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35 years ago in Dubna...

A fresh PhD student at LTP, JINR

Joined QCD group

Great advisors: | Anatoli Vasilievich Efremov Anatoli Vladimirovich Radyushkin

Research project: infrared divergences of scattering amplitudes in perturbative QCD
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35 years ago in Dubna...

No personel computers, no internet
No arXiv, but great library, limited access to preprints
Need permission to make xerox copies

An invaluable source of information: desk in Anatoli Radyushkin’s office

Very interesting paper
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Scattering amplitudes in gauge theories

Scattering amplitudes at high energy

Factorize into a product of hard, jet and soft functions
A=HQRJQ ---®J®S

Infrared asymptotics is controlled by the soft function

Soft function = correlator of semi-infinite Wilson lines ®,, = Pexp (i [;° dtp; - A(pit))
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Can we compute the soft function exactly?



Interesting papers on Anatoli’s desk

Wilson loops in gauge theories
1
We = — (0] trg Pexp (zg}I{ d:c“AZ(x)Ta> 0)
Ngr C

v Nonlocal gauge invariant functional of the integration contour C
v Equations of motions in Yang-Mills theories = Loop (Makeenko-Migdal) equations for W

v Cusped Wilson loops develop UV divergences making loop equations
inconsistent with quantum corrections [Polyakov’80]

/qb

x(s)x(t 1
We = ~ g2T*T? /dsdt [(:13(3() E l(i);g]l—e ~ EQQCR(¢COt¢ —1)

C

What this has to do with infrared divergences of scattering amplitudes?
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Cusp anomalous dimension

Scattering of a heavy quark off an external potential (mg — oo and (viv2) = cos @)

2 4 (viv2) asCR puUv
~ C d*k = to—1)1
mqQu1 mqQu2 IYM R/ k2(kvy)(kvs) . (¢ cot g ) In MIR

7

Ve

cusp anom.dim.

IR and UV divergences are in the one-to-one correspondence [GK,Radyushkin’86]

Renormalization group equation for IR divergences

log S = cusp (¢, as (R))

d d
KR log A = pR y

dur IR

Infrared divergences of (planar) scattering amplitudes

d
diR log [ ] = ZrcuSp(ﬁbz‘, as(MR)) , cos ¢; = (v;vit1)

(]

HIR
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Interesting limits/important applications

v Small Euclidean cusp angle ¢ — 0

Fcusp(¢) — _¢2B(a’s) + O(¢4)7 /{

B(as) bremsstrahlung function

v Backtracking Euclidean limit ¢ = 7w — § with  — 0

Fcusp(¢) - - V(:;S) + 0(50), §\

V (as) quark-antiquark potential (up to conformal symmetry breaking corrections)

v Large Minkowskian cusp angle xz = e*® — 0

¢ — 100
Leusp (@) = K(as)In(1/z) + O(x

K(as) light-like cusp anomalous dimension

-p. 817



From QCD to NV = 4 SYM

Two classes of Yang-Mills theories:

(i) QCD — gauge field coupled to n s fermions in the fundamental representation of the SU(N)

(i) Supersymmetric extensions — gauge field coupled to interacting ns scalars and n ¢ fermions all
in the adjoint representation of the SU(N):

1 (nle,nsz())
2: (ny=2,ns=2)
4 (nf =4,ns =6)

N
N
N

N = 4 SYM is special:
v the most (super) symmetric field theory that does not involve gravity
v exact conformal symmetry, AdS/CFT correspondence, integrability

v light-like cusp anom.dim. is known for any coupling in planar ' = 4 SYM

Main question for this talk:

Are there any common properties of the cusp anomalous dimension in QCD and SYM theories?

-p. 917



General properties

General form of the cusp anomalous dimension in QCD

S S 2
[eusp (@, as) = CRr {%’Y + (%) (Cava + Trngyy)

g

3
+(77) (Chran+CaTenpyag + CoTrngrrs + (T an)Q’fo)} +O(ay)

Sample diagrams contributing to C4Trn ¢, CpTrn s and (Tpnf)2 terms, respectively

Time scale:
one loop 1980 [Polyakov]
two loops 1987 [GK,Radyushkin]
three loops 2015 [Grozin,Henn,GK,Marquard]
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Two-loop result

— N 2 1 ~ ~ 67 5} ~
™S — X5 4 2N Crl=Ca (Ay + A 2lo, =2 A
—Cr 1+(7T) R2A(2+ 3)+ 36CA g lrny | A1

Coefficient functions

1 2 1 1
A1(z) =€ Hi(y),  Aa(z) = {3 + §H1,1(y)} +¢ {—Ho,l(y) - §H1,1(y)} :
72 1 5 [1 1
As(z) =¢ _EHl(y) — ZHl’l’l(y) +¢£ §H1,0,1(y) + ZH1,1,1(y)
Scaling variables
2
z = e'? €:1—|—x —icot ¢, y=1—2°
1 — x2
The harmonic polylogarithms (HPL)
Hy(xz) = —log(l —z),  Ho(z)=log(z),  H-1(zx)=log(l+ x)
Yoodt
Ha ag,...,a — Ha s} tdt,
iz @) = [ oy o (0
Assign weight n
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Three-loop result

MS Qs 3 2 2
™S — .. 4 (?) Cr|Cavaa+ (Trng) vrp + CrTEngyry + CaATrngyay

Sample diagrams

Coefficient functions

1 67 -~ 29 - 245 11 ~
— ~(As+ A, + B B) oA+ A 2 o) Ay
YAA 4( 5+ A4 + Bs + B3 +36 3+ T 2+<96+24C3> 1
1 - 5%
_ _ A _ _ 22V A
Vff o7 AL YF§ (C:s 48> 1,
5 /- ~ 1 209
— _2(a A) 7 A
YAf 9( 2+ As 6<C3 36> 1

A,., By, are linear combinations of HPLs of weight n
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Checks of result
v Light-like limit ¢ — 00
Ceusp (¢, as) = K(as)|8] + O(4°)
Light-like cusp anomalous dimension
K = ond 2+ (%) e (S5 - 75 ) - 2ens]
+(%)3 {CA<29465 - 62717: + 1;;)4 + %Cg) - —(Tpnf)
+CaATrny (—% + 55% — —C3> + CrTrng <C3 — 451_2> } }

Agrees with the known result

[Moch,Vermaseren,Vogt'04]

as T o 2 117% fas\3
K so) = O[22 = T (%) Cu g (22) 03] + 0(a),

v Verifies principle of maximal transcendentality

Kqcp (as) = Kn=4(as)

maximal weight
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Universal scaling function

v Introduce a new effective coupling constant

2
0= ——K(as) = a [1 + K@ 4 (22) K@ 4 O(ai)}
Cr T 7y

K(2) and K(3) depend on n; and ns

v Define a new function

Q(p,a) :=Tcusp (¢, as)

General form

2p.a)= 3 () 0P, Tawp(,00) = 3 () TH(9)

k>0 k>0

lterative solution
01 — )
02 — 1@ _ g@pi)

0B = 1@ _ gOGIPA) _og@)p(2) 2(K(2))2F(1)

K and T'(¥) (with £ > 2) depend on n s and n
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Universal scaling function (2)
v Qqcp is independent on the number of fermions

v Qgusy is independent on the number of fermions and scalars

v The function Q2(¢, a) is the same in any gauge theory to three loops !

T

(g, a) :CR[%/L + (—)2];] ( 6 Ay +A2+A3>

3 N2 A 2
+(;) e ( A2+A4—|—A5—|—B3+BS_@A1+?(A2+A3)>}

v New effect at four loops — the appearance of quartic Casimirs of the SU(N.) [Frenkel, Taylor'84]

dabcddabcd

S8R A abcd o(a)o(b) pno(c)pno(d)
d g tr T T T T
g N ) [ ]

Generates nonplanar corrections, breaks Casimir scaling
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Light-like cusp at four loops

Generic Yang-Mills theory with matter

4 dabcddabcd
K(as):...+(%) CRrN3K® 4 SR RA KO 4

Sample diagrams:

The only missing term in QCD

dabed jabed Jabed jabed
A G e
R R

\

Ve

[Henn et al 19],[Lee, Smirnov2,Steinhauser'19 |

\

[Henn,GK,Mistlberger’19]

3¢2 55 2 31xS
K® — G3 3¢5 L 956 w7 3w
6 2 12 12 7560
Checked independently [von Manteuffel,Panzer,Schabinger’20]
Full resultin N/ = 4 SYM
as\4 [ 73n° 2 1 /317% 9¢2
K(as):...+(—) {_ _ % ( C3>}
7 20160 8 N2 \ 5040 4

Challenge for AAS/CFT integrability approach

7
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Summary and open questions

v The cusp anomalous dimension is a ubiquitous quantity in gauge theories
v N = 4 SYM is much closer to QCD than one might expect!

v What is the reason for universality of the cusp anomalous dimension?

v Are there other examples of universal quantities?

v Yet another hint for existence of new structures in QCD

-p. 1717



	 
	35 years ago in Dubna...
	35 years ago in Dubna...
	Scattering amplitudes in gauge theories
	Interesting papers on Anatoli's desk
	Cusp anomalous dimension
	Interesting limits/important applications
	From QCD to N=4 SYM
	General properties
	Two-loop result 
	Three-loop result 
	Checks of result
	Universal scaling function
	Universal scaling function (2)
	Light-like cusp at four loops
	Summary and open questions

