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*Critical surface (UV) Continuum limit: 

genuine QFT


Gaussian fixed point Renormalized Trajectory

Perturbatively

renormalizable quantum


gravity


(marginally) relevant (dim <=4)

Irrelevant (dim>4)



Quantum gravity does not have a perturbative 
continuum limit

 = 2/MPlanck , 2 = 32⇡G
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irrelevant operators dimn n+4
only continuum limit
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But it also has another problem …
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does not converge
Gibbons, Hawking, Perry ‘78

Problem is in the conformal factor 

gµ⌫ = �µ⌫ + Hµ⌫
<latexit sha1_base64="U5NWiWuN447TAwufWR6CjpQzKzo="></latexit><latexit sha1_base64="U5NWiWuN447TAwufWR6CjpQzKzo="></latexit><latexit sha1_base64="NHn+032PnPmgo0gSX1bhOZ2OQJE="></latexit><latexit sha1_base64="NHn+032PnPmgo0gSX1bhOZ2OQJE="></latexit><latexit sha1_base64="NHn+032PnPmgo0gSX1bhOZ2OQJE="></latexit><latexit sha1_base64="NHn+032PnPmgo0gSX1bhOZ2OQJE="></latexit>

traceless

hµ⌫ + 1
2' �µ⌫

<latexit sha1_base64="ZbAfhJR/xOw3qvBmPUea24xXPcY="></latexit><latexit sha1_base64="ZbAfhJR/xOw3qvBmPUea24xXPcY="></latexit><latexit sha1_base64="84NnPPJZI5Iu3td5SbFHQsN7tZk="></latexit><latexit sha1_base64="84NnPPJZI5Iu3td5SbFHQsN7tZk="></latexit><latexit sha1_base64="84NnPPJZI5Iu3td5SbFHQsN7tZk="></latexit><latexit sha1_base64="84NnPPJZI5Iu3td5SbFHQsN7tZk="></latexit>

(Feynman - De Donder)
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… key to solving the first problem



But it also has another problem …
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Although partition function does not make 
sense, Wilsonian RG still can make sense


Wilsonian RG anyway more meaningful for 
defining the continuum limit.



Wilsonian RG with right  sign kinetic term

necessarily has polynomial interactions
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Wilsonian RG with right  sign kinetic term

necessarily has polynomial interactions

Sturm-Liouville Ṽ = Õn('̃) =
Hn(a'̃)
(2a)n = '̃n

�
n(n�1)
4a2 '̃n�2 + · · ·

<latexit sha1_base64="Bllwq/lxhUsUOHAPt40JAfr4r2M="></latexit><latexit sha1_base64="Bllwq/lxhUsUOHAPt40JAfr4r2M="></latexit><latexit sha1_base64="jzgrw/rW8OsZfnkiXZAJBusuNAo="></latexit><latexit sha1_base64="jzgrw/rW8OsZfnkiXZAJBusuNAo="></latexit><latexit sha1_base64="jzgrw/rW8OsZfnkiXZAJBusuNAo="></latexit><latexit sha1_base64="jzgrw/rW8OsZfnkiXZAJBusuNAo="></latexit>

[Õn] = n = ['n]
<latexit sha1_base64="eEUE2wNMBOLCvIxR5EmFf8hsphI="></latexit><latexit sha1_base64="eEUE2wNMBOLCvIxR5EmFf8hsphI="></latexit><latexit sha1_base64="BG8OWMAK9JnDkuBP67R6rsBzYsY="></latexit><latexit sha1_base64="BG8OWMAK9JnDkuBP67R6rsBzYsY="></latexit><latexit sha1_base64="BG8OWMAK9JnDkuBP67R6rsBzYsY="></latexit><latexit sha1_base64="BG8OWMAK9JnDkuBP67R6rsBzYsY="></latexit>

⇤@⇤V⇤(') = �⌦⇤@
2
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<latexit sha1_base64="idnoULNteEq8HUg9iM0AA0pKiMc="></latexit><latexit sha1_base64="idnoULNteEq8HUg9iM0AA0pKiMc="></latexit><latexit sha1_base64="7PhKdN2Vu/x2LLaYCcZ+7j8da8w="></latexit><latexit sha1_base64="7PhKdN2Vu/x2LLaYCcZ+7j8da8w="></latexit><latexit sha1_base64="7PhKdN2Vu/x2LLaYCcZ+7j8da8w="></latexit><latexit sha1_base64="7PhKdN2Vu/x2LLaYCcZ+7j8da8w="></latexit>
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d'̃ e�a2'̃2

Õn('̃)Õm('̃) / �nm
<latexit sha1_base64="fBS9oxRo2OaqhQU4YQ6pDP/WMKs="></latexit><latexit sha1_base64="fBS9oxRo2OaqhQU4YQ6pDP/WMKs="></latexit><latexit sha1_base64="oVCw314ZUpMMdGc3DEH2p9GwLhw="></latexit><latexit sha1_base64="oVCw314ZUpMMdGc3DEH2p9GwLhw="></latexit><latexit sha1_base64="oVCw314ZUpMMdGc3DEH2p9GwLhw="></latexit><latexit sha1_base64="oVCw314ZUpMMdGc3DEH2p9GwLhw="></latexit>

Z 1

�1
d'̃ e�a2'̃2

 
Ṽ ('̃)�
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n=0

g̃nÕn('̃)
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! 0 as N ! 1 .
<latexit sha1_base64="f7mWXaNQTZ+wrdTwjWsgICVzbBg="></latexit><latexit sha1_base64="f7mWXaNQTZ+wrdTwjWsgICVzbBg="></latexit><latexit sha1_base64="lpVIVD2W71GMMgelPf4mlSSS1mA="></latexit><latexit sha1_base64="lpVIVD2W71GMMgelPf4mlSSS1mA="></latexit><latexit sha1_base64="lpVIVD2W71GMMgelPf4mlSSS1mA="></latexit><latexit sha1_base64="lpVIVD2W71GMMgelPf4mlSSS1mA="></latexit>

⌦⇤ = h'(x)'(x)i = ~⇤2

2a2
<latexit sha1_base64="wum5W/vrYGaqsSKj/PjtpQbnhkM="></latexit><latexit sha1_base64="wum5W/vrYGaqsSKj/PjtpQbnhkM="></latexit><latexit sha1_base64="dXRR1BzzNdWL+oBMob0a1gTmUTI="></latexit><latexit sha1_base64="dXRR1BzzNdWL+oBMob0a1gTmUTI="></latexit><latexit sha1_base64="dXRR1BzzNdWL+oBMob0a1gTmUTI="></latexit><latexit sha1_base64="dXRR1BzzNdWL+oBMob0a1gTmUTI="></latexit>
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Wilsonian RG with wrong sign kinetic term


⌦⇤ = |h'(x)'(x)i| = ~⇤2

2a2
<latexit sha1_base64="HfRaUq/l7A5vq17p363zT+YRZ2A="></latexit><latexit sha1_base64="HfRaUq/l7A5vq17p363zT+YRZ2A="></latexit><latexit sha1_base64="eGnO78zXMbw/9rJwYXRcI95B+M4="></latexit><latexit sha1_base64="eGnO78zXMbw/9rJwYXRcI95B+M4="></latexit><latexit sha1_base64="eGnO78zXMbw/9rJwYXRcI95B+M4="></latexit><latexit sha1_base64="eGnO78zXMbw/9rJwYXRcI95B+M4="></latexit>

��Ṽ ('̃)� '̃@'̃Ṽ + 4Ṽ = + 1
2a2 @

2
'̃Ṽ ('̃)

<latexit sha1_base64="F8Qhb2eYO0xwFunOgqKKoDQ/xaI="></latexit><latexit sha1_base64="F8Qhb2eYO0xwFunOgqKKoDQ/xaI="></latexit><latexit sha1_base64="QNEb2r/q2xJdHwkqVaH+tudyOUI="></latexit><latexit sha1_base64="QNEb2r/q2xJdHwkqVaH+tudyOUI="></latexit><latexit sha1_base64="QNEb2r/q2xJdHwkqVaH+tudyOUI="></latexit><latexit sha1_base64="QNEb2r/q2xJdHwkqVaH+tudyOUI="></latexit>

Still Sturm-Liouville but
Z 1
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d'̃ ea

2'̃2

�n('̃) �m('̃) / �nm
<latexit sha1_base64="LSoqHoEOw6KH1zsJjOnZHZ1RXfE="></latexit><latexit sha1_base64="LSoqHoEOw6KH1zsJjOnZHZ1RXfE="></latexit><latexit sha1_base64="s1ocpjvP8do42z+AcgOYO7HqZY8="></latexit><latexit sha1_base64="s1ocpjvP8do42z+AcgOYO7HqZY8="></latexit><latexit sha1_base64="s1ocpjvP8do42z+AcgOYO7HqZY8="></latexit><latexit sha1_base64="s1ocpjvP8do42z+AcgOYO7HqZY8="></latexit>
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d'̃ ea
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Ṽ ('̃)�
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n=0

g̃n �n('̃)
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<latexit sha1_base64="d1gJpbWMLSbUx9hP1kPVw7U2itc="></latexit><latexit sha1_base64="d1gJpbWMLSbUx9hP1kPVw7U2itc="></latexit><latexit sha1_base64="AtLD9IW2I/fgx+Vfkf9WxvVLNLY="></latexit><latexit sha1_base64="AtLD9IW2I/fgx+Vfkf9WxvVLNLY="></latexit><latexit sha1_base64="AtLD9IW2I/fgx+Vfkf9WxvVLNLY="></latexit><latexit sha1_base64="AtLD9IW2I/fgx+Vfkf9WxvVLNLY="></latexit>
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@n

@'n
�(0)⇤(') , �(0)⇤(') =

1p
2⇡⌦⇤

exp

✓
� '2

2⌦⇤

◆

<latexit sha1_base64="GN/+7EfQQC9XggEHJzYxJ6W74cA="></latexit><latexit sha1_base64="GN/+7EfQQC9XggEHJzYxJ6W74cA="></latexit><latexit sha1_base64="UWhLwVY66jmpnVSsssjktXxwJsA="></latexit><latexit sha1_base64="UWhLwVY66jmpnVSsssjktXxwJsA="></latexit><latexit sha1_base64="UWhLwVY66jmpnVSsssjktXxwJsA="></latexit><latexit sha1_base64="UWhLwVY66jmpnVSsssjktXxwJsA="></latexit>

[�(n)⇤ (')] = �1� n
<latexit sha1_base64="BnNctiBf6tCR4+1CZqOGnGhKEnU="></latexit><latexit sha1_base64="BnNctiBf6tCR4+1CZqOGnGhKEnU="></latexit><latexit sha1_base64="tPcL5hgRgmN4da8pjrpb0vc9lGM="></latexit><latexit sha1_base64="tPcL5hgRgmN4da8pjrpb0vc9lGM="></latexit><latexit sha1_base64="tPcL5hgRgmN4da8pjrpb0vc9lGM="></latexit><latexit sha1_base64="tPcL5hgRgmN4da8pjrpb0vc9lGM="></latexit>

 Ntower super-relevant

L⇤ = � 1
2 (@µ')

2 + ✏V⇤(')
<latexit sha1_base64="hD0kxUT9r4nZp5zmS7aqYeUmcPM="></latexit>
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<latexit sha1_base64="l0M8v1ZKy3mJy+dyinkwxys8+7A="></latexit>
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Wilsonian RG with wrong sign kinetic term
Z 1

�1
d' e'
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⇤ (') < 1 8⇤ > ⇤0

<latexit sha1_base64="WUWLG6vkw/WXtx+i1puQZ0ChSDI="></latexit><latexit sha1_base64="WUWLG6vkw/WXtx+i1puQZ0ChSDI="></latexit><latexit sha1_base64="Nmjid1hI2xQGzNFh0YyXjZzqFdk="></latexit><latexit sha1_base64="Nmjid1hI2xQGzNFh0YyXjZzqFdk="></latexit><latexit sha1_base64="Nmjid1hI2xQGzNFh0YyXjZzqFdk="></latexit><latexit sha1_base64="Nmjid1hI2xQGzNFh0YyXjZzqFdk="></latexit>

amplitude suppression scale Ls

V⇤(') =
1X

n=0

gn �
(n)
⇤ (')

<latexit sha1_base64="4wcGssu+L8S10ip2u3AWcktcwLY="></latexit><latexit sha1_base64="4wcGssu+L8S10ip2u3AWcktcwLY="></latexit><latexit sha1_base64="IkRAJrZ4SWTzfrR0lkpYz70P7+8="></latexit><latexit sha1_base64="IkRAJrZ4SWTzfrR0lkpYz70P7+8="></latexit><latexit sha1_base64="IkRAJrZ4SWTzfrR0lkpYz70P7+8="></latexit><latexit sha1_base64="IkRAJrZ4SWTzfrR0lkpYz70P7+8="></latexit>

Quantisation condition

⌦⇤ = |h'(x)'(x)i| = ~⇤2

2a2
<latexit sha1_base64="HfRaUq/l7A5vq17p363zT+YRZ2A="></latexit><latexit sha1_base64="HfRaUq/l7A5vq17p363zT+YRZ2A="></latexit><latexit sha1_base64="eGnO78zXMbw/9rJwYXRcI95B+M4="></latexit><latexit sha1_base64="eGnO78zXMbw/9rJwYXRcI95B+M4="></latexit><latexit sha1_base64="eGnO78zXMbw/9rJwYXRcI95B+M4="></latexit><latexit sha1_base64="eGnO78zXMbw/9rJwYXRcI95B+M4="></latexit>
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@n
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�(0)⇤(') , �(0)⇤(') =

1p
2⇡⌦⇤

exp

✓
� '2

2⌦⇤

◆

<latexit sha1_base64="GN/+7EfQQC9XggEHJzYxJ6W74cA="></latexit><latexit sha1_base64="GN/+7EfQQC9XggEHJzYxJ6W74cA="></latexit><latexit sha1_base64="UWhLwVY66jmpnVSsssjktXxwJsA="></latexit><latexit sha1_base64="UWhLwVY66jmpnVSsssjktXxwJsA="></latexit><latexit sha1_base64="UWhLwVY66jmpnVSsssjktXxwJsA="></latexit><latexit sha1_base64="UWhLwVY66jmpnVSsssjktXxwJsA="></latexit>

exp

✓
�a2'2

⇤2~

◆

<latexit sha1_base64="ZUwiyWml5AI7NucXmyEip12Trn4="></latexit><latexit sha1_base64="ZUwiyWml5AI7NucXmyEip12Trn4="></latexit><latexit sha1_base64="gPQap+ErNQuoBbHHgp4+0C01H4Q="></latexit><latexit sha1_base64="gPQap+ErNQuoBbHHgp4+0C01H4Q="></latexit><latexit sha1_base64="gPQap+ErNQuoBbHHgp4+0C01H4Q="></latexit><latexit sha1_base64="gPQap+ErNQuoBbHHgp4+0C01H4Q="></latexit>

Non-perturbative in h:

<latexit sha1_base64="9Cvy2Ljh/xV0AdWKnUNF6IXxHac="></latexit>

V (') = lim
⇤!0

V⇤(')
<latexit sha1_base64="YkharcVkaEPNLgcbFe1iMX0lu/s="></latexit>
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Wilsonian RG of perturbative quantum gravity


Non-diff’d fields must be square-integrable under

exp
1

2⌦⇤

�
'2 � h2

µ⌫ � 2 c̄µcµ
�

<latexit sha1_base64="cR2yBK4k00lq7wxhmVkgvfvrdoU="></latexit><latexit sha1_base64="cR2yBK4k00lq7wxhmVkgvfvrdoU="></latexit><latexit sha1_base64="u6rBTR2AQEo6sZ19PXpzzhaIlf4="></latexit><latexit sha1_base64="u6rBTR2AQEo6sZ19PXpzzhaIlf4="></latexit><latexit sha1_base64="u6rBTR2AQEo6sZ19PXpzzhaIlf4="></latexit><latexit sha1_base64="u6rBTR2AQEo6sZ19PXpzzhaIlf4="></latexit>

polynomialsInteractions are �(n)⇤ (')
<latexit sha1_base64="TNHIc5RQ7/BJ14hKaRoP0wgqL8o="></latexit><latexit sha1_base64="TNHIc5RQ7/BJ14hKaRoP0wgqL8o="></latexit><latexit sha1_base64="zPU0Ivq7KH3N3kl9TIA+ef+9Z0w="></latexit><latexit sha1_base64="zPU0Ivq7KH3N3kl9TIA+ef+9Z0w="></latexit><latexit sha1_base64="zPU0Ivq7KH3N3kl9TIA+ef+9Z0w="></latexit><latexit sha1_base64="zPU0Ivq7KH3N3kl9TIA+ef+9Z0w="></latexit>

Renormalizability: [�]� 1� n  4
<latexit sha1_base64="qAgkXCtfOLJsTfjMg+ATBtoMyJU="></latexit><latexit sha1_base64="qAgkXCtfOLJsTfjMg+ATBtoMyJU="></latexit><latexit sha1_base64="by6qHHEjZ4odojo+kjtqI1rU50o="></latexit><latexit sha1_base64="by6qHHEjZ4odojo+kjtqI1rU50o="></latexit><latexit sha1_base64="by6qHHEjZ4odojo+kjtqI1rU50o="></latexit><latexit sha1_base64="by6qHHEjZ4odojo+kjtqI1rU50o="></latexit>

tadpole corrections
f�
⇤(') =

1X

n=n�

g�n�
(n)
⇤ (')

<latexit sha1_base64="T1Oty1LKQqBd20NHC9Kbtz+pRxY="></latexit><latexit sha1_base64="T1Oty1LKQqBd20NHC9Kbtz+pRxY="></latexit><latexit sha1_base64="/vxq4m40A6latKMO6unfdl4CX0g="></latexit><latexit sha1_base64="/vxq4m40A6latKMO6unfdl4CX0g="></latexit><latexit sha1_base64="/vxq4m40A6latKMO6unfdl4CX0g="></latexit><latexit sha1_base64="/vxq4m40A6latKMO6unfdl4CX0g="></latexit>

Coefficient fn:

Operator: f�
⇤(')�(@↵, @�', h��, c̄", c⇣ ,�

⇤
A) + · · ·

<latexit sha1_base64="NWGOwKiJ9nNt2IbROoKCghZQt7c="></latexit>



What is the quantum version of 

diffeomorphism invariance?

Can prove solution if & only if       indept of f�
⇤(')

<latexit sha1_base64="93U17gMRb+A/QkF/6hVIkJ7W/XE="></latexit><latexit sha1_base64="93U17gMRb+A/QkF/6hVIkJ7W/XE="></latexit><latexit sha1_base64="H1VRKOpYBbvo3SC58yUgln0WZaw="></latexit><latexit sha1_base64="H1VRKOpYBbvo3SC58yUgln0WZaw="></latexit><latexit sha1_base64="H1VRKOpYBbvo3SC58yUgln0WZaw="></latexit><latexit sha1_base64="H1VRKOpYBbvo3SC58yUgln0WZaw="></latexit>

'
<latexit sha1_base64="HT5AJDgpx8l/TvcDSfGRqjYJgSA="></latexit><latexit sha1_base64="HT5AJDgpx8l/TvcDSfGRqjYJgSA="></latexit><latexit sha1_base64="I9xyKIFoi30fI+Q7utWn13Kld8Y="></latexit><latexit sha1_base64="I9xyKIFoi30fI+Q7utWn13Kld8Y="></latexit><latexit sha1_base64="I9xyKIFoi30fI+Q7utWn13Kld8Y="></latexit><latexit sha1_base64="I9xyKIFoi30fI+Q7utWn13Kld8Y="></latexit>
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�
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⇤ (')
<latexit sha1_base64="roI2zT/w5rP14ShHAKrcEgUmYXM="></latexit><latexit sha1_base64="roI2zT/w5rP14ShHAKrcEgUmYXM="></latexit><latexit sha1_base64="jAUvgekB5c5Zet1fqWU0ndiRTGs="></latexit><latexit sha1_base64="jAUvgekB5c5Zet1fqWU0ndiRTGs="></latexit><latexit sha1_base64="jAUvgekB5c5Zet1fqWU0ndiRTGs="></latexit><latexit sha1_base64="jAUvgekB5c5Zet1fqWU0ndiRTGs="></latexit>

But that can be done by sending Ls  gN

Can show that obstruction arises from BRST 
transformation of coefficient functions:
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� (m = 0, 1, 2, · · · )
<latexit sha1_base64="ZPd0JXkv+XCiILmj4l1kQRsiH+c="></latexit><latexit sha1_base64="ZPd0JXkv+XCiILmj4l1kQRsiH+c="></latexit><latexit sha1_base64="DPDauWm7l9T7FRA/wYsOdMkkmNc="></latexit><latexit sha1_base64="DPDauWm7l9T7FRA/wYsOdMkkmNc="></latexit><latexit sha1_base64="DPDauWm7l9T7FRA/wYsOdMkkmNc="></latexit><latexit sha1_base64="DPDauWm7l9T7FRA/wYsOdMkkmNc="></latexit>
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exp
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<latexit sha1_base64="+hf+GQRq+kP7iIVYkCv1XpZo1ug="></latexit><latexit sha1_base64="+hf+GQRq+kP7iIVYkCv1XpZo1ug="></latexit><latexit sha1_base64="DnCp0Q8W5L3336I745B13411Z90="></latexit><latexit sha1_base64="DnCp0Q8W5L3336I745B13411Z90="></latexit><latexit sha1_base64="DnCp0Q8W5L3336I745B13411Z90="></latexit><latexit sha1_base64="DnCp0Q8W5L3336I745B13411Z90="></latexit>

f�
⇤(') !  as ⇤� ! 1

<latexit sha1_base64="xfxO85z8Cfs1u5HMQIBwu6xsdk4="></latexit><latexit sha1_base64="xfxO85z8Cfs1u5HMQIBwu6xsdk4="></latexit><latexit sha1_base64="qiAw6ip0sBzdI1njfKBI9hJqABk="></latexit><latexit sha1_base64="qiAw6ip0sBzdI1njfKBI9hJqABk="></latexit><latexit sha1_base64="qiAw6ip0sBzdI1njfKBI9hJqABk="></latexit><latexit sha1_base64="qiAw6ip0sBzdI1njfKBI9hJqABk="></latexit>

For � ⇠ H@H@H so [�] = 5 :
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N.B. Newton’s constant is a `collective’ effect 



Second order in k
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such that modified ST identities

are satisfied at scales much less than <latexit sha1_base64="mA7xiokrMvOUi6IzKblNFeKj8Go="></latexit>
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Amplitudes equivalent to standard perturbative QG



Construction crucially different from other QFTs, & 
other conceptions for QG.


A
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Perturbatively: f�
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Non-perturbatively in k: non-polynomial in hgd

polynomialnon-polynomial

Only RHS: hyperbolic - continuous infinity of wave-like FP solutions

Only h: parabolic - solutions typically singular towards UV
Only f: parabolic - solutions typically singular towards IR

Can show that if choose parametrisation so that EH 
term has non-singular flow, 


then higher derivative terms will fail. 

Schematically:
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 Construction establishes quantum gravity as a 
genuine continuum quantum field theory at O(k2)


with all the correct properties.


However we see hints that these couplings are 
fixed at the non-perturbative level in order to 

get acceptable RG flows.

Appears to work at each order in k, but with new 
coupling constants needed order by order, just as 
in standard perturbative quantum gravity.




