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—
N=4 SYM, integrability and fishnets

* N=4 SYM - one may hope that this theory is exactly solvable.

* Physical content - resembles perturbative part of QCD (massless QED without
running of the coupling). Tree amplitudes identical to QCD.

* The correlation functions in this theory can be studied in the weak and strong
regimes ( via AdS/CFT).

 The computation of anomalous dimensions of local operators in N=4 SYM in
planar limit can be reduced to the problem of solving some integrable system.

* There are numerous results for perturbative expansions of amplitudes (S-
matrix) and form factors/cor.functions with some results valid in all orders of
PT (BDS ansatz for 4,5 points, collinear OPE).

* Can we utilise integrability to compute_loop amplitudes ?
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—
N=4 SYM, integrability and fishnets

* N=4 SYM - one may hope that this theory is exactly solvable.

* Physical content - resembles perturbative part of QCD (massless QED without
running of the coupling). Tree amplitudes identical to QCD.

* The correlation functions in this theory can be studied in the weak and strong
regimes ( via AdS/CFT).

 The computation of anomalous dimensions of local operators in N=4 SYM in
planar limit can be reduced to the problem of solving some integrable system.

* There are numerous results for perturbative expansions of amplitudes (S-
matrix) and form factors/cor.functions with some results valid in all orders of
PT (BDS ansatz for 4,5 points, collinear OPE).

* Can we utilise integrability to compute_loop amplitudes ?
 Some simple sub-sector within N=4 SYM ?
 What about higher dimensions ?
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B
Where dose “fishnets” come from ?

We do not know (yet) but for D=4 we see that: From V.Kazakov
. . . presentation at
y-twisted N=4 SYM and double scaling limit “Exactly
Solvable Quantum
« Lagrangian of N=4 SYM has N, X N, matrix gauge, scalar, and fermion fields: Chains”
1 1 . . ¥ v3 £ 70 International Institute
L = Netr[—=Fp F* —ZDF ! Dyt +id % DEYA+Ling = of Physics, Natal,
4 1 .2 . _ijk . +_ _m*3 25 Juin 2018
Lint = Neg? tr (340, 6°Hol, ¢} — < rglolgiol ) + L
+__MEm

. . 2
T - - AT = - i + - =
Negtr(—e 27 ;¢ Pate 275 Pogihjtie;jpe2mImGFigi 4 conjugate terms).

* y-twisted N=4 SYM Lagrangian: product of matrix fields — star-product

—%e"'jk'ym J]A JB Frolov, Tseytlin

= (QB,A)_I Beisert, Roiban

Lunin, Maldacena

AB—+AxB=qapAB where gqaB=ce

Jf, J4, 74 e soe) - Cartancharges
of R-symmetry

« PSU(2,2|14)—SU(2,2)x U(1)? - breaks R-symmetry and all supersymmetry

Y1, Y2, ¥3 - twists

* Double scaling limit: strong twist, weak coupling  curdogan, v.x. 2015
g — 0, e~ 1il2 5 oo, ¢ = ge /2 _fixed, (G=1,2,3.)

D:
G it g por Oy
malch -

Lint = Netr[€] ¢hobdods+£3 dhol dapy He3 ol dhprdo+
+i\/e2€3 (Y3 2+ 3l Fo) iy /E1€3 (Y123 + P bz ) +in/E162 (V23 Pk ) .
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—
Why this D=6 fishnet theory ?

We will manly focus on d=4 and d=6 theories. Why ? hep-th
In short - D=6 dual conformal invariance and conjectures of arXiv:1611.02179

D-—-V A=Y SYM D=6 ()

AL YY) T

(o
Ag -

/

\— — @

Dol conf. c'r\l/. Pual conp. NV
D=6
N Fishnet -7
N Scngle £n. o(éo(qna\m
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-
“Fishnet” models.

In arbitrary dimension D one can consider the theory of pair of interacting scalar fields
(¢1, ¢2) given by the following Lagrangian

Lonain = Ne tr ( $7(0%)d1 + ¢5(0*) P12 “hy + (47)°26* ¢i5b102 )
D

where ¢; transforms under adjoint representation of SU(N.) and parameter w € (0, 5). g
is the dimensionless (for arbitrary D) couphng constant and large V. limit is implemented.

_Z'nf no.bLe
hep-th
Q Lmam ‘|’M mo‘“’l ngi 1.09844

mdang DI etc.

Here: [(De) _ Zo‘z tr(o()tr(O\)/xfz(N f(“PCP)

et.c.
Typical observables in such theories: $ P ¢,
. b — \; AB.
\ (A " 2 (Xu_ — | ¢| ZamOIOdChikOV
<h [ CP‘(X) 3& (X\ 4)’- <X ) )]> 4; —" .Phys. Lett. B,
! : 97:63—66, 1980.
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—
Integrability in “fishnet” models.

hep Why such models are integrable ?
b
(I)(l) 1'1,.. IL) :HL(I)(Z_2)(I’1,...,ZCL) = Ph- D/Z J"
dDiBlf .o dDZIIL/ (I)(l/)(iljlf, . oo ,ZCL/)
7-‘-DL/Q |x11/|D—2w o |I'LL/|D_2w|£C1/2/|2w o |$L/1/|2w’

All diagrams can be represented as the consecutive action of the SO(1,D+1) spin chain Hamiltonian:

T(u) = Tro (Ro1(u) Ro2(w) ... Ror(u)) g—f e

R 12P](x1,22)(u) = c(u, D,w) X

dDafldeng <I>(af1/ 5132/)
X/( 2 9 D 3D ML

27,) U (a5y) T (2 ) T T (2 ) TR

D\ 1% D hep-th
H; =72 {(4W2)%r (5” lim €& T (—— + e) arXiv:1801.09844

etc.
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—
D=4 Example.

Single trace correlation functions are given by single fishnet diagram and are protected from
quantum corrections.

Double trace correlation functions are none trivial and are given by infinite series of diagrams:
. 9
g

£l = (4m)%au(g) (tr (9167) tr (¢adn) + tr (9365) tr (paga))  1(9) = 5 +Ol0)
+ (4m)as(g) (tr ($765) tr (d16) + tr ($103) tr (6762))
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.
D=4 Example.

Single trace correlation functions are given by single fishnet diagram and are protected from
quantum corrections.

Double trace correlation functions are none trivial and are given by infinite series of dlagrams:
ig”

1 2 * % * /% (*) - =
5(4 = (4m)7au(g) (tr (¢167) tr (¢11) + tr (9305) tr (¢202)) a(g) 2 +0(g")

+ () aulg) (b (6163) tr (9100) + tr (163 tr (6100)) () _ o

(Galwr, - owa) = (tr (9a(21)n (02)) tr (9} (2)053(2))))  hepth

1711.04786

For appropriate choice of double trace coupling constants this theory is conformally invariant.

One can argue that such choice is possible in all orders of PT.
hep-th

0805.2261 hep_th

() D<) W

Lt.c @)
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—
D=4 Example.

The sum of all such diagrams can be written as:

G 1 / d4$3/d4$4/ <$ . ‘ 1 |£l’,‘, $,>

— D D\ L2l o g 3704

G (@0t T S gy A e
Where: “)

VOA sn(x1,22) =06()ds0Pa s n(T1,22),

HPA sn(T1,22) = :SCI)A,S,n(fEh T2),

. —— )
N . ’-\—\/\—/\
The eigenfunction of &, ; (10, 290) = ny,, ... 0y, PEH (210, T90)
these operators
2 (A=J)/2 J
is known: _ 1 L2 2(nz1g)  2(nag)
hep-th = 2\ 2 2 = p
hep-th arXiv:1808.02688 12 \710+720 10 20
arXiv:1801.09844

2 / dDZIZydDZBQ/ 5(D)(x1/2/)©(x1/,x2/)

1 Z8% =
(w1, 22) ) |11/|P/2| 209/ |P/2
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D=4 Example.

This allows us to write:

(Gales, - wa) = (i (da(w1)u(2)) tr (67(2) 1 (24))

—+00

= v, J
G4($1,...,$4) :Z/ th(S(J)_)g4HV,J(331,...,334)—|-($1 HZCQ)
J=0" "> ’

Where vt + (J+ 1)*)(J + 1)
J) = 16
uiw, J) d , 2/ , hep-th
J J _|_ 2 arXiv:1808.02688
ity = (24 20) (v 22
4 4
I, ; = /d4370 QUL 1T (29, 90 )P, (250, 40)
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—
Amplitudes in “fishnet” models.

One can compute not only correlation functions but also scattering amplitudes in such theories:

A4D:4 ~U Z (N tr TalTa2Ta3Ta4 D 4,s51ng. + tr TalTa2 tr Ta3Ta4 D 4doub>

ccmyé
o +oo h
AD:4 :AD=4,U_|_AD=4,?5 :/ dV v J\Z + (2 — —2)
pos = ap=te 4 ap=ui _ [ Zyj_g () + (2o —2)
J>0
Where: v (Avt + (J+ 1)) (J + 1)
u(v,J) = 167 9J hep-th
rXiv:1812.06997
B PN\ (. (J+2)° )
hip,J) = (u+4)(v+ 1 )
27 . "\ Pu(2)Py_i(2)
Q,5(2) = ﬁsmh (rv +1imJ/2) 2 (J/2— k)2 17
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D=4 FishNet amplitudes.

One can compute not only correlation functions but also scattering amplitudes in such theories:

+00
AD=4 — gD=4u | D=4t _ / dyz v J iy Q,5(2)+ (2 = —2)

L_ J>0 )

hep-th
arXiv:1812.06997
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——
D=6 FishNet amplitudes.

Let us consider another example of fishnet theory: D=6
Lonain = Ne tr ( ¢(0°)p + X (0" )x + (47m)°g* ¢*x*px ) D=4
o
With: D = 6, (A):Z

LEV)(Ar)? = g (tr (ox) tr (¢"X") + tr (¢7X) tr (o))
+ ar(g)tr (x0x) tr (X" x*) + a2(g)tr (x0"x) tr (x*0ux*) + c.c.

¢‘9¢'z‘£iclpy with -’%‘ prop.

D/2-w D/2-w

-~ N

D=6,w7 S Yﬂ,w X Fa'z{icley with -"D% pop.

@ @ Py o352 43 =0
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D=6 FishNet amplitudes.

Let us consider another example of fishnet theory and 4-point double trace amplitudes
there:

Lopain = Ne tr ( ¢*(0%)¢ + X" (0)x + (47)°9* ¢*x*dx )

b Tt
R

(d.€.)
A'f; bp—> ¢ $#

Dubna 2021 15/42
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D=6 FishNet amplitudes.

Let us consider another example of fishnet theory and 4-point double trace amplitudes

here:
t Loain = Ne tr ( ¢*(0%)¢ + X" (0)x + (47)°9% ¢*Xx*dx )

i é‘%)@&
J G 00 Do
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D=4 - D=6 correspondence

T (YA
DA Yoo Yoo -
00 - ! Yoo -

It is well known (? see for example V.Smironv book) that:

—1y(s,t; . sy, 0 s D) = 1y(s, 8. a + 1,0, + 1, D+ 2)

n+m i(Vss+Vit) /U

oo Ntm ol
. . . v;,—1
Li(s,t; . Qoo 3 D / I_Idozz Ha TOE
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—
D=4 - D=6 correspondance

It is well known (? see V.Smironv book) that:

— (st oy, s D) = 14(s, 8. + 1,000, an, +1; D+ 2)

oo Nt+m n+m : 6i(V58+Vtt)/u
. . . vi—
14(3,t,...,ozvl,...,ozvn,D)N/ Ildozi ||ozz.
0o -
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D=4 - D=6 correspondence
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—
D=4 - D=6 correspondance

So we can conclude that:

_ 10 1 [ = wpw,J) 09, ;(z)
D=6 _ 10 D=y _ 1t ) v,
@ (S,Z,g) — SaZAél (Zag) 8[ dyz h(V, J) . 94 aZJ

o0 J>0

and because:

O0-0 -T1-T

D=6 amplitude is the generating function of box ladder diagrams:

AP0(s,2,9) = AUT(s,2,9) + AL (s, -2, 9)

oo

AP (s,50g) = 36" BOs,u)

[=0
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—
Amplitudes in D=6 fishnet theory. PT.

— 1
AL (s,2,9) = = (" BO(z) + ¢® BY(2) + .. ) math-ph
S arXiv:1506.07243
23 2 3 2 3 2 3
o 4 1 4
4ren 1- Loop 1 - loops 3 Loops
B0, 1 1 /a®(z) N b (z) - BO(z) = <
S — — , = ‘
7 S 1 + x X S / S
fm 4_ ZobP Z’ ZOOPS
-
r_A -
- ' -+ 7.‘_? r(2) o 2 v
a’(O) (‘CC) — 07 a/(l) (SU) == H() o+ — a (517) — H_l + ?HO o 2H_1,0,0 - 2(37
) 2 )
(0) 2
b (xr) = 1 b(l)(x) = 0. VP (z) = m*H_1_, — %H—l,o +2H 1 100+ 2CGH
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D=6 Box Ladders

3 2 3 2 3
4 1 4 1 4
1 /a®(x b (x
B - L (2@ , ¥
s\ 1+=zx x

-

Hoo+ T P (z) = —~ﬂ2l¥;4_4——5—}10——-2}1_14L0——-2C3,

) 2 ) 9

T

0. lﬂm(x) = W2f{—L—1'—'E;f{—Lo4—21{—L—LQ0—FQCéff—L

2 72 (=15 + 272 272 272

gH—z,—z _ B )H—Q —m*H_ +21°H 3 4 — TH—&O — 3 oo +

6 — 2 w2 —12C

3 H_500—2H_190+4H_3_100+ H_2_200 + TBHO + 4G H 5 —
— 50474 + 3170 + 3780Cs(—1 + 2C3)
2, H._ ,
Gaflz0+ 1890
Amr? 272
—AT*H 5 4 + ?H—Z,O —7m?H_ 1 _o+3m°H_ 1 1 + TH—LO,O —8H_5 100 —
472 4 90
2H 1 500+ 6H 1 100 — (7 —4(3)H 10 — 8CH 5 + T@H—l-
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|
D=6 Box Ladders expansions:

Large z limit:
l = Q_K_
B0 (s, 1) = B0 2ol
5 BL = 1L2 4o S+t+ U0
2
~~ U»S =2 2/
1 1. w2 92 Lz 4’9} (Z)
B? — 1ty 3 L2+ — —92C | L+..
127 T3 3 3 G ) L+
N~ N N~ ~— _
LLA  NLA NNLA NNNLA
1 2 1 72 1 2 ¢
(3) _ —L6 - o L5 -0 L4 - o83 L3
il (5 5) e GG (G TS o
~—— -~ /N ~ <\ ~~ d
LLA NLA NNLA NNNLA
T2 7174 o 71rd
—2Cs | L? — 2(q — L
( 6 720 43) +( 3 T gy X7 C‘”’) *
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|
D=6 Box Ladders expansions:

M
. =1+ 2 —
z=-1 limit: Z S
¢
3=t§'; Z2-1-2§
ReBY = 0—55—352—%5%0(54), S 4<q.
() _ m T T 4
ImB Tt 50+ 07+ 280+ 0(0Y).
2 4 2
@ _ —Tr 117 _1_7r 11 9
ReBB (3 + 180)+( 5~ 5 g ) 000,
ImB? = (27 — 27(3) + <5§ — 27ng) 5 + O(6%).
2 4
RebB 3 + 60 (3 — m°(3 2C5+ (9),
2 77’(’5
mB® = 274 = 0(5).
mB T+ 3 -|—36O—|—67TC3—|— ()

L. Bork Dubna 2021
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D=6 amplitude Regge Limit
Let us compare exact results with PT. Let us start with Regge limit:

_ 25T+ 1D)((J + 1) + 4v)v; 092 5,,(2)
AD_6u S e g ZZ i) Vi

— (J+1)22 44y, +1 dz
k—-\.-:
where
1
vy = —5\/—2—2J—J2—2\/1+4g4+2J+J2,
) sem + 1\/2 2J — J2+2y/1+4g* +2J + J?
is diverden 27 TV TET Al T g ‘
verdent | 2 . >
\/ hep-th
S arXiv:1812.06997
N—
N

_ 1 dJ oo u(v, J) 09, 5(2)
D=6,u I ) v,
A (5,2.9) /C 2i sin(7.J) / dyh(y, J)—g* 0z

— 0
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-
D=6 amplitude Regge Limit

+00
AD=b(s + g — 1/ dJ / 7 u(v, J) (‘9&2,,,!](2).

2isin(nJ) J_ o  h(v,J)—g* 0z
>
combining this representation of the amplitude with Z > i
inh(27) T(J — 2iv + 1T(J + 2iv + 1) T
Qs (2) = (_1)Jsm (2mv) I v+ 1) + 2iv + 4 O(02)

oy D(J/2 —iv + 1)2T(J/2 + iv 4 1)

one can obtain:

g2

(#) s AP=0u(s 2 g) ~ / 2 dv (J+F(V, J )z — J_F(v, J_)z‘]‘_l) — ..

- 9 —
with AL »eoﬁj, 2nhenced femg hep-th

arXiv:1812.06997
Jp = —1+ \/1—4y2j:4\/g4—yz,

vsinh?(270)0(J — 2iv + 2)T(J + 2iv + 2)
sin(mJ)(J(J +2) + 2)0(J/2 —iv+ 1)20(J/2 +iv + 1)

26/42
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-
D=6 amplitude Regge Limit

s AD:6 ~ g AD:6’UZZQ4ZB(Z)(SC)

T B(l) (CIZ’) _ {J)IJALzl + aéV)LALQZ 1 + CL@GNLALQZ_Q 4o

f:'zcm (%) ohe cgn o({am -Hwhé:

LLA 1
"0 NI+ 1) Note that these
JNLA _ 21(1 — 1) results are valid in
W U+ 1) arbitrary order of PT |
NNLA __ 200 —1)(1+2) +7*(1+ 1)
oo 111 +2)! ’

vvvea _ 2L+ 1) (2 + 20+ 37 — 13) + 6( — 4)¢ + 18)
© 311 +2)!
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Let us compare them with direct PT computations:

1
BY = §L2 +....
LLA GNNLA _ QZ(Z - 1)(l + 2) + 7r2(l 4 1)
& I+ 2)!

12 3 3 3
(R P I N _— P
LLA NLA NNLA NNNLA

1 1 2 1 7 1 7 (G
B® = —S4+—+— |0+ (--=|L'+(-4+—-2)L°
- 1273 3716 T3 T T3 "

A

1 1 2 2 2
Bl S <i — 2@,) L+..

——LLA NLA NNLA NNN LA
— 2 | L7 — 25— s | L+ .
< 6 ' 720 C3> +( T 7T<3> +

JNNNLA _ 20(I(1+ 1) (217 + 20+ 37* — 13) + 6(l — 4)¢3 + 18) |

28/42



—
D=6 amplitude z=-1 expansion

00 2 _
AD=61(g _ }ZZ 2T+ 1)((J +1)* + 47y 3QJ,1/1-(2)7
§ 4t (J+1)2+4y,+1 0z
where

1

v, = —5\/—2—2J—J2—2\/1+4g4+2J+J2,
1

- —5\/—2—2J—J2+2\/1+4g4—|—2J+J2.

27/ Smh2 (mv +imJ/2 — 1)/
QV,J(Z) - / / / dtldt2 tl —Z)( ) E<Z7V7 J)a

2 (27i)? to — z)/H1

' J
Z(Z,V,J):—QZ—V ((I) (z,1,—§—w> —@(Z,l,—§+il/>+
147 S
+Z2 ) Z,1,1+§—|—w — P

and L\J

Lench Zeda funchion 5 B-D(-2)
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—
D=6 amplitude z=-1 expansion

S
['(n+1)
. 19 .
; sinh® (mv 44w J/2) g J ) o J )
212 v 2 2
— v (—1—%+iu> + 0 (%—l—zu)) ,

Z2=<1 ﬁ:-—- -—f- oz

+ZS ’/er_' (7}‘___28 Scé

—— / S
>y l(-1)

d(l,n+1,2) = T (2).

QV,J(Z:—].> = 12

O i(—1+y) =
n=0
. i27 sinh? (nv + i) . .
Q(=1) = 2752 - 2) PO () 4 P00,
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—
D=6 amplitude z=-1 expansion

=0
00 2
25T+ 1)((J + 1)* + )y,
(B) ( ) o i )7t y(k)
9) ZZ (J+1)2+4y; +1 L (=1)

r —
¢k = Z(—l)‘] Z Rational function("’)(J) X Sp(J)
J=1
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—
D=6 amplitude z=-1 expansion

1" '&o/;
kD =N " (—1)/ Z Rational function™ (.J) x S, (.J)

00
J=1

4 — 3
One loop example:

c[0, 1] =4 %1% -
4k?% (2+k) 2k (1+k) (2+k)

i(2+k+2k?) i (1+4k+2k?) HarmonicNumber[k] ]/1 Z 41

i(-4+2k-k?+9k3+4k%) i (-1-2k+3k?+4k?+k*) HarmonicNumber [k]
c[l, 1] =4%2x* - /I;
32k? (2 +k) 8k (L+k) (2+k)

i(-1+k) (-72-8k?+102k?+81k* +16k®) i (-1+k) (-12-34k-k?+27k?+14k* + 2k®) HarmonicNumber [k]
c[2, 1] =4%*3 * - /
' 1728 k2 (2 + k) 288k (1 +k) (2+k)
I;
c[3, 1] =
4 %4 %
i(2-3k+k?) (-432-72k +87 k? +571k? + 516 k* + 169 k5 + 19 k6)

55296 k? (2 + k)

i(2-3k+k?) (-36-117k-59k? + 40 k® + 40 k* + 11 k5 + k®) HarmonicNumber [k]
I-
4608 k (1 +k) (2 +k) / !
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D=6 amplitude z=-1 expansion. Divergent Vs Finite

o0

kb = Z(—l)‘] Z Rational function™(J) x S, (.J)

J=1 n
%K
rVL -
O 12 3% Y45 o - div. sum
O 0o o o © o o
Vi 41 0 o o o ©o O O - Conv. Sum
J O o o o o o©
g 3 o O o © O Q
‘; 19 o ©o © o o o
15 o O 6 O o o

L. Bork Dubna 2021




e
D=6 amplitude z=-1 expansion. Conjecture.

All divergent coefficients can be reconstructed.

Using Abel summation method (method of analytical continuation) one can evaluate all sums:

00 2
25T+ 1)((J + 1)* + 4v?) v,
(k),re _ J i )Viy(k)
S LD Dl 5w res L A

Then one can:

H?LS' (4,,. Z‘) C(k)ﬂ"eg(g’ ,7.) — Z C(k,l),reg(T) g4(l+1)
[=0
C(k,l) — lim C(k,l),reg(T).

7—1—0

The results are surprising! We can reproduce all PT results:
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—
D=6 amplitude z=-1 expansion

For example:

oo

L 3(Lp)) (=2+ ) (=1+ D)3+ )4+ J)(=3 — 8] + 4.J° + J*)
£ 36(1+ J)(2+ J)J

N (=24 J)(=1+ J)(—432 — 72J + 87J% + 571.J3 + 516J* + 169.J° + 19.J9)
432.J2(2 4+ J) ’

R ;_411 1 \—Yf
. ST\ Y
Compare with: 2

1.1 11 £
(1 _ S S VA ¥ 4
ReB 0— 50— 567 = 26"+ 0(5"), <= q - Y
ImBY = 7r+g5—l—g52+£53+0(54). Z
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%K
All results for the real parts are reproduced using Abel ‘O 1 2 % Y 5
summation method: 0
¢ | 1 &=—s—=— o o
9 o —epo o o o
1 1 11 /4 ,
ReBY = 06— 2628 +0("), ¢ |3 = ° 2 ®
mBY — x+T54 T ooy, 14 % °
m = 7T+§ +§ —0—1 + ( ) 15
—72  1lx? 1 7 11
ReB? = (= L) 5+ 0
’ (3+180 IR AR

ImB® = (27 — 27(3) + (57” - zwgg) 5 + O(6%).

2 117t 15
ReB® — _T —6C; — T — — (4 08
eBB 3 + 60 (3 — T3 245‘4‘ (9),
2 5
ImB(?’) = 27T+?+%+67TC3+O(5).
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e
z=1 point and E.Panzer Hyperint results

f- chawnng ( GOX 4 math-ph

/ arXiv:1506.07243
o0

S o [t & p(0,J) 09s(-1)
1) al _ on a9 1y ; v, |
2 B0t ) ) DD Sl

Where first pair of coefficients can be evaluated:

K
a02)  — 2(s, [ ‘14 - .
124 o 43
a% = 42 + = — 8(; — 6(s. (00 060 0 o9
39 l 4 ¢ ©o O © o ©
o0V b ©o O o o
g 3 (<Y (&) Q
In agreement with E.Panzer results. 3 1 Y 6 o
s
5 o
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——
One more (finite) sum:

2) _ i(_”} <(—J4 - 4J% 4+ J* +10J +4)
= J2(J 4+ 1)2(J + 2)?
2(2J% +16J7 + 43.J5 + 34J° — 31J% — 52.J3 — 2J% + 20J + 8)
J3(J 4+ 1)3(J + 2)3

2 (12 + 7%) J + (210 + 1972) J° + (726 + 717%) J®

B 6.J4(J + 1)4(J + 2)3 ;

(1221 + 1257%) J* + (861 + 797%) J® — 8 (138 + 1772) J*

6J4(J 4+ 1)4(J + 2)3

—2 (171 + 3272) J° — 4 (153 4 2072) J3 — 8 (272 — 27) J? + 336.J + 96

6J4(J + 1)4(J + 2)3 )

So(J)+

S1(J) —
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——
Possible bootstrap for D=6 boxes ?

If the summation conjecture is correct then on can bootstrap D=6 boxes (i.e. fishnet amplitudes):

unknown coefficients (real numbers)

_ P Cé Hq,,. awzl(_]‘+y) D i C Hq, . awl( 1+y)

BY(-1+
SW Compare with:
' oo 00 C o
\ ReAfZG’u<S>_1 +y7g) — ) lyk’

(1, Z)

Cz

Additional expansions (like Regge limit) will help
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Strong coupling limit in D=4 and D=6

J—
D—du 1 [ d(gJ) /+°° (v, gJ)
ATz 9) = 5 /Csin(wgJ) M) - g1 s (2147

hep-th
arXiv:
1808.026
r__JC_—\ Ve A ~ 88
L 50 B(z1,0) = —— 1 +0(a?)
— z,1,a) = — a °).
g = g? g — 1— 24

o
z« aplng ], 2>1

AV (2, 1/g) = ! / Sid(]/g) JV4 — J?exp (W i + (1 + Z)L) + ..

2mi(v22 — 1)

where ... corresponds to all terms suppressed by powers of g or exp(—1/g) and

L=log(z+vz2—-1).
i


https://arxiv.org/abs/1808.02688
https://arxiv.org/abs/1808.02688
https://arxiv.org/abs/1808.02688

—
Strong coupling limit in D=4 and D=6

4) 47 /2 Lex (2\/ 7 2)
p s+ L
Ay Mz g) = g7 -

o
ivz2 — 1 (w2 + L2%)7/4sin (—2”1‘ )

gvVr2+L2
if z»zxp[ ]>>j 2

2 _ »2/9-1 JP=1 — /1+4¢2—1,
)Af_4’u(z,1/g) +...,} n(9) g

log®/?(2) TR=(9) = V1+4g* -2,
—
D=4 8T _ b
3) AT (2 = £1,1/g) = Vi s e (2n/g) +... | = QA
3%
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.
Conclusions

 We have simple enough family CFT’s in D=4 and D=6.

* Within such theories correction functions and amplitudes
can be exactly evaluated.

* More loops&legs for D=6 and D=6 fishnets. n=6
amplitude = double tase contributions to NMHV6 in N=4
SYM.

* Dual gravitational description for such models.

* Origins of D=6 fishnet theory ? (N=(2,0) SYM, some
N=(1,0) D=6 CFT ??)

42/a2



-
Lerch Zeta function

Let us briefly discuss definition and main properties of Lerch transcendent zeta func-
tions. The Lerch transcendent, can be defined as the following series:

(z,8,a)
n:O
where: a #0,—1,—-2,..., |2 < 1lor|z| =1 and Res > 1. Other values of z can be also

considered by means of analytical continuation. This can be done via contour integral of
the following form:
1 [T sl —at
d(z,s,a) = —/ dt exp(—a ),
I'(s) Jo 1 — zexp(—t)
where Re s > 0, Rea > 0 and z € C/[1, +00).

1 1 N~ (D"Lia(2) (9)n

1 —zas ‘ n! qnts
n=

where Arga <7, s € C, 2 € C,, C, = C/[1,400) if Rea>0o0rC, = |z| <1if Rea <0

d(z,s,a) = + O(a™ ),
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—
D=6 amplitude z=-1 expansion

g —1+7y) = Zy Ol (—
{ 27 h2 + im2
|l - 2 i )P"><Ju>+P (J,0) (1),

SN ()
(" ReAfIG’u(S,—l—Fy,g):Z " (g) yk:’

) -

. X = 21T+ 1)((J W2 v; i
L~ 22 ((J+ +)1()(2 ++4u2 ++1 Polf) (-1)

2
Qs = —1) — o7 S (M +imJ/2) (\I!(O) (—1 A w) — O (1 - w) -
v )

212 v

— g (—1 - % +i1/) + ¢ G +i1/>> ,

12/



—
D=6 amplitude z=-1 expansion

P1[2] =2%v* (I%*SS) " (-1) * (Q[2] /. HtoO) )

-13—61 (1+3) v (T (2+3) -4 (1+V?))

P2[2] = ((Q[2] -P1[2] *I*SS/ (2%v)) // Simplify) / Q[0] )
1 3
—— (123°+33% + 3% (4-8+v%) -163 (1+Vv?) + 48 (V2 +v*))
128 i
Iz'f‘;':)\ j
P1[3] =2%v#* (I*SS) "~ (-1) » (Q[3] /. HtoO) M
i(1+3) v (528+3(2+3J) (-176 +153 (2+J)) +768v2 =567 (2 +J) v + 240 v*) j
N 1728 i
P2[3] = ((Q[3] -P1[3] *I*SS/ (2%Vv)) // Simplify) /Q[O] 3]
300°+53%+3% (8-12v%) -243% (7+2v?) +96J7 (2+3v>+v*) +163% (-7+6v> +3v*) -64v? (11+16v* +5v*) j
4608 ]
(Z * % ?,\ j

P1[4] =2%v* (I%*SS) " (-1) * (Q[4] /. HtoO)

242368 51 (1+J)V(J (2+J) (4320+J (2+J) (-556+21J (2+J))) -

76J (2+J) (-28+J (2+J)) v2 +16 (-600+19J (2+J)) v* - 1344v® - 192 (60 + 103 v?))

L a4 L4

P2[4] = ((Q[4] -P1[4] *I*SS/ (2*v)) // Simplify) /Q[0]

La

1179648 (28037 +353% -403% (1+2v?) -1603° (26 +3v?) +1283% (131 +60v? +9v*) + 16 3* (-253 + 70 v + 18 v*) -

512 (36 + 657 +34v* +5v%) +1280v* (60 +103v? +50v* + 7v®) - 1283% (114 + 65V + 59 v* + 10V°))
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—
D=6 amplitude z=-1 expansion

kD =N " (—1)/ Z Rational function™ (.J) x Sn(J), tres Lavel :

00
J=1 n

3

1
c[0, 0] =4%1x 2 (1+2k) // FullSimplify|

1+2k
1 2
c[1, 0] =4*2*3—2 (1+2k) (-2+k+k") // FullSimplify

%(1+2k) (-2 +k+k?)

1
cl2, 0] =4%3% —— (-2+k) (-1+k) (2+k) (3+K) (1+2k) // FullSimplify

41_8 (-2+k) (-1+k) (2+k) (3+k) (1+2k)

-3+k) (-2+k) (-1+k k k k k
c[3,0] =4x4x (C3+k) (-2+H) (2 )1;24;2) Gtk (4+h) (1+2 )//Fullsimplify

(-3+k) (-2+k) (-1+k) (2+k) (3+k) (4+k) (1+2Kk)
1152
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—
D=6 amplitude z=-1 expansion

ke N~y g ((J=k) (=D +E+1)...(J+2)(1+2J)
cbOrs =3 (=) ( (k + 1)K! )

R0 = ¢
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