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Bringing Yang-Mills Theory Closer to Quasiclassics 


In super-Yang-Mills the full β functions is completely determined by quasi classics, e.g.
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nb and nf are the numbers of the instanton zero modes
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Why EXACT?  All bosonic and fermionic NON-zero modes exactly CANCEL each other!



Let us try to do the same in pure (non)-SUSY Yang-Mills 


fields � and c . Therefore, the appropriate product of three determinants
(gauge, ghost and the phantom fields �) reduces to unity,
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provided the number of degrees of freedom matches – which it does, see
Eq. (3). The prime in the first determinant means that the zero modes are
removed. There are no zero modes in the other two determinants.

The instanton measure in SU(N) Yang-Mills theory is
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where the exponent 8⇡2/g2 is the action of the classical solution, other pre-
exponential factors are due to zero modes, while �gl + �gh describes one-
loop bona fide quantum correction due to gluons and ghosts in the instanton
background,
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3
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The zero modes emerge due to the spin term (i.e. the second term in (10)).
Let us add now the contribution of the fourth term corresponding to our

newly added phantom field. Integrating out � we obtain
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Because of the phantom nature of � its contribution is presented by Det
rather than Det�1. The answer is of course known from the studies of a
regular adjoint scalar field, we have just to change the overall sign. The
result reduces to e�� ,

�� =
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Thus, �� cancels �gl+�gh in Eq. (10), see Eq. (11). The instanton measure
is fully determined by the gluon zero modes.
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In fact, there is no need to calculate �s at all. As I have already men-
tioned, at one loop there is a supersymmetry which connects the aµ contribu-
tion on one hand with that of c and � combined, on the other hand. Indeed,
let us introduce a four-component phantom column
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Then the fantom quadruplet Xa
⇢ and four components of the vector fields aaµ

form a “supermultiplet” (in Euclidean formalism). Of course we mix here
two symmetries – Euclidean Lorentz rotations and O(4) symmetry of X⇢

rotations, but this has no impact on our final result. The second line in (10)
is replaced by
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where � is an appropriately chosen 4 ⇥ 4 matrix (�2 = 1) of the type
diag{�2, �2}. The fact that
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is obvious. Below I will argue that this cancellation extends to two loops.
Then we can immediately determine the two-loop beta function from a purely
classical calculation in a purely bosonic theory. Indeed, the instanton measure
is
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where the bare coupling constant in the exponent and in the pre-exponent
has to conspire with Muv to ensure that the left-hand side is renormalization-
group invariant.

4 The � function

As a results we arrive at
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Quantum part 
First ignore

a� a�a� a�X X

Figure 2: Two diagrams in the instanton background contributing at two loop-

order. They cancel each other due to the phantom nature of the X field. {alp}

If we define � function as
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then we have
�1 = 4N , �2 = 8N2 . (21) {P17}

The above formula coincides with the standard perturbative calculation, pro-
vided we change the sign of the scalar adjoint loops to the one appropriate to
the scalar phantoms, see e.g. [4] or Eq. (A1) in Appendix of [1]. The struc-
ture of Eqs. (18) and (19) is the same as in the NSVZ derivation [5]. The
presented derivation, being classical, is remarkably simpler than the standard
perturbative two-loop calculation.

Now I will argue that the second loop does not modify Eq. (18). We add
two graphs in the instanton background field, see Fig. 2. They cancel each
other because of aX supersymmetry. It is probable that it can be extended
to higher orders.

5 How such theories can exist and be mean-

ingful

{phifour}
Here I would like to discuss more generic “special supersymmetry” theo-
ries. The simplest example I can think of is a scalar theory of the following
pairs of complex fields: ', '̄ (regular fields) and �, �̄ (phantom fields). The
Lagrangian is

L'� = @µ'̄@
µ'+ ('̄')2 + @µ�̄@

µ�+ 2('̄')(�̄�) . (22) {P22}
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What is to be added 
To cancel this???



Background Field Method

Aa
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Charge interaction of

quantum gluons; 4 dof

Magnetic interaction of

quantum gluons  zm→ Ghosts; -2 dof Phantom =


2nd ghost  -2 dof    →

!!
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THE ONLY UNCANCELED

!

Enhanced BRST



Aa
μ and (ca plus Φa) form two doublets of a global SU(2)

The simplest example of exact “supersymmetry”

ℒφΦ = ∂μφ̄∂μφ + (φ̄φ)2 + ∂μΦ̄∂μΦ + 2(φ̄φ)(Φ̄Φ)

Regular complex field Phantom

𝒥μ = (φ ∂μ Φ + H . c . ), ∂μ𝒥μ = φ(∂2Φ) − (∂2φ)Φ = 2φ2φ̄ Φ − 2φ2φ̄ Φ + H . c . = 0 .

{𝒬𝒥μ} = − i ∑
ϕ=φ, Φ

ϕ ∂μ ϕ̄ NOT Hamiltonian, graded global SU(2)



φ̄

φφ

φ̄

φ, Φ

The theory is not empty!

 Limiting the physical sector to amplitudes in which  propagate only in loops 
we get a theory which is probably unitary ????????
∙ Φa

Conclusion/Conjecture

∙ In Yang − Mills theory with one phantom the β function is quasiclassical at least
in first and second loops;

Does NOT vanish;  dominates!φ


