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What this talk is about

@ This talk is about the implications of (i) (super) Weyl invariance and
(i) SL(2,R) duality invariance on the structure of effective actions
in supersymmetric theories with local couplings.

@ Related earlier works:

H. Osborn, Local couplings and SI(2,R) invariance for gauge theories
at one loop, Phys. Lett. B 561, 174 (2003);

I. L. Buchbinder, N. G. Pletnev and A. A. Tseytlin, Induced N=4
conformal supergravity, Phys. Lett. B 717, 274 (2012).



© U(1) duality in (nonlinear) electrodynamics
© Local couplings in electrodynamics and SL(2, R) duality
9 Local couplings in supersymmetric electrodynamics

@ Open problems



Electromagnetic duality: Maxwell’s theory

@ Maxwell's electrodynamics is the simplest and oldest example of a
duality-invariant theory in four spacetime dimensions.

1 1,- -
Lataxwen(F) = —ZFa"Fab = 5(E2 —B%),  Fab=0.As— ObA,

@ The Bianchi identity and the equation of motion read
Fp=0, 8°Fp=0

where Fap := 1 cap0q F< is the Hodge dual of F.

@ Since these differential equations have the same functional form, one
may consider so-called duality rotations

F+iF —»c?(F+iF) <= E+iB—c?(E+iB), ¢eR
o Lagrangian Lypaxwen(F) changes, but the energy-momentum tensor
ab 1 - ) ac . & bd ac ~bd 1 ab ~cd
T :§(F+1F) (F—iF)" neg = F*°F Nea = 7117 FFeq

is invariant under U(1) duality transformations.



Electromagnetic duality: Nonlinear electrodynamics

e U(1) duality invariance of Born-Infeld theory Schrodinger (1935)

@ Patterns of duality invariance in extended supergravity
Ferrara, Scherk & Zumino (1977)
Cremmer & Julia (1979)

@ General theory of duality invariance in four dimensions
Gaillard & Zumino (1981)
Gibbons & Rasheed (1995)
Gaillard & Zumino (1997)

@ General theory of duality invariance in higher dimensions
Gibbons & Rasheed (1995)
Araki &Tanii (1999)
Aschieri, Brace, Morariu & Zumino (2000)
o General theory of duality invariance for N =1 and A/ =2
supersymmetric nonlinear electrodynamics
SMK & Theisen (2000)
Partial SUSY breaking often implies U(1) duality invariance

@ Duality invariance as manifest U(1) invariance of self-interaction
Ivanov & Zupnik (2001,2002)



U(1) duality in nonlinear electrodynamics

@ Nonlinear electrodynamics
1
L(Fap) = _ZF"”’Fab + O(F*)

@ Using the definition

~ 1 OL(F
Gab(F) = Egaba] GCd(F) =2 8’53[7) 5

the Bianchi identity (Bl) and the equation of motion (EoM) read
Fp=0, 9°Gp=0.

@ The same functional form of Bl and EOM gives us a rationale to
introduce a duality transformation

<G/£’F/)): (i Z)(G(FF)>v (i Z)GGLQ,R)

For G'(F’) one should require

G(F) = F + O(F®),

OL'(F")
OF’ab
Transformed Lagrangian, L'(F), always exists.

GLo(F') = 2



U(1) duality in nonlinear electrodynamics

The above considerations become nontrivial if the model is required to be
duality invariant (self-dual)

The requirement of self-duality implies the following:

@ Only U(1) duality transformations can consistently be defined in the
nonlinear case.

G'(F')\ _ [ cosp —singp G(F)
F’ o sing  cosp F
Maxwell’s theory also allows scale duality transformations which,

however, are forbidden if the energy-momentum tensor is required to
be duality invariant.

@ The Lagrangian is a solution of the self-duality equation

- . - OL(F
Gab Gab+Fab F., =0 R Gab(F) =2 6/53[3)

Gibbons & Rasheed (1995) Gaillard & Zumino (1997)




Properties of U(1) duality-invariant models

@ Duality invariance of the energy-momentum tensor.
@ SL(2,R) duality invariance in the presence of dilaton and axion.
o Self-duality under Legendre transformation.

Legendre transformation for nonlinear electrodynamics L(F).

@ Associate with L(F) an equivalent auxiliary model defined by
1 = ab a b b a
L(FaFD):L(F)*EFFD, Fp?® = 0?Ap”° — 0°Ap R

in which F,, is an unconstrained two-form (auxiliary field).
@ Eliminate F,;, using its equation of motions G(F) = Fp to yield

Lp(Fp) = <L(F) - %F' FD) ‘F:F(FD) '

@ If L(F) solves the self-duality equation G - G+F-F=0, then
Lp(F) = L(F) .

Self-dual electrodynamics



General structure of dualiy-invariant electrodynamics

@ Given a model for nonlinear electrodynamics, its Lagrangian L(F.p)
can be realised as a real function of one complex variable,

L(Fap) = L(w, @), w=a+if=F"F,;,
where o = % FbF,p and 8 = % Fabf?ab are the EM invariants.

L(w,@) = —% (w+d) +wo MNw, @) .

o Self-duality equation (SDE), G - G+F-F= 0, turns into

AwA)  _ (WM _
Im{ 9 Y ( 50 =0.
@ Simplest solutions:

© Maxwell's theory L(w,0) = -1 (w+d)
@ Born-Infeld theory

Lpi(w, @) = gi{ 1-— \/1—|—g2(w+<21)+ lgt(w— @) }




Conformal duality-invariant electrodynamics

@ ModMax theory
_ 1 _ . —
Leont(w, @) = ~3 cosh v(w + w) + sinhyvw |
with v a positive parameter.

Bandos, Lechner, Sorokin & Townsend arXiv:2007.09092
Kosyakov arXiv:2007.13878



Coupling to the dilaton and axion

e Given a U(1) duality-invariant model, L(F,p) = L(w,®), its compact
duality group U(1) is enhanced to the non-compact SL(2,R) group
by coupling F,, to dilaton ¢ and axion a by replacing

Lw,8) = L&) = Lrw,m6) + 51 - w) |
T=n+in=a+ie ¥.

@ The duality group acts by transformations
G\ _[(a b G , _ar+b a b
(8)-(2 5)(8) »-25b (2 ) esan

@ Maxwell's theory coupled to the dilaton and axion

1 1 -
L(F,7,7) = —Ze—%@FabFab - ZaFabFab

is Weyl invariant (conformal in flat space), with 7 being Weyl inert.
7 & T local couplings.
Non-minimal operator = generalised heat kernel techniques.



Quantum theory

@ Let ['(7,7) be the effective action obtained by integrating out the
gauge field in the path integral.

o Both Weyl and rigid SL(2,R) duality transformations are anomalous
at the quantum level. However, the logarithmically divergent part of

I'(7,7) is invariant under these transformations.
o General structure of the logarithmic divergence of I'(7, 7)
_ 1 2 2= ab __ 1 ab =
S = [D*rD? - 2(R 3 R)VarVs7|

1 a b= = a =v7b =
+m [aV TV arVPEV T + BVTV TV TVbT]

where D27 := VaV,7 + ——V37V,7, and « and 3 are numerical parameters.
Im 7
Osborn (2003)

o [d*xefis Weyl and SL(2,RR) invariant.

@ General structure of Weyl anomaly

0T (7, 7) x /d4xea£



What about a supersymmetric extension?

@ Weyl invariance of [ d*x e £ follows from the fact that the
fourth-order Fradkin-Tseytlin operator (1982)

Do = (V°V,)* +2V? (R VP — 1R V,)

is conformal.
(Ao was re-discovered by Paneitz in 1983 and Riegert in 1984.)

@ Soon after the 2003 work by Osborn several attempts were made to
extend his construction to supersymmetric case. No success was
achieved until 2020, perhaps, due to the following two reasons:

@ N =1 supersymmetric extension of the Fradkin-Tseytlin operator

operator was constructed only in 2013 by
Butter, de Wit, SMK & Lodato (2013)

@ Effective action corresponding to the vector multiplet model
S[V;®, ] = _% /d“xd295¢wa(V)Wa(V) +ce.,
where W, (V) = —1(D* — 4R)D. V, involves determinants of

non-minimal differential operators which are much harder to evaluate
than in the non-supersymmetric case.



Grimm-Wess-Zumino superspace geometry (1978)

Superspace covariant derivatives
Dy = (Da,'Da,'Z_)d) = EAMBM + QAﬁWMB-y + QAﬂ&MB& .
Graded commutation relations

{Doulﬁd} = _2iDlxd 9

{Da,Ds} = —4RM,5 , {Da, Dy} = 4RM, ;5 ,
['DQ,DBB} = iEag(R'Z_)B + C:n/@','l),Y — ('D’YG(SB)MWS + 2Wﬁ"‘y5/\7l,-yé)
+i(ﬁBR)Mag .

Torsion superfields R, Gag = Gag and W, s~ obey the Bianchi identities:
DyR=0, D Wapy =0, D¥Gpq = DoR

R, Gosa and W, are supergravity analogues of the scalar curvature,
traceless Ricci tensor and self-dual Weyl tensor, respectively.



Super-Weyl transformations

Howe & Tucker (1978)

1
5D = (3= 50)Du+(D°0) Mags ,
_ 1 _ _ _
60Dd - (U - 75—)Dd + (DB(})MB s
06Das = f(a +7)Daa + 2(D 7)Dy + 2(D 0)Dq

+H(DPa0)Map + (Da’3)M, 5

where the super-Weyl parameter ¢ is covariantly chiral, Dyo = 0.
The torsion tensors transform as follows:

beR = 20R+%(25274R)6,
1

00 Gaa = §(U+5)Gad+iDm(a—6),
3

(50— Waﬁ»y = EJWaﬁ')’ .



Supersymmetric extension of Fradkin-Tseytlin operator

Butter, de Wit, SMK & Lodato (2013)

@ Operator

_ 1 - o o .
Bc® = —(D? — 4R){D*D?® + 8D°(Gos DP) |, D*AB =0
is superconformal: its super-Weyl transformation law is

SoA® = 3000 .

@ Given two super-Weyl neutral chiral scalars ® and W, the functional
- 1 _ - -
/ I EVAD = — / d*xd?0d20 E {D%D% - 8D°“\IIGMD"¢}

is super-Weyl invariant.

@ Important identity

5(,{732152@ + BDQ(GW@%)} =(o+ 5){D2T)2d'> + 8D‘1(Gad@d&>)}

+213d{(1'7"1&>)172a + 4i(Dad&>)Daa} .



Duality-invariant supersymmetric electrodynamics

@ SL(2,R) duality-invariant coupling of the dilaton-axion multiplet to
general models for self-dual supersymmetric electrodynamics

SA[V; &, 8] = f%/d4xd20€¢W2 +c.c.
—1—16/d4xd20d2§E(¢ —®)PW2 WA (w,)
where ® is the dilaton-axion multiplet,
w:i(éffb)u, u = %(D274R)W2 ,

and A(w, @) is the same as in the supersymmetric case.
@ Superconformal model S[V; ®, ®]: ANw,0) =0
@ Logarithmic divergence of the effective action

eir[d>,d‘>] _ f[D V] eiSIVi®, 9]

should be invariant under SL(2,R) and super-Weyl transformations.



Superconformal higher-derivative sigma model

o Let K(®', ®7) be the Kahler potential of a Kahler manifold M.
Associated with M is a higher-derivative sigma model described in
terms of covariantly chiral scalar superfields ®/, Dé®! = 0.

S= % /d4xd29d20_E{g,j(¢,¢1_>){v2¢’?2'5jf 8GadD"‘d>’ﬁd5>j}
+{aR 7kr(®, ®) + Bg (@, B)gir (9, &>)}D%’Daq>’<@d&>jﬁ%i]

where o and 3 are constants, g;7 = 007K is the Kahler metric,
R, jki the Riemann curvature of the Kahler manifold, and

V2e! = D?¢! 4+ ), D*dKD, ot .

@ The action proves to be super-Weyl invariant provided the chiral
scalars ' are neutral under the super-Weyl transformations.



General structure of super-Weyl anomalies

@ Purely supergravity-dependent part part
b, = 2(a— c)/d4xd29€UW°‘ﬂ7 Wagy + c.c.
+2a / d*xd?0d*0 E (o + 5)(G?G, + 2RR) .

Bonora, Pasti &Tonin (1985)
Buchbinder & SMK (1986)
@ Contribution of the local couplings

1 _
6ol = 16 /d4xd29d29 E(oc+5)
x {gu-(d% 8){v20/7287 - 86, D /DS }
+04R/JKZ(¢y5)D°‘¢’Da¢“75di>jﬁ%l} ,

SMK (2020)

@ Wess-Zumino consistency condition: [d,, s, ]l =0



Final results for the vector multiplet model

S[V;®, 0] = —i/d4xd29€d>Wa(V)Wa(V)+c.c.

@ Logarithmically divergent part of the effective action
1 _ 20V20 — 8D G, DY P
—— /d4xd26’d29 gl YOV -
512m2w (®— )2
D*dD,dD,dDED
(¢ — @)t '

I aiv

@ Super-Weyl anomaly

_ 1 4.,12n127 =
5, = 51072 /d xd“0d“0 E (o + 7)
y { V20V2d — 8D G, DEP B D%Dacbﬁdéﬁ%}
(¢ — d)2 (o — )4




Interesting open problem

@ It is interesting to extend the quantum analysis to the case of local
N = 2 supersymmetry. The corresponding vector multiplet action:

_ i 2
STV X, X] =~ / a0 X (W) +ee.
X is a background chiral scalar superfield containing the dilaton and
axion as the lowest component
W is the field strength of a vector multiplet,
Diw =0, (DV+4sT)w = (DV+457)W

o N = 2 superconformal higher-derivative sigma model
Gomis, Hsin, Komargodski, Schwimmer, Seiberg & Theisen (2016)

S= /d“xd“ed‘*éE K(X' X)), D¢x'=o0, 6,x'=0.

The action is (i) Kahler invariant; and (ii) super-Weyl invariant, with
the chiral multiplets X/ being super-Weyl inert.



N =2 — N =1 superspace reduction

e N = 2 superconformal higher-derivative sigma model in Minkowski
superspace

S = /d4xd49d49_ KX' X)), Dbéx'=o0.

o N = 2 chiral superfield X' is equivalent to three ' = 1 chiral
superfields ®/, X/ and Z' defined by

1
I .yl I . P2yl o1 222y
® =X ‘9;:0 ’ \/EQQ T DaX }92:0 B 7' = 4(D ) X }92:0 .
@ Reducing the action to N = 1 superspace gives
1 n — =7 - _—T e =T
*= 16 /d4XdQ9‘129 {ngV2¢’V2¢J + R/JKZDQQD’D(y‘bKDdd:"D”<1>L}
+/d4xd29d2§g,j{z’zj_iQ/avadQJa} 7

where

1

Z' =27 = @ VasQ = 000 4 T0aa®05



Interesting open problem

@ In the absence of scalars, U(n) is the largest duality group of n
Abelian vector fields.

@ Sp(2n,R) is the maximal duality group of n Abelian vector fields in
the presence of scalar 7's parametrising the homogeneous space
Sp(2n, R)/U(n).

Gaillard & Zumino (1981)

@ It would be interesting to compute the low-energy effective for a
superconformal Sp(2n, R) duality-invariant model of n > 2 vector
multiplets V; coupled to a background n x n matrix chiral superfield
o = (oY),

T =0, (®¢-90)>0,

which parametrises the Hermitian symmetric space Sp(2n,R)/U(n).
The classical action is

SIV: 6, 3] = _i/d‘*XdZeg WV TOW, (V) + c.c.



Thank you!
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