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N = 2 supersymmetric gauge theory beyond loop calculus;
Old story: prepotentials and integrable systems;

Effective equations for partition function: deautonomization;
Solutions: instanton interpretation when possible;
Derivation: lift to 5d;

Perspectives ...

with M.Bershtein, P.Gavrylenko, M.Semenyakin, A.Stoyan
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Supersymmetric gauge theory

4d N = 2 supersymmetric Yang-Mills theory:

1
Lo= T (Fj, +[D,F +[®, &) + fermions) + giTrF A
5 m

@ Higgs condensate () breaks gauge group to Abelian: Coulomb branch;
e Moduli space of the theory: u ~ (Tr®?), generally

P(\; u) = (det(A\ — ®)) 2)

o Aim: effective U(1)"*"%C Abelian theory in IR.
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Supersymmetry and loop corrections

o Gauge coupling é ~ [log l/\%l: exact 1-loop RG formula;
@ $=2N— Nf >0 .. UV completion (?!);

1

2

g
Abelian

Non Abelian

logE
o Complexification: i%z + % =7 ~ log 35 and V' = 2 holomorphy;

@ Works at u>> A2, naively at u = 0 non-Abelian symmetry restores ...
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SW theory: effective action

Obstruction: at [u| < A> e.g. one gets ; ~ log I < 0.
Quantum moduli space for G = SU(2)

@ non-Abelian symmetry never restores: around a® = 0 and a + a® =0,
EM-dual Abelian theory;

e Effective couplings in IR U(1)™°k¢ theory Leg = Im T;(a) Fi, Fi, + ...

pv' opy

. . . 2
e N = 2 special Kahler geometry : holomorphic prepotential Tj; = 82_83_
i0aj

(action Im [ d*0F(®)).
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Prepotential expansions

At weak coupling:

1 a A\
F(a) i 532 Iogx—i—aszk <a)

k>0

o Logarithm from A/ = 2 one loop;

e Expansion over instantons of charge k, in powers of A? = A2N = A*: a way
to compute {f}.

and at strong coupling (monopole point ap — 0)

1 2 ap 2 p (4D k
.FD(aD) a;O —EaD |0gW—8/\aD+aDkZ>0fk (W)

Different powers: no instantons in monopole theory! No way to compute {f°}
other, than to solve an equation ...
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Step 1: SW theory

SW: determined by ¥ of genus=rankG,

B, Bs
() (= (=)
A, A, ~

Smooth Riemann surface (of genus 3)
with fixed A- and B-cycles.
Lattice of charges < H;(X) with symplectic (,), (A;, Bj) = ;.

Period matrix: ImT;; >0, T — log a

degeneration
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Prepotential and IS

> with pair of differentials or dS: §dS ~ holomorphic, or
by an integrable system:

a,-:y{ds, aP:]édSza}— 3)
Ai Bi 83,’
consistent by symmetricity of period matrix O‘Zi;; = T;(a) (RBI).

Example (pure N/ = 2 gauge theory)

N 1 §
W (w2 ) = Puly) = (et - ) = TJ( - w) *)
i=1

with § dA =0, § ¥ = 271iZ so that dS = A%,

Does it F satisfy any reasonable (integrable!?) equation?
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@ 'Oversimplified’ G = U(1): A (w + %) =A—vgivesa= f)‘dWW =V
F = %327' + e”, with A2 = e7, satisfying
9*F 0*F

97 TP G ()

for the Toda tau-function F = log 7.
o Generally:

e Non-autonomous version of ‘Toda-like' equations;
o In e-deformed theory: instead of naive partition function

T L Z(a,T) ~ e”/<" a Fourier transform (Fp =aap — F)
Fo 2
T E:O exp (572 + O(E )) . @()

@ To derive: lift to 5d (with a compact dimension).

A.Marshakov SUSY gft and deautonomization October 11, 2021 9/26



SU(2)/Painlevé

Outcome:
@ Deautonomization: integrable (or isospectral) = isomonodromic system;
@ ‘SW Toda’ (sine-Gordon) = Painlevé Il

d2
d—:—l—e%sinhqzo (6)

@ In conventional “isomonodromic” variables (t ~ A*, w ~ /te)

2
H(w, ') = o+ 4 L = D, log (), 7)
and (1)
_ 1(t
w(t)™! = 0,:td; log T(t) = —t1/2m (8)
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The isomonodromic tau functions

- B(a+n,t)
T(t 2,1) Ze e+ Gat+26+mei—2a+ny O

are expressed through partition functions of e-deformed SU(2) gauge theory.

e t ~ A* (a,n) are two yet independent integration constants, = — classical

part ;

o Barnes G-functions G(a+1) =T(a)G(a) ~ exp (12%log a);

e B(a,t) = ZA)# ALl (%) Nekrasov instanton partition function,
Al + [l = k;

o Lagrangian submanifold (n — ap = 0F /0a) appears at singularities of
solution ...
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Painlevé /SYM

@ Analytic properties of the Painlevé solutions contain important information
about non-perturbative SYM: Already t ~ A* gives 4 = 2N pure SU(2)
beta-function ...

@ Expansionint=A*att—0andin t /4 =A"1at t — oo;

@ Non-autonomous Toda equation

Ti(t)?
6tt8t Iog T(t) = *tl/zw (10)
an analog of %25 = exp %25.

o 'Gravitational flows': the Nakajima-Yoshioka blow-up equations from simple
analysis.
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Blow-up from Painlevé

At singularity of solution

Ti(t;a,me) =0
) 2 11
e47rln* — r (1 + 23)2 t72a exp <6f(av t)) , ( )
r(1-2a) da

explicitly

2 [(142a)%"

tn
T(1—2a)% 0f (a,t) B
G(L+2(a+n)G(L—2(atn) P (” 5, ) Blatnt)=0 (12)

n€1 Z
which has the form
D)2 e —e)Z( et e)=0 (13)

at both €; + e, =0 and €3 — 0. Extends to strong coupling ...
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Step 2: derivation from 5d

Lift SW theory to 5d: R* x St

1 z
A+ = — = 14
+)\+M+M u (14)

at z — 0 for u = 2cosha, A =2cosh(

€23 G 2 (15)

= 4sinh
I sinh >— 5

The period “matrix” (= complexified coupling 7 ~ % + ig“;rz )
Y M

T~ d logsinh % ~ logsinh a (16)

collects contributions from 5d KK modes.

5d Nekrasov functions from quantum mechanics on instanton moduli space!
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IS on cluster varieties

@ 'Relativization’ of Toda, ‘trigonometric’ dependence;
@ Integrable systems in Lie groups: cluster varieties;
o Quiver Q with | Q)| vertices, oriented edges = logarithmically constant bracket

{xi,x;} = ejxix;, i,j=1,...,]9| (17)
(no sum!) with skew-symmetric
eij = #arrows (i — j) = —¢;ji (18)
@ Discrete flows from cluster mutations:

eijle| + ejilel

Wit €k — —€i, ifi=jork=j, €pxrrepn+ > otherwise,
the x-variables (Poisson map)
1 sen(ef)\ ¥ . .
Hit X, Xi—>Xi(1+Xj ) NEN (19)

Xj
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Cluster integrable system

@ Defined by a convex Newton Polygon A: a curve ¥ C C* x C*

(A )= Y Ny =0. (20)
(a,b)eA

endowed with dA/A A du/p, modulo SL(2,7Z).
@ Realized on a cluster variety with Poisson structure

{xi, x} = ejxix;,  {xi} € ((Cx)zArea(A)- (21)

determined by Q, with ¢;; = #arrows(i — ).
@ Integrability: Pick’s formula

dimX = 2Area(A) — 1= (B —3)+2g (22)
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Deautonomization: SU(2) Toda quiver

@ Poisson quiver Q:

defines the bracket
{X,'7 X,'+]_} = 2X,'X,'+17 i = 17 e ,4 (23)

@ g = x1x0x3x4 and z = xyx3 are in the center of Poisson algebra;

@ Integrable system (relativistic Toda) on Poisson submanifold in affine group
atg=1(!);

@ straightforward quantization %iX; = p’25"ff<jf<,- (g and p — two e-parameters).
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Discrete flow

Abelian subgroup of the quiver MCG:

X2 X3
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Discrete flow

Abelian subgroup of the quiver MCG:

x(1+x71)72 X3

Q3=
—

1/X1 X4(1+X1)2
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Discrete flow

Abelian subgroup of the quiver MCG:

x(1+x71)72 X3

Q3=
—

1/X1 X4(1+X1)2

X2(11++7X1X_31)2 1/X3
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Discrete flow

Abelian subgroup of the quiver MCG:

x(1+x71)72 X3

Q3=
—

1/X1 X4(1+X1)2
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Discrete flow

Abelian subgroup of the quiver MCG:

x(1+x71)72 X3

Q3=
—

1/X1 X4(1+X1)2

1/X1 X4(1T;:—11 )2 X2(11++7X1X—31)2 1/X3
=6
— ¢ 1
ﬂ‘.
1/X1 X4 1+_:?1 )2
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Deautonomization: flow

For g = 1 the flow

1+ x3 )2 1 <1+X1 )2 -1
T:(x,x0,x3,X) = [ x| —= | ,x{ , x| —— ] ,x
(x1, %2, X3, Xa) (2(1+X1_1 L\ Tt 3
or

2 2
T:(x1,%,z,9)— [ x i xtgz,q9| = | x . xtz,q
: 1, y 4y X]_+1 Yy A1 ) g=1 X]_+1 I AL 94y

preserves the Hamiltonian H = /x1x2 + ﬁ Ttz /2
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Deautonomization: Painlevé

Let xixox3x4 = q # 1

2
x1+2z _
T:(X13X2azaq)’_> <X2 (X1—|—1> » X1 17qzaq>

Consider z as “time” T : x(z) — x(qz), then x; = x(z), xo = x"1(q~1z), satisfy

xaz)(a ) = (

or g-Painlevé Ill3 equation.
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Deautonomization: tau-functions

For the tau-functions x(z) = 1/2’582 one gets bilinear (non-autonomous!)
Hirota equations

To(92)To(q ™ 2) = To(2)* + 2'/*Ta(2)’
Ti(92)Ti(q~*2) = Tu(2)* + 2/°To(2)?

Generally for the SU(N),-Toda:

Ti(az) T (q7tz2) = Ti(2)? + 2V T (qk/NZ) Tio (q—k/NZ)
jez/NT

Origin: mutation of tau-variables (dual to x-variables) ...
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Deautonomization: solutions

Autonomous case: solution of Hirota relations in theta functions (Fay identities)

Deautonomization g # 1:

TV @52 = Y s Zni(dd a7 qlz) (24)

REQu_1+w;

with Zy, = 21} Zﬁoop Nk being 5d Nekrasov functions.

A.Marshakov

SUSY gft and deautonomization

October 11, 2021



Deautonomization: 5d SYM

Here:

ZN’k—exp (Iogz Z(Iogu,-)2 + k Z(Iogu,-)3 )
cl -

—2logqilogg,  —6loggilog g

10 5 T Too (0 g1, 92)*
z _ »\U; g1, q2

Z{\lloop: (ui/uj;ql’q2)007 Zﬁsﬁ N =2

1<i#j<N 5 Hi,j:l No xo (ui/ uj: g1, q2)

with

N)\,,U«(u7 Q17q2) = H(l — uq, —au(s)-1 é)‘ H(l _ uqax(s —£,(s)—1 )

sEX SER
To(u; qhqz)—u"\'qZ(HA I=IA1) 2 (IAI=IXD H qu 1q£ 7
(iJ)eEX
and X = (A®, . AM) X = 2 AD] A = SN A= A
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Application: Painlevé Newton Polygons

with a single internal point and 3 < B < 9 boundary points:
3 4a 4b 4c 5a 5b 6a 6b
6c 6d Ta b 8a 8b

Here X2 fa(X, 1) = X (o pyen Aubf, , = 0 is torus with g = 1.

8c 9
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Application: Painlevé quivers
) 0@ 00 09 ‘o\
@ 4 © ea
¥
i

B=2N—Nr=4—Nf, 0< k<2




Conclusions and outlook

@ Dual partition functions of (e-deformed) N = 2 supersymmetric gauge
theories satisfy non-autonomous equations of Painlevé type;

@ Follow from deautonomization of the SW integrable systems;

@ Natural picture for lifted to 5d theories: exploits language of cluster varieties,
g-difference equations;

@ Extends to regime of strong coupling, where Nekrasov functions are not
known (no monopoles in dual Abelian theories);

@ Suggests some UV completion of 5d theories ... speculations about 6d.
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