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Preamble: Supersymmetry and higher-spins

» Supersymmetry allowed to construct a lot of new theories with
remarkable and surprising features: supergravities, superstrings,
superbranes, N = 4 super Yang-Mills theory (the first example of the
ultraviolet-finite quantum field theory), etc. It also allowed to establish
unexpected relations between these theories, e.g., the AdS/CFT (or
“gravity/gauge”) correspondence.

» Supersymmetric higher-spin theories are also under intensive
development for last decades. One of the basic origins of interest in the
higher-spin theory and its superextrensions is that this kind of theories
could serve a bridge between superstring theory and low-energy
(super)gauge theories.

» The natural tools to deal with supersymmetric theories are the off-shell
superfield methods. While the component approach basically yields the
on-shell multiplets, with unclosed supersymmetry algebras (open
algebras, etc), in the superfield approach the supersymmetry is closed
from the very beginning on the off-shell supermultiplets with the correct
sets of the auxiliary fields. Unconstrained superfield formulations are
most preferable.



Free massless bosonic and fermionic higher spin field theories have
been pioneered in Fronsdal, 1978; Fang, Fronsdal, 1978.

The component approach to the description of 4D, A/ = 1
supersymmetric free massless higher spin models was initiated in
Courtright, 1979; Vasiliev, 1980.

The complete off-shell Lagrangian formulation of 4D free higher spin

N = 1 models (including those on the AdS background) has been given
in terms of A/ = 1 superfields in a series of works by S. Kuzenko with
collaborators (Kuzenko et al, 1993, 1994).

Until present, an off-shell superfield Lagrangian formulation for
extended higher spin supersymmetric theories, with all
supersymmetries being manifest, was unknown even for free theories.

This gap was recently filled in |. Buchbinder, E. Ivanov, N. Zaigraev,
arXiv: 2109.07639 [hep-th]. An off-shell manifestly A" = 2
supersymmetric unconstrained formulation of 4D, N = 2
superextension of the Fronsdal theory for integer spins was constructed
for the first time, based on the harmonic superspace approach.



» At present, what concerns four-dimensional theories with extended
supersymmetry, the self-consistent off-shell superfield formalism is
known only for A" = 2 and A/ = 3 supersymmetries. It is the harmonic
superspace approach (Galperin, Ivanov, Kalitzin, Ogievetsky,
Sokatchev, 1984).

> |t yields off-shell geometric formulations of the relevant super Yang-Mills
and supergravity theories and provides the unique possibility to
describe off shell the basic matter multiplet of ' = 2 supersymmetry,
the hypermultiplet.

» Qur paper opens a new area of applications of the harmonic
superspace formalism, in A/ = 2 higher-spin theories.



A brief account of A/ = 2 harmonic formalism

» The standard A/ = 2 superspace

z:(xmﬁl.a,gd/)’ m=0,...,3, a,a=1,2,i=1,2.

» Harmonic A/ = 2 superspace
Z=(z,u*), v esuE)un), uty =1.

» Harmonic superspace in the analytic basis
Z=(x,0M, 0" ur 070 = (¢,07", 07,
0F = 00YuE, xf = x" - 2i0Us" Pt U

i

» Analytic harmonic A/ = 2 superspace (true analog of chiral ' = 1
superspace)
Ca= (X2, 07,0 ur), dxg = —2i(e 0™ + 0",

5€9i“:ei“, ei“:e“'ufj[.



All basic N = 2 superfields are analytic

» SYM harmonic analytic gauge connection: V**((4); Matter
hypermultiplets: g*(¢a), G (Ca); Supergravity:
H™™(Ca), H™(Ca), H™%(Ca).

> An instructive example is supplied by Abelian A" = 2 gauge theory,

VYH(Ca), SV =DTA(C), DT =0T — 200790 00s -

» Wess-Zumino gauge:
VI (Ca) = (07)%0 + (01)20 + 2070 Anes
(020l u + (0200 U + (020D uy

> 4Dfields ¢, ¢, Aaa , ¥ , ¥ , D constitute an Abelian gauge A" = 2
off-shell multiplet (8 + 8 off-shell degrees of freedom).



» To construct the invariant action, one needs to define the second,
non-analytic gauge connection

V= (2), D"V = —D V" =0,6V " =D A,
T =0T —2i07%0 “Oaa + 0~ "8+g , = (p, 1)

» The action reads

S~ / d?z(vitvo).

» To find the component action, one should restore V=~ by V** in WZ
gauge from the harmonic flatness condition (this is straightforward albeit
boring) and then do integrals over Grrassmann and harmonic variables.



Minimal N' = 2 Einstein supergravity in HSS

» For geometric HSS formulation of the “mninimal” off-shell Einstein
supergravity (in the component approach pioneered in Fradkin, Vasiliev,
1979) one needs to extend 4D HSS by a fifth coordinate, Z = (Z, x°),

ox° =2i(e 0" —& ")
and to define “flat” analyticity-preserving harmonic derivatives as
D't =9t —2i97°078,, + 61707 + i(67)?0s
D~ =0~ —2i07°00,, +0 "0, + i(07)?0s,
d i 0

T =1 0 M0 _
[0, D1 =0° D = vt — v

+O oy — 07 o]

» The fundamental group of the resulting Einstein /' = 2 SG is defined as
the following analyticity-preserving superdiffeomorphisms
X =A"(x,07,u), 6x°=N(x,07,u),
OO = ATH(x, 0T u), 60T = AT (x, 67, u),
SN0TF =X (x,07,607,u), 60 =X"H(x,07,07,u),
SuF =0.



» We require that the properly covariantized harmonic derivatives are
invariant under these transformations

D™ = D%, 0T =0
+_— ptt + h++mam + h++ﬁ+8l; + h++5857
D T =D +h "+ h Mo, + T+ b 00

» The harmonic flatness conditions follow from
@, 2 "]=0°.

»> We will need only the linearized form of these conditions
D™ h™=** — DAY L 4i(h T 49t h ) =0,
D*"h™ =% — D " h*"® —2i(hm el — gL h ) =0,
Dfth——ot _ p~—pttet — 0, Dfth—&t _ p——pttat — 0,
Dfth——o _ p—ot — 0, Dtth & _ pot 0,

as well as the linearized form of the gauge transformations of the
analytic vielbein coefficients

ST = DTN 4 2i(AT YD 0T + 0T 0T AT
h++5 D++ AS 2,()\+oc02 o 0; )\+a) h++u+ D++)\+M



» Using the above gauge transformations, one can fix the WZ gauge as
AT = —2i0" 0%t T + [(07)20 ™ Uy +c.e] + (07 VT u,
h* = —2i9" 0% Ca+ [(0)207 p'u; +c.c] +(01)*SDuyur,
h++u+ (9+) 9+Pw¢ (§+)2 93 [EHUM—F T(;w } (9+)4 ;u =

» The residual gauge transformations are spanned by the parameters
A" = d(x), A = b(x),
N = U+ 0T (), M = @ 0u + 8,0 (x).

» Taking account of this residual gauge freedom, we end just with the
standard field content 40 + 40 of minimal A/ = 2 Einstein supergravity.
The physical gauge fields are 7, w[f’, Ca, the remaining ones are
auxiliary. The spin 1 parts of the gauge field ¢’ can be gauged away by
the local “Lorentz” parameters /,*’(x), /" (x). In this gauge

Pssas = Praaysa) T Easas®,

1 (8ao/a/3,g + aﬂgand) 5 6¢ = 180daad, (SCaor = _2aaa b

6¢,8/3(xd = 2 4



Invariant off-shell action

» The linearized spin 2 N = 2 theory is built on two analytic gauge
superfields A**™® and complex spinorial analytic superfield h*+** (and
c.c.). Under the standard rigid A/ = 2 supersymmetry they have
non-standard transformation properties

S = it oM e g P T
(55h++5 _ 2,'(h++lt+€; _ E; h++/'lr+)
(and similarly for the negatively charged objects).
» Now one defines new N = 2 SUSY singlet non-analytic superfields
G++m — h++m + 2i(h++u+0'l 0 o + 0~ LL m h++,u+>
L[
G++5 h++5 2i(h++u+9 _ 9 h++u+)
G "i=h"+2i(h oy, g Lo h**“*) ,
,,5 —-—5 J— — J—
G =h 2i(h Weu —eﬂh ’”),
which transform under the supergauge transformations as
5>\ Giim _ Dii/\m 5>\ Giis _ Dii/\s
T= A"+ 2i(AN0TGT +070™AY), N =X —2i(AT0T -2,
and satisfy the flatness conditions
D++ fom _ foG++m D++ G775 —D G++5 )

)



» These superfields are just the building blocks for the invariant superfield
action. It is constructed as follows

S~ S5 +4S;,
S = / d*xd®0du GG, S = / d*xad®0du Gt G5,

S = 8// dC“‘du(@BB/\*ﬁhHB+ _ aﬂB:\+5h++ﬁ+)7
682 = —2i/ d("‘du(am;A”%**B+ - 8ﬁ3/_\+3h++6+).

Thus S = 0.

» This action was earlier derived by Zupnik (Zupnik, 1998) by reduction
from the full HSS action of A/ = 2 Einstein supergravity (Galperin,
Nguen Ahn Ky, Sokatchev, 1987).



Component Lagrangians

» Most bulky calculations are related to restoring the negatively charged
quantities G~~™° by the gauge analytic potentials.

» Example: spin 1 Lagrangian
G++5 0+p0+pc =
G(C) = ,gfﬁefﬂcﬁg _ (07)2§*(P'§+B)6§ Cﬂﬁ + (57)20—(;)0443 8§C/3,3
—i(07)2(67)?07°0" [OC, 5 — 0,50 Cui] ,
5 ) ) Dy m_ = (ap
G)° = —2i(67)%0, 0, TW) —2i(0%y?a50, T =
Gy ° = —2i(0 20,70, T") —2i(67)%65d, T
+2(07)2(07)207°0,50,, T4 +2(07 )2 (07 )20 858, TH).

> Then
G++SGE)75 + G++56775 + G++56775 + G++56775 =
1 T (& o
L.y = =z F™Fn — [TV Fiasy + T Ty,

_ g o8 o - a8 o
Tap) = Tiap) + 59 Cs0 Tiap) = Tar) = 590 Cap) -



» An analogous calculation leads to the kinetic term of the spin 2 field
Gioy " Glo) ** +4G5)°CGa)° =

1 af) aﬁ af aﬁ
L) = 4 [cb Lo (aB)(&B) - olenl Do 0" ¢ (PB)(5B)

120949 ¢ e¢m¢] .

(aB)(&B)

> Itis invariant under 69,5, = 3 (Gaadss + 95580a) , 0P = JOaaa™™
as expected.



Spin 3 model

» While in the spin 2 case we had the clear geometric input (M = 2 SG),
no such a hint exists in the case of spin 3. Nevertheless, it surprisingly
turns out that the relevant construction can be performed in a close
analogy with the spin 2 case.

» We postulate the existence of the triad of analytic unconstrained
superfields, two bosonic and one complex fermionic,

h++(a5)(d5)(<) 7 h++ad (C)7 h++(a6)d+(<)’ h++(d5')a+(g-) ’
with the following transformation laws
ShtT(@BN&B) — pt+y\(aB)&h) | 4,-[>\+(a6)(d§+6) + 9+(a5\+6)(d6)]7
ShTted — pttyed _ 2l-p\+(aﬁ)a9+ + ;\+(d6)aéﬂ
6h++(aﬂ)d D++)\+(a6 (5h++ (aB)at _ D++)\+ ap)a )



> Like the spin 2 case, we can maximally exploit this gauge freedom to
put the gauge superfields in the WZ gauge form

+HH(af)@p) 0Pt pOBNEB) | (GTY2g Ty (@B)EB)i -
h = 2ig* g eBI ) 1 (57 )2y
+ (9+)2§+,¢_)(0¢6)(d5)iu7 + (6+)4 v aﬁ)(aﬁ)(’l)ulf u]f ,
h++ocd _ _2i9+p§+/503f)o'4 + (§+)26+padiur + (9+)29_+ﬁadiuf

+ (9+)4Su<'x(ij)u_— U-_ 7

h++(a,u)d+ _ (6+)2§ZP ap)op + (6+) |: v aM,u, + Td(auu)]
+ (9+)4X(au,)diu_—

1 b
pretamt (hﬁ@ﬁaﬂ )

» The physical gauge fields are d>(c“ﬁ)(d3) (spin 3 gauge field), C25* (spin 2

gauge field) and v~ (aB)(&p) (spin 5/2 gauge field). The rest of fields are
auxiliary, so we have the set 104 + 104 off shell. On shell, we end up
with the multiplet (3,5/2,5/2, 2).



» The residual gauge freedom is spanned by the superparameters

I

A\(@B)(@B) = a(aﬁ)(dﬁ)(x)
A = pY(X),

Ape)at €(Ha)di(X)u,+ 4 oropre) 4 9+u/(ulta)d(x) ,
Nelam)+ Ea(dﬂ)i(X)Ur + o+ nled) 4 é-%—f/l(’)adﬂ)(x) )

» The meaning of the component parameters is as follows

gloree)(@s dZ)(X), spin 3 gauge transformations;

b“*(x) spin2 gauge transformations;

13T (x) M (%) spin’5/2 fermionic gauge symmetry;
n#e) n(@  Jocal “Lorentz rotations”;

JR)e () 440 (%) new spin 3 analogs of local “Lorentz rotations”.



» The latter two types of the parameters can be used to put the physical
bosonic gauge fields into the irreducible form

Ps@mas) = Plasmasy T EnaEv6Pas)
Crias = Clya)(ia) + Evac5aC,

with the following residual gauge transformations

4 .

Iy ai8) = p(aBamas)  0Pap = g07 Alar(ss)
1 ac

3Capyas) = Iaabera),  0C = 70aab™.

These are the correct gauge transformations for the Fronsdal spin 3
fields (®(,5.)(a54) Pag) @and spin 2 fields (C, 544, C)-



Invariant Lagrangians

» The Lagrangian is constructed by analogy with the spin 2 case. One
defines the negatively charged potentials

/—f*(f’éﬁ)(dﬁ)7 h**ad7 h——(a,fj)a+7 h**(dﬁ)oﬁr h——(@B)a—

’

h**(dﬁ)a*

I )

which are related to the basic analytic potentials by the proper
harmonic equations. They have non-standard A" = 2 SUSY
transformation laws.

> Next, one defines N/ = 2 SUSY singlet superfields
GETHP(&B) _ prEaB)(ah) | 4i[hii(aﬁ)(d+§—/?) _ hii(dﬁ)(ﬂ‘#g—ﬂ)} 7
Giiaﬁ hiiaﬂ 2l-[hii(aﬁ)ﬁ+9— _ g;hii(aﬁ)aJrL
DG @A) _ pmGrHed)es) — g pttgT—ef _ pmGttef =0,
with the simple gauge transformation laws
5y GEEEBNEH) _ pEE£@BaB) 5 Giiaﬁ DEEAE
ACBNEE) . \(@B)GB) 4 gj[\HEB)Eg=A) _ HEh)ag=0)]

aB _ yaB Ty HeB)ag— _ a—+(aB)a
A = X — 2]\ 05 =05 ]



» The invariant superfield action is constructed literally on the pattern of
the spin 2 case

= “xd® HH(aB)(@B) o—— taf A —
Seus = /d xdodu {G Glupan 467G}

Its gauge invariance can be directly checked. Itis N = 2
supersymmetric by construction. The coefficient before this invariant
and its sign can be fixed by those of the spin 3 field component action.

> After some work one can find the spin 3 and spin 2 component actions.
They look standard, in particular spin 2 action have the sam form as the
corresponding action in N’ = 2 spin 2 model. The spin 3 component
action, up to a normalization, reads

8(8:3) :/d4x{¢(a1QZQS)((H(i2d3)D¢(a102ﬂ3)(d1d2d3)

3 aqapag)(dydpc g
7§¢( roeaalltde s)a&ﬂﬂqapp(b(mzas)(bdzds)
o 15 .
_,_34)(041042043,)(&1f¥20¢a)aa1d1 DapivyPargiry — ?q)aa[jq)ad

+ 28(11 Cq o * 8azd2 (Dagdz } .



General integer spin s case

» The set of analytic gauge potentials is

h++a(s—1)c‘x(s—1)(o h++a(s—2)d(s—2)(<) h++a(s—1)d(s—2)+(c) h++d(s—1)&(s—2)+(c)7

where a(S) := (a1 ... as), &(8) == (&1 ... &s).
» The corresponding gauge group is spanned by the transformations
ShTHE=NES=T) _ pi ytrals=DA-1) | gjrya(s-(A(s-2) gtda )
+ 9+(as,1 5\4»@(572))@(5—1)] 7
Shttals=2)a(s=2) _ pt+y+ta(s—2)a( _oj P\+ a(s— 2)(15,1)64(572)0:_
N

§h++a(sf1)d(572)+ — D++/\+a(571)d(572)

’

§h++d(s—1)a(s—2)+ — D++5\+d(s—1)a(s—2).

These transformations can be used to choose the appropriate WZ
gauge, like in the s = 2 and s = 3 cases, and then to show that the
physical multiplet involves spins (s,s —1/2,s —1/2,s — 1).



» The next steps are to define the relevant negatively charged potentials
and then to construct N = 2 singlet superfields
GEEa(s—Na(s—1) _ pEEals—1)a(s—1) +41-[hiin(s—1)(d(s—2)+0-—ds,1)
_h:ﬁ::ﬁ:d(571)((x(572)+ 67(1571)]

GEEals—2a(s-2) _ prta(s—2)a( zl[hii os—2)as_1)a(s—2)+ -

Qg_1q

hiias 2)(a(s—2)c(s_1))+ 9;5 J

satisfying the harmonic flatness conditions and possessing some
simple gauge transformation laws. Then one construct the A = 2
supersymmetric action (up to a normalization)

St = (— ) /d4xd89du{G++as 1)é(s—1) ot
a(s—2)a(s—2 ——
4G++ (s=2)als )Ga(s—z)d(372)}'

> lts N = 2 supersymmetry is manifest, while gauge invariance is
checked by bringing the gauge variation to the form

(5/\8 )—2 S+1/‘d4xd80du{D77AaS ads— 1)GJFS 1)a(s—1)

+4D77Aa (s—2)a(s— 2)G+2 2)a(s— 2)}
Finally, §S(s) =



Summary

» We presented, for the first time, an off-shell N' = 2 supersymmetric
extension of the Fronsdal theory for integer spins. For any spin s > 2
the relevant multiplet is described by a triad of unconstrained harmonic
analytic superfields h*t(s=Nals=1) ¢y prrals=2)a(s=2)(¢) and
httes=Nals=2)+ () (and c.c.), which are subjected to gauge
transformations with the analytic superfield parameters.

» The on-shell content of the spin s multiplet is
(s,s—1/2,s—-1/2,s —1).

» For these superfields we found the N' = 2 supersymmetric and gauge
invariant superfield actions which surprisingly have the universal form.

» Thus the harmonic superspace approach proved to be efficient in the
new research domain, the theory of N' = 2 supersymmetric higher
spins. This opens many new directions of research.



Some further problems:
» N = 2 supersymmetric half-integer spins?;
» An extension to AdS background;
» N = 2 superconformal spins?;

» Higher-spin analogs of other off-shell versions of N' = 2
Einstein supergravity;

» Interactions. As a first step, covariantize everything with
respect to local NV = 2 SUSY, just via replacement
Dii = @ii;

» Coupling V' = 2 higher-spins to the hypermultiplet matter.
Constructing higher-spin analogs of V' = 4 SYM;

» Towards higher dimensions, e.g., 6D, and higher N/ > 2;
> ETC ...
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WARMEST CONGRATS TO THE MAGNIFICENT SEVEN!
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