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Basso-Dixon diagram
B.Basso, L.Dixon, Gluing Ladder Feynman Diagrams into Fishnets,

Phys.Rev.Lett. 119 (2017) no.7, 071601.
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N horizontal lines (N = 3 here), L vertical lines. Solid lines are the scalar
propagators 1/(x — y)? where x and y are the two endpoints of each segment.
The boundary points are identified into four points (xo, x1, X, X1 )-
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Basso-Dixon great formula
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Basso-Dixon great formula

N. I. Usyukina and A. |. Davydychev, Exact results for three and four point ladder
diagrams with an arbitrary number of rungs, Phys. Lett. B305, 136 (1993)
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Step two

det M
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where M is a N x N Hankel matrix with jj element
M,‘j = (L — N+ i+j— 2)|(L — N+ i+j— 1)! X LL_N+;+J'_1(Z,2)

B.Basso, L.Dixon, D.Kosower, A.Krajenbrink, De-liang Zhong, Fishnet four-point
integrals: integrable representations and thermodynamic limits,

JHEP 07 (2021) 168



Simple diagrammatic rules

® The function (x — y)™2* = ((x — y)*(x — y)u)~* is represented by the

line with index o connecting points x and y

o
X0 oy

® Star-triangle relation a + 3+~ =4

/d4W 1 — 71-23(057637)
(x = wPely = w)P(z = w)FT ~ {y = 209 (z — x)2-A)(x — y e

where a(a) = "2=% and a(a, 8, ,7) = a(a) a(B) - - - a(v).
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Operator V)
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® The diagram for the Q-operator Qu(u): one-parametric family of
commuting operators [Qn(u), Qu(v)] = 0.
® Reduction of the diagram for u — —iX and Qn(u) — V.



Diagonalization of the operator V), <+ Transition to the
representation of separated variables

E. K. Sklyanin, Separation of variables - new trends, Prog.Theor.Phys.Suppl. 118
(1995) 35-60
® Spectrum of operator V) is continuous
® FEigenfunctions vx € R,k , mx € Z4

\U,,l,gl,ml Ve ,,,N,gN’mN(X1 gou 7X/\/) = |l/1,€17 my,... 7IJ/\/,Z/\/, mN> = |z/,15, m)
Vi v, €, m) = X(vi, 41) -+ - M, €n) v, €, m)

One point example
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Eigenfunctions

VN ‘l/,e, m) = )\(Vl,g].) e )\(VN,KN) |V,le, m)

® |terative construction
(N) (2)

Vo t,my e o bysmy (X1, xn) = v ly,my l/z,fz,mzwl’lvzlxml
® Main commutation relation

VN/\ = )\(VN,ZN)A VN,]_

VN, 51\1 my vn, LN, My

® Symmetry <> Faddeev-Zamolodchikov algebra
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where R(v — 1) — R-matrix, solution of the Yang-Baxter equation



Eigenfunctions

Layer operators and construction of eigenfunction.



Eigenfunctions
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Eigenfunctions

x; 2

ai bl a2 bz

//dz

Interchange relation <+ symmetry of eigenfunctions <+ Faddeev-Zamolodchikov
algebra



Representation of separated variables

® Orthogonality
(v, 6,mv' €', m') = ,u_l(l/,f) S(v,e,mv' £ m")
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® Completeness
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® Spectral decomposition
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Representation of separated variables
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® For the functions Wy ¢.m (x1,... ,xn) <> amputation of the left horizontal

lines and then reduction xx — x1
® For the functions W, ¢ m (x{,...,xy) <> reduction x; — x



Two-dimensional Basso-Dixon diagram
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The propagator in d = 2 is given by the following expression (o — & € Z)
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Two-dimensional Basso-Dixon diagram
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Two-dimensional Basso-Dixon diagram

Step one

nnd) <> [ Dr o [Tosc 5] TT (0™ 34

k<j
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where

Step two — Determinant representation

J Pxu-- - Dxw [T, bo = x] [T, )™ AV () = N! Det M

M= [ Dx x5 * XV(x) = (n0,) ~H705) [ Dx ) AV (x)
ik=1,... N



Conclusions

® Calculation of diagrams <+ Sklyanin SOV method from the theory of
integrable spin chains

® Search of simpler proof of the zig-zag conjecture
D.J. Broadhurst, D. Kreimer, Knots and numbers in ¢* theory to 7 loops and
beyond, Int. J. Mod. Phys. C 6, 519 (1995)
F.C.S. Brown, O. Schnetz, Single-valued multiple polylogarithms and a proof of
the zig-zag conjecture, Jour.of Numb. Theory 148, 478-506 (2015)



