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Outline

» Study of process of e e~ annihilation into hadrons continues to attract the
close attention both theoreticians and experimenters: CERN, BINP RAS,
KEK, BEPC

» Adler function and Bjorken polarized sum rule — quantities included in
the generalized Crewther relation

» Two-fold representation an information source about definite
{/}-expanded terms in Adler and Bjorken functions

» Results, comparison, consequences

» Conclusion
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Adler function, R-ratio, Bjorken polarized sum rule
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The generalized Crewther relation (GCR)
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The GCR was firstly detected in MS-scheme at O(a?) level by Broadhurst, Kataev in (93):

2)
DRLCCl =1+ <B(a)> (K1as + K2a2) + O(a?) = 1 — BoK1a2 — (BoKo + 1 K1)d® + O(a?)

as

It was confirmed later on at O(a?) level by Baikov, Chetyrkin, Kiihn in (10):

3)
Do =1+ (ﬁ(“)) (Kias + Kaa? + K3a2) + O(a?)

S

K = (- %1 +3C3>CF7
Ks = (?;)9(: L?C?) - 15C5> Ch+ < 63229 221C3> CrCy + (12643 19C3> CrTpny,
K3 = k1C3 4 koC2C 4 + k3CrC? + k‘4CFTFﬁ + k:5C’FTan + kg x C’FCATan
Proof indications of the validity of the GCR were given in (97) by Crewther
and in (03) by Braun, Korchemsky, Miiller (consideration in z-space).
Then the GCR will be fulfilled in the gauge-dependent MOM-like schemes
in Landau gauge £ = 0 in all orders of PT as well (Garkusha, Kataev, Molokoedov (18)).
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Another representation: two-fold form "
The conformal symmetry breaking term AL >( s) = <ﬁ(as)> KM (ay)

csb
as
can be represented in the following form (Kataev, Mikhailov (10, 12)):

AN = 3 (220) Py = 3 (422 T Alla;

n=1 n=1 r>1

where coefficients P[T] are uniquely defined and do not depend on T'xn ¢-structures
and contain Cr and C'4 quadratic Casimir operator of SU(N,) group
(exception - light-by-light scattering effects).
Fore.g.

A% (a,) = (W)Pf%s) " (M)Qpé”ws)

Qs s
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Two-fold expansion for Adler function

The double sum expression for A4 (as) motivated (Cuetic, Kataev (16)) to propose
similar representation for Adler (and Bjorken) function:

Divg (as) =1+ D" (@) + 3 (ﬁ W““) DY (as)

n>1 s
(N
=1+ D™ as—i-Z(B as) S Dl
n>1 r>1

At the four-loop level :
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— flf
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+a§5no< DY|F, A}d id + D\V[F, F)
aR

light—by—light scattering ef fects

In SU(N.) QCD in MS-scheme coefficients DY [k,r — k] are unambiguously
determined from the corresponding system of linear equations at the O(a?) level at
least.
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Supposing that two-fold expansion for Adler function is valid at the five-loop level,
one can obtain:

2
D@k(as) = 1+ DY (a,) + (MM‘“ (as) + (B(g) w) DY (a,)

S S

+(M)3D§2)(as) + (M)4D31)<as)

S a’S

This representation is in full agreement with {3 }-expansion, proposed by (Mikhailov (07)) :
dy = dq[0], da = Soda[1] + d2[0],
ds = B2ds[2] + B1ds[0, 1] + Bods[1] + ds][0],
dy = (33da[3] + B1 foda[L, 1] + B2d4[0, 0, 1] + 55da[2] + B1da[0, 1] + Boda[1] + da[0]
At a® expansion will have the form :
ds = Byds[4] + B185d5[2, 1] + Bids[3] + B250d5[1,0, 1] + B1d5[0,2] + B1 Bods[1, 1]
+32d5[2] 4 B3ds[0,0,0,1] + [2d5[0,0, 1] + B1ds[0, 1] + Bods[1] + d5[0]
Comparing these representations, we lead to the following equalities:

/2 = d5[07 2] = d5[1v 0, 1]/27
/2, D = —dy[3] = —ds[2,1]/3.
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Known {3 }-coefficients:

three-loop level (Cvetic, Kataev (16))
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Known {3 }-coefficients: four-loop level
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Coefficients Color structures
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SU(3) case:
Dng(as) = 14as+ (0.6918[)’0 + 0.0833) a?

+ <3.10358§ +0.69183; + 4.940203) — 23.2227> a?
+ (2.180068 + 6.206950 31 + 17.6990/37 + 0.691835 + 4.94020,
— 101.9280 + 81.1571 + 0.0802nf>a§

<3o.73985§ + 6.5401532 81 + 6.20695, 3> + 3.103557 + 35.3981 3031
0.6918535 + 4.94023, — 101.9284;
358+ 28 + Al + 0] ) + O
4 wavy terms of 12 remain unknown in d5 (but with fixed (4-contributions in
ds[0], ds[1], d5[2] (Goriachuk, Kataev (20), arXiv:2011.14746))
ds[4] is the known renormalon contribution (Broadhurst, Kataev (93))

The solid underlined conformal-invariant terms are in good agreement with ones,
obtained by PMC/BLM scale setting (absorption of n ;-dependence in the scale) by
(Brodsky, Wu (12))

The first two of them are also confirmed by the results of generalization of BLM
procedure and application of the effective charge approach (Grunberg, Kataev (92))
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R-ratio

[
[
1,
r4[3] = da[3] — 7da]1],
rs[2] = ds[2] — 27°d3[0],
rs(L,1] = ds[1,1] — (77°/3) d2[0],
r5[0,2] = d5[0,2] - (v°/2) da[0)],
r5[1,0,1] = ds[1,0,1] — 72d;[0],
r5[3] = d5[3] — 2m7d3][1],
r5(2,1] = d5[2, 1] — 277d3[0, 1] — (77 /3) da[1],
[

r5[4] = d5[4] — 2m°ds[2] + (7 /5) d1[0].
The rest terms are the same as its {5 }-expanded analogs for Adler function, for e.g.
r1[0] = [0, ra[l] = da[l],  73[0] = d3[0], r4[l] = dall], 15[0,0,1] = d5[0,0,1],...
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R-ratio

Rns(as) = 1+4as+ (0.691850 +0.0833> a2
+ < — 0.1864/32 4 0.69183; + 4.94020) — 232227) al
+ ( — 4.647505 — 2.01788, 31 + 16.876637 + 0.691835 + 4.94020,
— 101.92853) + 81.1571 + 0.0802n f> al

+ ( — 11.03803; — 23.045832 31 — 3.662750 32 — 1.8314(7 + 33.4790530 51
0.691835 + 4.9402/3, — 101.928/3;
(3168 + 2008 + a1+ 500 + O
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Conclusion

» Two-fold representation for Adler function is considered. It does not
contradict but confirms results of { 5} -expansion procedure. It is also in
correspondence with results of some previous works on the PMC/BLM
topic.

» This two-fold representation unambiguously determines the coefficients
Dy — d,[r]

» 8 terms of 12 are defined in {/3}-expansion of the five-loop correction to
Adler function

» {3}-expanded terms being found can serve as an estimate of the O(a?)
contribution to D yg(as)
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