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Outline

▶ Study of process of e+e− annihilation into hadrons continues to attract the
close attention both theoreticians and experimenters: CERN, BINP RAS,
KEK, BEPC

▶ Adler function and Bjorken polarized sum rule — quantities included in
the generalized Crewther relation

▶ Two-fold representation an information source about definite
{β}-expanded terms in Adler and Bjorken functions

▶ Results, comparison, consequences

▶ Conclusion
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Adler function, R-ratio, Bjorken polarized sum rule
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The generalized Crewther relation (GCR)
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TheGCR was firstly detected inMS-scheme atO(a3s) level by Broadhurst, Kataev in (93):
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It was confirmed later on atO(a4s) level by Baikov, Chetyrkin, Kühn in (10):
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Proof indications of the validity of the GCR were given in (97) by Crewther
and in (03) by Braun, Korchemsky, Müller (consideration in x-space).

Then the GCR will be fulfilled in the gauge-dependent MOM-like schemes
in Landau gauge ξ = 0 in all orders of PT as well (Garkusha, Kataev, Molokoedov (18)).
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Another representation: two-fold form
The conformal symmetry breaking term∆
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(
β(N)(as)

as

)
K(N)(as)

can be represented in the following form (Kataev, Mikhailov (10, 12)):
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where coefficients P [r]
n are uniquely defined and do not depend on TFnf -structures

and containCF andCA quadratic Casimir operator of SU(Nc) group
(exception - light-by-light scattering effects).
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Two-fold expansion for Adler function
The double sum expression for∆csb(as)motivated (Cvetič, Kataev (16)) to propose

similar representation for Adler (and Bjorken) function:
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In SU(Nc)QCD inMS-scheme coefficientsD[r]
n [k, r − k] are unambiguously

determined from the corresponding system of linear equations at theO(a4s) level at
least.

6 / 15



Supposing that two-fold expansion for Adler function is valid at the five-loop level,
one can obtain:
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This representation is in full agreement with {β}-expansion, proposed by (Mikhailov (07)) :
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Known {β}-coefficients: three-loop level (Cvetič, Kataev (16))
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Known {β}-coefficients: four-loop level
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Coefficients Color structures
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SU(3) case:

DNS(as) = 1 + as +
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)
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4 wavy terms of 12 remain unknown in d5 (but with fixed ζ4-contributions in
d5[0], d5[1], d5[2] (Goriachuk, Kataev (20), arXiv:2011.14746))

d5[4] is the known renormalon contribution (Broadhurst, Kataev (93))

The solid underlined conformal-invariant terms are in good agreement with ones,
obtained by PMC/BLM scale setting (absorption of nf -dependence in the scale) by

(Brodsky, Wu (12))

The first two of them are also confirmed by the results of generalization of BLM
procedure and application of the effective charge approach (Grunberg, Kataev (92))
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R-ratio

r3[2] = d3[2]−
(
π2/3

)
d1[0],

r4[2] = d4[2]− π2d2[0],

r4[1, 1] = d4[1, 1]−
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r4[3] = d4[3]− π2d2[1],
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(
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r5[0, 2] = d5[0, 2]−
(
π2/2

)
d1[0],

r5[1, 0, 1] = d5[1, 0, 1]− π2d1[0],

r5[3] = d5[3]− 2π2d3[1],

r5[2, 1] = d5[2, 1]− 2π2d3[0, 1]−
(
7π2/3

)
d2[1],

r5[4] = d5[4]− 2π2d3[2] +
(
π4/5

)
d1[0].

The rest terms are the same as its {β}-expanded analogs for Adler function, for e.g.

r1[0] = d1[0], r2[1] = d2[1], r3[0] = d3[0], r4[1] = d4[1], r5[0, 0, 1] = d5[0, 0, 1], . . .

12 / 15



R-ratio

RNS(as) = 1 + as +

(
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)
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+
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+ r5[3]
::::

β3
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::::
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0 + r5[1]

::::
β0 + r5[0]

::::

)
a5s +O(a6s)
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Conclusion

▶ Two-fold representation for Adler function is considered. It does not
contradict but confirms results of {β}-expansion procedure. It is also in
correspondence with results of some previous works on the PMC/BLM
topic.

▶ This two-fold representation unambiguously determines the coefficients
D

[r]
n → dn[r]

▶ 8 terms of 12 are defined in {β}-expansion of the five-loop correction to
Adler function

▶ {β}-expanded terms being found can serve as an estimate of theO(a5s)
contribution toDNS(as)
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