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HQET

Single heavy antiquark Q̄ momentum P = Mv + p
M — on-shell mass, p�M , light fields pi �M
static field h̄ = −h̄/v
Leading order in 1/M : heavy-quark spin does not interact,
can be rotated (heavy-quark spin symmetry)
It can even be switched off (superflavor symmetry), scalar
heavy antiquark ϕ∗

v rest frame: free propagator δ(~x )S0(x0)

S0(t) = −iθ(t) S0(p) =
1

p0 + i0

no loops



Heavy–light current

j0 = ϕ∗0q0 = Zj(αs(µ))j(µ)

〈Tj0(x)̄0(0)〉 = δ(~x )Π0(x0)

i

∫
ddx 〈Tj0(x)̄0(0)〉eip·x = Π0(p0)

Π0(ω) =

∫ ∞
0

dtΠ0(t)eiωt Π0(t) =

∫ +∞

−∞

dω

2π
Π0(ω)e−iωt

Π0 = A+B/v j±0 =
1± γ0

2
j0 Π± = ±A+B

Renormalization ρ0(ω) = Z2
j (αs(µ))ρ(ω;µ)



Correlator

Π(ω) ρ(ω)

Π(t) Π(τ)

ρ0(ω) =
1

2πi
[Π0(ω − i0)− Π0(ω + i0)]

Π0(ω) = i

∫ ∞
0

dε ρ0(ε)

ω − ε+ i0
+
∑

cnω
n

Π0(t) = θ(t)

∫ ∞
0

dω ρ0(ω)e−iωt +
∑

cni
nδ(n)(t)

t = −iτ Π0(τ) =

∫ ∞
0

dω ρ0(ω)e−ωτ

ρ0(ω) =
1

2πi

∫ a+i∞

a−i∞
dτ Π0(τ)eωτ

Borel transform B̂EΠ(ω) = −iΠ(τ = 1/E)



OPE
−ω � Λ

Π(ω;µ) =
∑
i

Ci(ω;µ)〈Oi(µ)〉

Oi include light-quark masses

I even dimensions: /v

I odd dimensions: 1

dim 0 1 2 3 4
pert 1 m m2,

∑
m2
i m3, m

∑
m2
i m4, m2

∑
m2
i ,
∑
m4
i

quark q̄q mq̄q,
∑
miq̄iqi

gluon Ga
µνG

a
µν

D. Broadhurst, A. G. (1992): perturbative terms up to
dimension 3 and the q̄q up to 2 loops, gluon condensates of
dimension 6 from at 1 loop QCD results of S. Generalis
(1984)



Renormalization: dimension 3

dO3

d log µ
+ γ3O3 = 0

O3 =

 m3

m
∑
m2
i

q̄q

 γ3 =

 3γm 0 0
0 3γm 0
γ γ′ −γm


γ = 1 + αs + α2

s + · · · γ′ = α2
s + · · ·

V. Spiridonov, K. Chetyrkin (1988), . . .
P. Baikov, K. Chetyrkin (2018)



Renormalization: dimension 4

d(mO3)

d log µ
+ (γ3 + γm)O3 = 0

dO4

d log µ
+ γ4O4 = 0

O4 =


∑
m4
i(∑

m2
i

)2∑
miq̄iqi

Ga
µνG

a
µν



γ4 =


4γm 0 0 0

0 4γm 0 0
γ γ′ 0 0

− dγ
d logαs

− dγ′

d logαs
4 dγm
d logαs

−2 dβ
d logαs





Perturbative contribution

IBP reduction A. G. (2000) Grinder (Reduce);
R. Lee (2012) LiteRed (Mathematica)
Non-trivial master integrals M. Beneke, V. Braun (1994);
A. G. (2000); A. Czarnecki, K. Melnikov (2002)



Spectral density

ρ(ω) =
Ncω

2

4π2

{
1− CF

αs
4π

(
6L− 4

3
π2 − 17

)
+ CF

(αs
4π

)2
{
CF

[
18L2 −

(
40

3
π2 + 97

)
L

− 8ζ3 +
8

45
π4 +

103

3
π2 +

1173

8

]
+ CA

[
22L2 −

(
76

9
π2 + 141

)
L

− 104ζ3 −
8

45
π4 +

238

27
π2 +

20057

72

]
− TFnl

[
8L2 − 4

(
8

9
π2 + 13

)
L− 32ζ3 +

92

27
π2 +

1849

18

]}
+O(α3

s)

}
L = log

2ω

µ



Spectral density

I Up to 2 loops agrees with D. Broadhurst, A. G. (1992)

I This (leading in m) spectral density, when multiplied
by the corresponding QCD/HQET matchings, agrees
with the leading 1/M terms in A. Czarnecki,
K. Melnikov (2002)



Quark condensate

An independent confirmation of 2γj − γq̄q at 3 loops
(it starts from α2

s)



Gluon condensate

1-loop term = 0
In fixed-point gauge the static quark
does not interact with gluons

0 x

This term in massless S(x, 0) vanishes
after vacuum averaging



Higher dimensional quark condensates

0 vt

Nonlocal quark condensate
S. Mikhailov, A. Radyushkin (1986)

〈q(x)[x, 0]q̄(0)〉 = −〈q̄q〉
4

[
fS(x2)− i/x

d
fV (x2)

]
Expansion in local condensates up to dimension 8:
A. G. (1995). Anomalous condensate:

A = i〈q̄DαDβDγDδDεγ
[αγβγγγδγε]q〉



Higher dimensional gluon condensates

−ω � m

Π(ω) = ΠG(ω) + ΠQ(ω) =
∑

ãn(ω)Gn

ΠQ(ω) =
∑

bk(ω)Qk Qk =
∑

ckn(m)Gn

dk = dn : ckn = γkn

(
1

ε
− log

m2

µ2

)
+ c′kn

ΠG(ω) =
∑

an(ω)Gn an(ω) = ãn(ω)−
∑

bk(ω,m)ckn(m)



Dimensional regularization of IR singularities

D. Broadhurst, S. Generalis (1984–1985)
Hard region: Taylor expand integrand in m

Π(ω) =
∑

ān(ω)Gn Qk =
1

ε

∑
dk=dn

γknGn

an(ω) = ān(ω)− 1

ε

∑
dk=dn

bk(ω,m)γkn

⇒ ān(ω)−
∑
dk=dn

dbk(ω,m)

dε
γkn

Dimension 6 agrees with the QCD results of S. Generalis
(1984)



Sum rules

Π(τ) =

∫ ∞
0

dω ρd≤2(ω)e−ωτ + Πd≥3(τ)

=

∫ ∞
0

dω ρ(ω)e−ωτ

Model: ρ(ω) = |F |2δ(ω − Λ̄) + ρd≤2(ω)θ(ω − ωc)

|F |2e−Λ̄τ =

∫ ωc

0

dω ρd≤2(ω)e−ωτ + Πd≥3(τ)

|F |2Λ̄e−Λ̄τ =

∫ ωc

0

dω ρpert(ω)ωe−ωτ − dΠd≥3(τ)

dτ



Matching and running

µmbmc

µ ∼ 1/τ

QCD
nf = 5

HQET
nl = 4

HQET
nl = 3

fB, fB∗F (µ)F (µ)

I HQET running

2 loops X. Ji, M. Musolf (1991)
D. Broadhurst, A. G. (1991)

3 loops K. Chetyrkin, A. G. (2003)

I HQET-1/HQET-2 matching

3 loops A. G., A. Smirnov, V. Smirnov (2006)

I QCD/HQET matching

2 loops D. Broadhurst, A. G. (1995), A. G. (1998)
3 loops S. Bekavac, A. G., P. Marquard, J. Piclum,

D. Seidel, M. Steinhauser (2010)



Conclusion

I Coefficient functions of all operators up to dimension 4
up to 3 loops

I Coefficient functions of quark condensates up to
dimension 8 at the tree level

I Coefficient functions of gluon condensates up to
dimension 8 at 1 loop


