ue_h/QR_ 671/2 _ e—h/2 eh/2 _ e—h/2 D B
- = ®F
R(A7 ) A— 1% eh/2/\ —1 X12 * e_h/2,u, —1 X21 Z‘J'Zzl ! "
_ _ e —1
=R-— X
R eh/2) — 112

Compatibility
Rig(A, 1) Ris(gA, g7) Ras(p, 7) = Ras(qp, q7) Riz(A, ) Ri2(g A, qp)
quantum shifted Yang-Baxter equation
Frolov, Chekhov & G.A., °97
Ria(\, ) Riz(gN) Ras(p) = Raz(qp)Riz(N\) Ps Rz (g, qp) Py
RlQ()\)PQng(q)\)Pz_l = R13(>\)P3R12(q>\)P3_1
Semi-classical expansion Mg b pre o1a 0w
) ri2(A ) = A )\_1—”_1
RO p) =1+Rr(p) 4+ o(h), RA) =1+ hr(\) +o(h) ST e

012 ']l®]]_

A—1 A-1
N—

7712()\) =712 +
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Commutative integrals

Theorem

TrL(\) TrL(p) = TrL(p) TrL(A)

proof in Klabbers, Olivucci and G.A. 1902.06755 [hep-th]

Quantum spectral curve

cdet(L(A) = 1) 1= ) (=N FSK(N)

k=0

Se(\) = ATFA —wF e (N —e M2k g,

|

Macdonald operators
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Future Directions



Poisson reduction procedure is a key tool !

* Quantum Poisson reduction of the Heisenberg double

* Extension to the Ruijsenaars-Schneider models with spin

Olivucci & G.A., °20
Chalykh & Fairon °20
Fairon, Feher & Marshall 20



Thank You!



