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N=4	SYM,	integrability	and	fishnets

• N=4	SYM	-	one	may	hope	that	this	theory	is	exactly	solvable.	
• Physical	content	-	resembles	perturbative	part	of	QCD	(massless	QED	without	

running	of	the	coupling).	Tree	amplitudes	identical	to	QCD.	
• The	correlation	functions	in	this	theory	can	be	studied	in	the	weak	and	strong	

regimes	(	via	AdS/CFT).	
• The	computation	of	anomalous	dimensions	of	local	operators	in	N=4	SYM	in	

planar	limit	can	be	reduced	to	the	problem	of	solving	some	integrable	system.	
• There	are	numerous	results	for	perturbative	expansions	of	amplitudes	(S-

matrix)	and	form	factors/cor.functions	with	some	results	valid	in	all	orders	of	
PT	(BDS	ansatz	for	4,5	points,	collinear	OPE).	

• Can	we	utilise	integrability	to	compute	loop	amplitudes	?	
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• N=4	SYM	-	one	may	hope	that	this	theory	is	exactly	solvable.	
• Physical	content	-	resembles	perturbative	part	of	QCD	(massless	QED	without	

running	of	the	coupling).	Tree	amplitudes	identical	to	QCD.	
• The	correlation	functions	in	this	theory	can	be	studied	in	the	weak	and	strong	

regimes	(	via	AdS/CFT).	
• The	computation	of	anomalous	dimensions	of	local	operators	in	N=4	SYM	in	

planar	limit	can	be	reduced	to	the	problem	of	solving	some	integrable	system.	
• There	are	numerous	results	for	perturbative	expansions	of	amplitudes	(S-

matrix)	and	form	factors/cor.functions	with	some	results	valid	in	all	orders	of	
PT	(BDS	ansatz	for	4,5	points,	collinear	OPE).	

• Can	we	utilise	integrability	to	compute	loop	amplitudes	?	
• Some	simple	sub-sector	within	N=4	SYM	?	
• What	about	higher		dimensions	?	
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Where	dose		“fishnets”	come	from	?
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We	do	not	know	(yet)	but	for	D=4	we	see	that: From V.Kazakov
presentation at 
“Exactly 
Solvable Quantum 
Chains” 
International Institute 
of Physics, Natal, 
25 Juin 2018 
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Why	this	D=6	fishnet	theory	?
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We	will	manly	focus	on	d=4	and	d=6	theories.	Why	?	
In	short	-	D=6	dual	conformal	invariance	and	conjectures	of

hep-th	
arXiv:1611.02179 
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“Fishnet”	models.

hep-th	
arXiv:1801.09844 
etc.
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A.B. 
Zamolodchikov
.Phys. Lett. B, 
97:63–66, 1980. 

Here

Typical	observables	in	such	theories:
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Integrability	in	“fishnet”	models.

7/42L.	Bork																														Dubna	2020

Why	such	models	are	integrable	?

All	diagrams	can	be	represented	as	the	consecutive	action	of	the	SO(1,D+1)	spin	chain	Hamiltonian:

hep-th	
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D=4	Example.

8/42L.	Bork																														Dubna	2020

Single	trace	correlation	functions	are	given	by	single	fishnet	diagram	and	are	protected	from	
quantum	corrections.

Double	trace	correlation	functions	are	none	trivial	and	are	given	by	infinite	series	of	diagrams:
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D=4	Example.
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Single	trace	correlation	functions	are	given	by	single	fishnet	diagram	and	are	protected	from	
quantum	corrections.

Double	trace	correlation	functions	are	none	trivial	and	are	given	by	infinite	series	of	diagrams:

hep-th	
1711.04786 

For	appropriate	choice	of	double	trace	coupling	constants	this	theory	is	conformally	invariant.	
One	can	argue	that	such	choice	is	possible	in	all	orders	of	PT. hep-th	

0805.2261 hep-th	
0505099 
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D=4	Example.
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The	sum	of	all	such	diagrams	can	be	written	as:

Where:

The	eigenfunction	of		
these	operators		
is	known: hep-th	

arXiv:1808.02688 hep-th	
arXiv:1801.09844 
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D=4	Example.
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This	allows	us	to	write:

Where:

hep-th	
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Amplitudes	in	“fishnet”	models.
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One	can	compute	not	only	correlation	functions	but	also	scattering	amplitudes	in	such	theories:

Where:
hep-th	
arXiv:1812.06997 
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D=4	FishNet	amplitudes.
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One	can	compute	not	only	correlation	functions	but	also	scattering	amplitudes	in	such	theories:
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D=6	FishNet	amplitudes.
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Let	us	consider	another	example	of	fishnet	theory:

With:
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Let	us	consider	another	example	of	fishnet	theory	and	4-point	double	trace	amplitudes	
there:

D=6	FishNet	amplitudes.
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Let	us	consider	another	example	of	fishnet	theory	and	4-point	double	trace	amplitudes	
there:

D=6	FishNet	amplitudes.
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D=4	-	D=6	correspondence
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It	is	well	known	(?	see	for	example	V.Smironv	book)	that:
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D=4	-	D=6	correspondance
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It	is	well	known	(?	see	V.Smironv	book)	that:

among	other	examples	such	relation	imply	that:
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D=4	-	D=6	correspondence
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D=4	-	D=6	correspondance
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So	we	can	conclude	that:

and	because:

D=6	amplitude	is	the	generating	function	of	box	ladder	diagrams:
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Amplitudes	in	D=6	fishnet	theory.	PT.
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math-ph	
arXiv:1506.07243 
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D=6	Box	Ladders
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D=6	Box	Ladders	expansions:
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Large	z	limit:
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D=6	Box	Ladders	expansions:
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z=-1	limit:
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D=6		amplitude	Regge	Limit
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hep-th	
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Let	us	compare	exact	results	with	PT.	Let	us	start	with	Regge	limit:
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D=6		amplitude	Regge	Limit

26/42L.	Bork																														Dubna	2020

combining	this	representation	of	the	amplitude	with	

one	can	obtain:	

hep-th	
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D=6		amplitude	Regge	Limit
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Note	that	these		
results	are	valid	in		
arbitrary	order	of	PT	!
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Let	us	compare	them	with	direct	PT	computations:



D=6		amplitude	z=-1	expansion
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D=6		amplitude	z=-1	expansion
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D=6		amplitude	z=-1	expansion
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D=6		amplitude	z=-1	expansion
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One	loop	example:



D=6		amplitude	z=-1	expansion.	Divergent	Vs	Finite
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D=6		amplitude	z=-1	expansion.	Conjecture.	
All	divergent	coefficients	can	be	reconstructed.
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Using	Abel	summation	method	(method	of	analytical	continuation)	one	can	evaluate	all	sums:

Then	one	can:

The	results	are	surprising!	We	can	reproduce	all	PT	results:
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D=6		amplitude	z=-1	expansion
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Compare	with:

L.	Bork																														Dubna	2021

For	example:
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All	results	for	the	real	parts	are	reproduced	using	Abel		
summation	method:



z=1	point	and	E.Panzer	HyperInt	results
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math-ph	
arXiv:1506.07243 

Where	first	pair	of	coefficients	can	be	evaluated:
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In	agreement	with	E.Panzer	results.

https://arxiv.org/abs/1506.07243


38/42L.	Bork																														Dubna	2020

One	more	(finite)	sum:
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Possible	bootstrap	for	D=6	boxes	?
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If	the	summation	conjecture	is	correct	then	on	can	bootstrap	D=6	boxes	(i.e.	fishnet	amplitudes):

Compare	with:

Additional	expansions	(like	Regge	limit)	will	help

unknown	coefficients	(real	numbers)
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Strong	coupling	limit	in	D=4	and	D=6
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hep-th	
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Strong	coupling	limit	in	D=4	and	D=6
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Conclusions
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• We	have	simple	enough	family	CFT’s	in	D=4	and	D=6.	
• Within	such	theories	correction	functions	and	amplitudes	
can	be	exactly	evaluated.	

• More	loops&legs	for	D=6	and	D=6	fishnets.	n=6	
amplitude	=	double	tase	contributions	to	NMHV6	in	N=4	
SYM.	

• Dual	gravitational	description	for	such	models.	
• Origins	of	D=6	fishnet	theory	?	(N=(2,0)	SYM	,	some	
N=(1,0)	D=6	CFT	??)	
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Lerch	Zeta	function
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D=6		amplitude	z=-1	expansion
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D=6		amplitude	z=-1	expansion
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D=6		amplitude	z=-1	expansion
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D=6		amplitude	z=-1	expansion
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