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Congratulations!

And thank you, in particular V. Smirnov and K. Chetyrkin, to for paving the way for much 
of the research I am doing today…!



LOOPS ~ PRECISION PHYSICS…: HOW FAR CAN/SHALL WE GO?
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PRECISION PHYSICS AT THE LHC: HOW FAR CAN WE GO?
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PRECISION PHYSICS AT THE LHC: HOW FAR CAN WE GO?

Parton Shower, 
Hadronisation, 

Fragmentation …

Loops allow us to compute 
central part of this picture 


(“hard” scattering) more and 
more precisely…Factorisation 

theorems, PDFs…?

Detector simulation

matching, etc…
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PRECISION PHYSICS AT THE LHC: HOW FAR CAN WE GO?

Factorisation 
theorems, PDFs…?

Detector simulation

matching, etc…

Parton Shower, 
Hadronisation, 

Fragmentation …

Today’s goal: push all these 
ingredients to % level precision!


including HARD SCATTERING! 
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Past two decades have seen impressive effort to reach NNLO for 2 → {2,3}
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+ +

Double Virtual Real Virtual Double Real

Past two decades have seen impressive effort to reach NNLO for 2 → {2,3}

FIXED ORDER CALCULATIONS

~ O(5%) precision 

- complex integrals


- involved IR structure



We are far from being able to do  pheno for generic processes…N3LO

BEYOND NNLO FOR 2->2 THERE IS STILL A LOT TO LEARN

We are just scratching the surface…!
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Figure 3: The cross sections for producing a W+ (left) or W� (right) as a function of the

virtuality Q normalised to the N3LO prediction. The uncertainty bands are obtained by

varying µF and µR around the central scale µcent = Q. The dashed magenta line indicates

the physical W boson mass, Q = mW .

virtual photon production in ref. [10], hinting once more towards a universality of the

QCD corrections to these processes.

Figure 4: The cross sections for producing a W+ (left) or W� (right) as a function of

the virtuality Q. The uncertainty bands are obtained by varying µF and µR around the

central scale µcent = Q/2. The dashed magenta line indicates the physical W boson mass,

Q = mW .

Figure 4 shows the scale variation of the cross section with a di↵erent choice for the

central scale, µcent = Q/2. It is known that for Higgs production a smaller choice of the

factorisation scale leads to an improved convergence pattern and the bands from scale

variations are strictly contained in one another. We observe here that the two scale choices

share the same qualitative features.

The fact that the scale variation bands do not overlap puts some doubt on whether

it gives a reliable estimate of the missing higher orders in perturbation theory, or whether

other approaches should be explored (cf., e.g., refs. [85, 86]). In ref. [10] it was noted that

for virtual photon production there is a particularly large cancellation between di↵erent

initial state configurations. We observe here the same in the case of W boson production.

This cancellation may contribute to the particularly small NNLO corrections and scale

variation bands, and it may be a consequence of the somewhat arbitrary split of the content

– 7 –

Non trivial uncertainty patterns observed going from NNLO to N3LO for W,  Drell-Yanγ

[Duhr, Dulat, Mistlberger ’20 ]



New challenges from pushing methods to 
compute scattering amplitudes from two to 

three loops:


Higher combinatorial complexity, new special 
functions and new geometries, discontinuities 

(bootstrap?)… IR singularities and new sources for 
possible factorisation breaking 


(di-jet /  @ …) tt̄ N3LO

BEYOND NNLO FOR 2->2 THERE IS STILL A LOT TO LEARN

We are far from being able to do  pheno for generic processes…N3LO

Particularly interesting


di-jet production @ N3LO!

We are just scratching the surface…!



TOWARDS DI-JET AT N3LO

First step is 3 loop scattering amplitudes:


- Informs on complexity of functions involved

- Informs on IR structure in three-loop QCD: quadrupole correlations!

- Number of Feynman diagrams explodes:  @ 3 loops ~ 50kgg → gg

- Each diagram produces thousands of terms, compute ~  integrals𝒪(106)

3 main channels: gg → gg , qq̄ → gg , qq̄ → QQ̄



QQQQ SCATTERING UP TO 3 LOOPS

q(p1) + q̄(p2) → Q(p3) + Q̄(p4) , with p2
i = 0

(a) (b) (c)

(d) (e) (f)

Figure 1. Sample three loop diagrams contributing to the process qq̄ ! QQ̄.

eq. (3.7) to the diagrams, perform the Dirac traces and the colour algebra. The latter can

be boiled down to a repeated application of the identities

(T a)ij(T
a)kh =

1

2

✓
�ih�kj �

1

Nc
�ij�kh

◆
, fabc = �2 i Tr(T a[T b, T c]) (4.1)

After the colour algebra has been performed, the quark colour indices can only appear

via the two independent rank-4 tensor structures defined in (3.2). They appear in the

amplitude accompanied by coe�cients of the type

na
f N b

c with a = 0, . . . , 3, b = �4, . . . , 3 . (4.2)

Terms in the amplitude with di↵erent a and b are separately gauge invariant so there cannot

be any gauge cancellations among them. Because of this, we compute them separately,

which allows us to deal with smaller expressions.

After performing the colour and Dirac algebras we can express the helicity amplitudes

as linear combinations of scalar Feynman integrals with rational coe�cients depending on

the Mandelstam invariants s, t and the dimensional regulator ✏. At L loops, we write the

integrals appearing in the amplitudes as

Itop
n1,n2,...,nN

= µ2L✏
0 eL✏�E

Z LY

i=1

✓
ddki

i⇡
d
2

◆
1

Dn1
1 Dn2

2 . . . DnN
N

(4.3)

where �E ⇡ 0.5772 is the Euler constant and µ0 is the dimensional regularisation scale.

Here the factor eL✏�E is purely conventional and it is chosen for later convenience, while the

factor µ2L✏
0 ensures that the integrals have integer mass dimension. In general, for a given

process with E independent external momenta and L loops one needs L(L + 1)/2 + LE

independent denominators to describe all possible scalar products of loop momenta with

loop or external momenta. In our case E = 3, and therefore we need 4 denominators at

one loop, 9 denominators at two loops and 15 at three loops. A specific complete set of
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MULTILOOP SCATTERING AMPLITUDES: THE STANDARD WAY

One way to go about it: standard approach (divide et impera)

Standard steps:


1) Obtain the integrand (From Feynman diagrams, Unitarity, …)


2) Reduce this integrand to a basis of master integrals (IBPs, Finite Fields etc…)


3) Compute the master integrals (Diff Equations, Canonical bases, polylogs etc…)



THE HELICITY AMPLITUDES IN ‘THV

𝒜(s, t) =
N

∑
i=1

ℱi(s, t)Di

Helicity amplitudes for , start from generic tensor decomposition in d-dimqq̄ → QQ̄

where the coefficients AI are vectors in colour space and are functions of s12 and s23 (and implicitly

s13 = −s12 − s23) where sij = (pi + pj)2 and the six Dirac structures are

D1 = ū(p1)γµ1u(p2) ū(p3)γµ1u(p4),

D2 = ū(p1)/p3u(p2) ū(p3)/p1u(p4),

D3 = ū(p1)γµ1γµ2γµ3u(p2) ū(p3)γµ1γµ2γµ3u(p4),

D4 = ū(p1)γµ1/p3γµ3u(p2) ū(p3)γµ1/p1γµ3u(p4),

D5 = ū(p1)γµ1γµ2γµ3γµ4γµ5u(p2) ū(p3)γµ1γµ2γµ3γµ4γµ5u(p4),

D6 = ū(p1)γµ1γµ2/p3γµ4γµ5u(p2) ū(p3)γµ1γµ2/p1γµ4γµ5u(p4). (2.11)

This tensor structure is a priori d-dimensional since the Lorentz indices are d-dimensional and the

dimensionality (and helicity) of the external states has not yet been specified. One can in principle

relate the strings of gamma matrices appearing in D3 to D6 to a standard set involving only D1 and

D2 using four-dimensional tricks. However, because these are the structures that naturally arise in

the parity conserving interactions of QCD, we choose to use this extended set as a d-dimensional basis

that is valid at up to two-loops. We note that the Dirac algebra is infinite dimensional for non-integer

d and that the basis set will extend according to the order that |M〉 is computed. For example, at

tree level, only D1 appears, while D2, D3 and D4 first appear at one-loop. D5 and D6 appear for

the first time at two-loops while at three-loops, we will find terms (represented by + . . .) with seven

gamma matrices sandwiched between the quark spinors. These more complicated structures can also

be related to the simpler ones using four-dimensional tricks (which we choose not to do at the present

time).

When the quarks are identical, the general structure of the amplitude is modified,

|M〉 = |M〉 − δqQ|M〉, (2.12)

where

|M〉 = |M〉(p2 ↔ p4). (2.13)

The minus sign is due to the exchange of identical fermions, while the momentum swap corresponds

to exchanging s12 and s23 in the coefficents AI . All appropriate colour indices are also exchanged. In

general we will multiply these additional identical fermion terms with a δqQ which is unity when the

quarks are identical and zero otherwise.

2.2 Projectors for the tensor coefficients

The six coefficients AI may be easily extracted from a Feynman diagram calculation with two distinct

quark flavours using projectors that act on the general tensor of Eq. (2.10) such that

∑

spins

P(AI) |M〉 = AI(s12, s23). (2.14)

The explicit forms for the projectors in d space-time dimensions are,

P(A1) =
1

480s13s223s
2
12(d− 5)(d − 6)(d − 7)(d − 3)(d − 4)

×

(
(2.15)
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+ …. when do I stop ?   in d-dimensions it depends on the perturbative order!


+ the -algebra in d-dimensions is not closed

→

γ



THE HELICITY AMPLITUDES IN ‘THV

Helicity amplitudes in tHV imply external states in d=4

To compute helicity amplitudes, start from generic tensor decomposition in d-dim

N-2 of N tensors in d-dim are 
not independent in d=4 

lim
d→4 (D3 −

24
s12

D2 + (8 − 3d +
12 s13

s12 ) D1) = 0 And similarly for others

𝒜(s, t) =
N

∑
i=1

ℱi(s, t)Di



the matrix is smooth in d → 4

THE HELICITY AMPLITUDES IN ‘THV

Tj = Dj , j = 1,2

1.3 qq̄ ! QQ̄ scattering

As the last 2 ! 2 example, we consider the process

q(p1) + q̄(p2) +Q(p3) + Q̄(p4) ! 0 .

This example is particularly interesting because, as it is well known, the algebra of the �-matrices in d-
dimensions is not closed and, if one insisted in working in CDR, the number of independent tensor structures
would be dependent from the number of loops. Indeed, in CDR one finds up to two loops

T1 = ū(p2)�µ1u(p1) ū(p4)�
µ1u(p3) ,

T2 = ū(p2)/p3u(p1) ū(p4)/p1u(p3) ,

T3 = ū(p2)�µ1�µ2�µ3u(p1) ū(p4)�
µ1�µ2�µ3u(p3) ,

T4 = ū(p2)�µ1/p3�µ3u(p1) ū(p4)�
µ1/p1�

µ3u(p3) ,

T5 = ū(p2)�µ1�µ2�µ3�µ4�µ5u(p1) ū(p4)�
µ1�µ2�µ3�µ4�µ5u(p3) ,

T6 = ū(p2)�µ1�µ2/p3�µ4�µ5u(p1) ū(p4)�
µ1�µ2/p1�

µ4�µ5u(p3) ,

................. (19)

where the dots stand for further tensor structures needed at higher number of loops [].
Now here is it very clear that all of these structures cannot be independent in d = 4, where instead the

� algebra closes. Moreover, already the 6 structures presented above are known not to be independent in
d = 4, as they can be all related to the first two tensors T1 and T2 by use of Fiertz identities and similar
d = 4 tricks. Indeed, by defining the matrix

Mij = T †
i Tj

one finds that the matrix is not invertible in d = 4 and, instead, its 2⇥ 2 restriction is the largest invertible
matrix one can find. We define therefore the two independent tensors

T i = Ti , i = 1, 2

and the 2⇥ 2 matrix
M2⇥2

ij = T †
i Tj ,

which now has a smooth inverse in d = 4

�
M2⇥2

��1

ij
=

1

d� 3
Xij , Xij =

 
1

4s2
s+2u

4s2u(s+u)
s+2u

4s2u(s+u)
ds2�2s2+4su+4u2

4s2u2(s+u)2

!
. (20)

We define again the intermediate projectors

P i =
2X

j=1

⇣
M (2⇥2)

ij

⌘�1
T

†
j ,

and with these, the remaining 4 tensors (or more, depending on the number of loops) become

T i = Ti �
2X

j=1

�
P jTi

�
T j , for i = 3, 4, 5, 6, ...

Once more, one can verify that these 4 tensors are all zero in d = 4, for any combination of helicities of the
external particles.
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µ1�µ2�µ3�µ4�µ5u(p3) ,
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with

and perform a rotation in the space of the remaining tensors:

Xij =
1

4 s2
12

1
s12 + 2s23

s23(s12 + s23)

s12 + 2s23

s23(s12 + s23)
(d − 2)s2

12 + 4s23(s12 + s23)
s2
23(s12 + s23)2

Let then pick first 2:

Ti = Di −
2

∑
j=1

(PjDi) Tj , i = 3,...,N
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Define 2 projectors Pi ⋅ Tj = δij



PROJECTORS IN ’T HOOFT-VELTMAN

In new basis of tensors, by definition only first two contribute to hel amplitudes

𝒜λqλQ
(s, t) =

N

∑
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ℱi(s, t)[Ti]λqλQ,d=4
=

2

∑
i=1

ℱi(s, t)[Ti]λqλQ,d=4
+ 𝒪(ϵ)
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Moreover, the symmetries of the process allow us to compute only the first two helicity

amplitudes (+,�,+,�), (+,�,�,+) and then obtain the other two by acting on the result

with a parity transformation, which flips the signs of the external helicities:

(�1,�2,�3,�4)
P�! (��1,��2,��3,��4) . (3.9)

In what follows, we will focus on the two independent configurations (�1,�2,�3,�4) =

(+,�,+,�), (+,�,�,+).

We adopt the following definition for helicity states of spin-12 fermions

|pi = u(p,+) =


1

2
(1 + �5)

�
u(p), |p] = u(p,�) =


1

2
(1� �5)

�
u(p), (3.10)

hp| = ū(p,+) = ū(p)


1

2
(1 + �5)

�
, [p| = ū(p,�) = ū(p)


1

2
(1� �5)

�
, (3.11)

where we use the well known spinor-helicity formalism [21], and indicate with ± the pro-

jection of the (anti-)particle spin along its four-momentum.

Using this notation and starting from the general structure of the amplitude given in

eqs (3.4) and (3.5), we obtain

Ā
qq̄!Q̄Q
+�+� = H1

h13i
h24i , Ā

qq̄!Q̄Q
+��+ = H2

h14i
h23i , (3.12)

where

H1 = 2tF1 � tuF2, H2 = 2uF1 + tuF2. (3.13)

In eqs. (3.12) we have introduced an explicit label for the process that we are considering,

which will turn out to be useful later on when we describe the other partonic channels.

Since we expect that final analytic results for the helicity amplitudes should display

the maximum degree of simplicity, in what follows we focus directly on the two linear

combinations H1 and H2. We write their expansion in terms of the bare coupling ↵s,b as

Hi = H
(0)
i +

⇣↵s,b

4⇡

⌘
H

(1)
i +

⇣↵s,b

4⇡

⌘2
H

(2)
i +

⇣↵s,b

4⇡

⌘3
H

(3)
i +O

�
↵4
s,b

�
. (3.14)

In the next section, we discuss the computation of H1 and H2 up to three loops in QCD.

4 Computation

We perform our calculations in dimensional regularization with d = 4�2✏ dimensions for all

internal momenta and gluon fields. UV and IR singularities will then manifest themselves

as poles in the dimensional regulator ✏. In order to compute the helicity amplitudes H1

and H2, we begin by producing all relevant Feynman diagrams for the process in eq. (2.1)

with QGRAF [111]. Only 1 diagram contributes at tree level, 9 diagrams at one loop, 158

diagrams at two loops and 3584 at three loops. We give a few representative samples of

the three-loop diagrams in figure 1. We use FORM [112] to apply the tensor projectors of

– 6 –

Turning to the spin structure of the process, we further decompose the scattering

amplitude in terms of in terms of a basis of Lorentz structures (“tensors”) Ti

Ā =
NLX

i=1

Fi Ti , (3.4)

where the Fi are scalar form factors that only depends on the Mandelstam invariants and

NL is the number of elements of the basis of Lorentz structures. In our calculation, we em-

ploy dimensional regularization to deal with ultraviolet (UV) and infrared (IR) divergences.

This makes the decomposition eq. (3.4) subtle. Indeed, if one works in Conventional Dimen-

sional Regularisation (CDR), one finds that, since the �-algebra in d dimensions does not

close, the number NL of independent structures depends on the loop order [99]. However,

since we are ultimately interested in computing helicity amplitudes in four dimensions, we

find it convenient to work in a scheme, where we can ignore evanescent Lorentz structures

right from the start. In this approach, it is possible to show that the number of Lorentz

structures which are physically relevant is the same at any number of loops (NL = N),

and it equals the number of independent helicity amplitudes [106, 107]. Specifically, we

consider all internal momenta and polarizations in d dimensions, but restrict momenta and

polarizations of the external quarks to a 4-dimensional subspace. A convenient choice for

the two independent Lorentz structures describing our process is [107]:

T1 = ū(p2) �↵ u(p1)⇥ ū(p4) �
↵ u(p3) , T2 = ū(p2) /p3 u(p1)⇥ ū(p4) /p2 u(p3) . (3.5)

These two Lorentz structures are then su�cient at any loop order.

In order to isolate the form factors from the rest of the amplitude, we define tensor

projectors Pi satisfying

Pi · Tj = �ij , (3.6)

where the dot products indicates the sum over the polarisations of the external quarks,

Pi ·Tj =
P

pol PiTj . It then follows from eq. (3.4) that Pi ·Ā = Fi. For the choice eq. (3.5),

the explicit form of the projectors is

P1 =
1

(d� 3)4s2
T †
1 +

t� u

(d� 3)s2tu
T †
2 ,

P2 =
t� u

(d� 3)s2tu
T †
1 +

(d� 4)s2 + 2t2 + 2u2

(d� 3)4s2t2u2
T †
2 .

(3.7)

We recall here that the main advantage of working with scalar form factors Fi is that, by

construction, they only contain scalar integrals, because all the Lorentz tensor structure

has been factorised out by the basis tensors Ti.

3.2 Helicity Amplitudes

Ultimately, we are interested in computing the helicity amplitudes A�1�2�3�4 , for the pro-

cess in eq. (2.1), where we indicate with �j the helicity of the (anti)particle with momen-

tum pj . Since the quarks are massless, helicity is conserved along the quark lines and there

are only four di↵erent possibilities that we need to consider

(�1,�2,�3,�4) = (+,�,+,�), (+,�,�,+), (�,+,+,�), (�,+,�,+) . (3.8)
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the explicit form of the projectors is

P1 =
1

(d� 3)4s2
T †
1 +

t� u

(d� 3)s2tu
T †
2 ,

P2 =
t� u

(d� 3)s2tu
T †
1 +

(d� 4)s2 + 2t2 + 2u2

(d� 3)4s2t2u2
T †
2 .

(3.7)

We recall here that the main advantage of working with scalar form factors Fi is that, by

construction, they only contain scalar integrals, because all the Lorentz tensor structure

has been factorised out by the basis tensors Ti.

3.2 Helicity Amplitudes

Ultimately, we are interested in computing the helicity amplitudes A�1�2�3�4 , for the pro-

cess in eq. (2.1), where we indicate with �j the helicity of the (anti)particle with momen-

tum pj . Since the quarks are massless, helicity is conserved along the quark lines and there

are only four di↵erent possibilities that we need to consider

(�1,�2,�3,�4) = (+,�,+,�), (+,�,�,+), (�,+,+,�), (�,+,�,+) . (3.8)

– 5 –

Turning to the spin structure of the process, we further decompose the scattering

amplitude in terms of in terms of a basis of Lorentz structures (“tensors”) Ti
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3.2 Helicity Amplitudes

Ultimately, we are interested in computing the helicity amplitudes A�1�2�3�4 , for the pro-

cess in eq. (2.1), where we indicate with �j the helicity of the (anti)particle with momen-

tum pj . Since the quarks are massless, helicity is conserved along the quark lines and there

are only four di↵erent possibilities that we need to consider

(�1,�2,�3,�4) = (+,�,+,�), (+,�,�,+), (�,+,+,�), (�,+,�,+) . (3.8)
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2

Natural basis to derive helicity amplitudes



SIMPLIFYING THE INTEGRAND

Apply this to  , write scattering amplitudes as  Feynman integrals!qq̄ → QQ̄ ∼ 𝒪(105)

=
N

∑
i=1

Ri(x1, . . . , xr) ℐi(x1, . . . , xn)

Thanks, in particular, to Chetyrkin and Tkachov we know that these integrals are not independent:


Integration by parts identities augmented by Laporta Algorithm

From   down to  independent integrals !∼ 105 ∼ 102

Completed thanks to various (new) techniques: 


- extensive use of symmetry relations to simplify amplitude before reduction


- finred by A. von Manteuffel, Finite Fields and Syzygy techniques
[Manteuffel, Schabinger 2014]
[Peraro 2015]



COMPUTING THE INTEGRALS

s = (p1 + p2)2 , t = (p1 − p3)2 , and x = − t/s s > 0 , t < 0 0 < x < 1

(ii)

(iii) s

u

(i)

t

Figure 4: The physical regions (i), (ii) and (iii) in the (s, t, u)-plane.

where the usual polylogarithms are given by

Lin(x) = Sn−1,1 (x) . (6.5)

The three kinematically accessible regions of the phase-space are depicted in Fig. 4.

(i) s > 0, t, u < 0. All logarithms and polylogarithms occurring in Eqs. (6.2) and (6.3)

are real in this region.

Formulae for the other two regions, (ii) and (iii), can be derived by analytic continua-
tion, starting from region (i) and following the paths indicated in the figure.

The analytic continuation can be performed through a few simple steps.

(ii) t > 0, s, u < 0. Going from region (i) to region (ii), we have to pass through two
branches: t = 0 and s = 0. We can then split the analytic continuation into two steps:

- we first split the logarithm T = log(−t)−log(s). At t = 0, nothing happens to the

polylogarithms Sn,p (−t/s), but log(−t) gets an imaginary part: log(−t)→ log(t)−
iπ.

We are now in an unphysical region, where both s and t are positive and u is

negative. Using the transformation formulae for x→ 1/x (see, eg. Refs. [14, 4]),
we can express Sn,p (−t/s) in terms of Sn,p (−s/t) and log(t/s).

- To enter region (ii), we have to pass now the branch point at s = 0. We split

log(t/s) = log(t)− log(s) and U = log(s+ t)− log(s) and we analytically continue
log(s)→ log(−s) + iπ.

21

[Anastasiou, Gehrmann, Oleari, Remiddi, Tausk ’00]
[Smirnov ’99; Smirnov, Veretin ’00; Tausk ’00]

Interesting analytic structure, 
no Euclidean region

q(p1) + q̄(p2) → Q(p3) + Q̄(p4) , with p2
i = 0

Consider the production of 2 quarks in quark-antiquark annihilation

V. Smirnov one of the pioneers in studying 
the analytic properties of these objects:



Master integrals very non-trivial, despite “just” HPLs

- Many master integrals (~ 500), single sectors with  MIs


    Approached by differential equations method [Kotikov ’97; Remiddi ’99; Gehrmann Remiddi ’00]


- Finding a canonical basis is very non-trivial. Solved by [Henn, Mistlberger, Smirnov, Wasser, 2020]


- Boundaries trivialised by regularity conditions and UV properties: [Henn, Mistlberger, Smirnov, Wasser, 2020]

∼ 𝒪(10)

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 1. The nine integral families needed to describe all master integrals for three-loop massless
four-particle scattering. The external legs are associated with the momenta p1, p3, p4 and p2 in
clockwise order starting with the top left corner.

2 Conventions, notation for integrands

In this section we introduce the notation and set-up for our computation of Feynman

integrals contributing to four-particle scattering. We denote the momenta of the four

particles by p1 . . . p4 and consider all of them to be in-going such that the momentum

conservation identity

pµ1 + pµ2 + pµ3 + pµ4 = 0 (2.1)

is satisfied. The external particles we consider are massless and on-shell such that p2i = 0.

Furthermore, we define the Lorentz invariant scalar products

sij = (pi + pj)
2 . (2.2)

Due to the specific kinematic scenario the following identity is satisfied:

s12 + s13 + s23 = 0 . (2.3)

– 5 –

2 Definitions.

The harmonic polylogarithms of weight w and argument x are identified by a set of w indices,

grouped into a w-dimensional vector !mw and are indicated by H(!mw;x).

More explicitly, for w = 1 one defines

H(0;x) = ln x ,

H(1;x) =
∫ x

0

dx′

1 − x′
= − ln(1 − x) ,

H(−1;x) =
∫ x

0

dx′

1 + x′
= ln(1 + x) . (1)

For their derivatives, one has
d

dx
H(a;x) = f(a;x) , (2)

where the index a can take the 3 values 0,+1,−1 and the 3 rational fractions f(a;x) are given by

f(0;x) =
1

x
,

f(1;x) =
1

1 − x
,

f(−1;x) =
1

1 + x
. (3)

Note the (minor) asymmetry of Eq.(1), in contrast with the higher symmetry of Eq.(2).

For w > 1, let us elaborate slightly the notation for the w-dimensional vectors !mw. Quite in

general, let us write

!mw = (a, !mw−1) , (4)

where a = mw is the leftmost index (taking of course one of the three values 0, 1,−1), and !mw−1

stands for the vector of the remaining (w − 1) components. Further, !0w will be the vector whose

w components are all equal to the index 0. The harmonic polylogarithms of weight w are then

defined as follows:

H(!0w;x) =
1

w!
lnw x , (5)

while, if !mw "= !0w

H(!mw;x) =
∫ x

0
dx′ f(a;x′) H(!mw−1;x

′) . (6)

Quite in general the derivatives can be written in the compact form

d

dx
H(!mw;x) = f(a;x)H(!mw−1;x) , (7)

where, again, a = mw is the leftmost component of !mw.

3

[Remiddi, Vermaseren ’99]

d ⃗I = ϵA(x) ⃗I [Arkani-Hamed ’10; Kotikov ’07 ‘10; Henn ’13, Lee ‘15]

COMPUTING THE INTEGRALS



RESULTS AND IR STRUCTURE FOR  @ 3 LOOPSqq̄ → QQ̄

Moreover, the symmetries of the process allow us to compute only the first two helicity

amplitudes (+,�,+,�), (+,�,�,+) and then obtain the other two by acting on the result

with a parity transformation, which flips the signs of the external helicities:

(�1,�2,�3,�4)
P�! (��1,��2,��3,��4) . (3.9)

In what follows, we will focus on the two independent configurations (�1,�2,�3,�4) =

(+,�,+,�), (+,�,�,+).

We adopt the following definition for helicity states of spin-12 fermions

|pi = u(p,+) =


1

2
(1 + �5)

�
u(p), |p] = u(p,�) =


1

2
(1� �5)

�
u(p), (3.10)

hp| = ū(p,+) = ū(p)


1

2
(1 + �5)

�
, [p| = ū(p,�) = ū(p)


1

2
(1� �5)

�
, (3.11)

where we use the well known spinor-helicity formalism [21], and indicate with ± the pro-

jection of the (anti-)particle spin along its four-momentum.

Using this notation and starting from the general structure of the amplitude given in

eqs (3.4) and (3.5), we obtain

Ā
qq̄!Q̄Q
+�+� = H1

h13i
h24i , Ā

qq̄!Q̄Q
+��+ = H2

h14i
h23i , (3.12)

where

H1 = 2tF1 � tuF2, H2 = 2uF1 + tuF2. (3.13)

In eqs. (3.12) we have introduced an explicit label for the process that we are considering,

which will turn out to be useful later on when we describe the other partonic channels.

Since we expect that final analytic results for the helicity amplitudes should display

the maximum degree of simplicity, in what follows we focus directly on the two linear

combinations H1 and H2. We write their expansion in terms of the bare coupling ↵s,b as

Hi = H
(0)
i +

⇣↵s,b

4⇡

⌘
H

(1)
i +

⇣↵s,b

4⇡

⌘2
H

(2)
i +

⇣↵s,b

4⇡

⌘3
H

(3)
i +O

�
↵4
s,b

�
. (3.14)

In the next section, we discuss the computation of H1 and H2 up to three loops in QCD.

4 Computation

We perform our calculations in dimensional regularization with d = 4�2✏ dimensions for all

internal momenta and gluon fields. UV and IR singularities will then manifest themselves

as poles in the dimensional regulator ✏. In order to compute the helicity amplitudes H1

and H2, we begin by producing all relevant Feynman diagrams for the process in eq. (2.1)

with QGRAF [111]. Only 1 diagram contributes at tree level, 9 diagrams at one loop, 158

diagrams at two loops and 3584 at three loops. We give a few representative samples of

the three-loop diagrams in figure 1. We use FORM [112] to apply the tensor projectors of
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where S✏ = (4⇡)�✏e��E✏, µ is the renormalisation scale (for the rest of the paper we set

µ0 = µ) and

Z[↵s] = 1�
⇣↵s

4⇡

⌘ �0
✏

+
⇣↵s

4⇡

⌘2
✓
�2
0

✏2
� �1

2✏

◆
�
⇣↵s

4⇡

⌘3
✓
�3
0

✏3
� 7

6

�0�1
✏2

+
�2
3✏

◆
+O(↵4

s ) .

(5.2)

The �-function coe�cients are defined through

d↵s

d logµ
= �(↵s, ✏) = �(↵s)� 2✏↵s , �(↵s) = �2↵s

1X

n=0

�n
⇣↵s

4⇡

⌘n+1
, (5.3)

where in this equation ↵s ⌘ ↵s(µ). To the relevant order, they read

�0 =
11

3
CA � 2

3
nf ,

�1 =
1

3

�
34 C2

A � 10 CA nf

�
� 2 CF nf , (5.4)

�2 = �
1415 C2

A nf

54
+

2857 C3
A

54
�

205 CA CF nf

18
+

79 CA n2
f

54
+ C2

F nf +
11 CF n2

f

9
.

By inserting eq. (5.1) in the ↵s expansion for the helicity amplitudes (3.14), we obtain the

renormalised helicity amplitudes

H
(0)
i,ren = H

(0)
i (5.5)

H
(1)
i, ren = H

(1)
i � �0

✏
H

(0)
i (5.6)

H
(2)
i, ren = H

(2)
i � 2�0

✏

⇣↵s

4⇡

⌘
H

(1)
i +

�
2�2

0 � �1✏
�

2✏2
H

(0)
i (5.7)

H
(3)
i, ren = H

(3)
i � 3�0

✏
H

(2)
i +

�
3�2

0 � �1✏
�

✏2
H

(1)
i +

�
7�1�0✏� 6�3

0 � 2�2✏2
�

6✏3
H

(0)
i . (5.8)

These are free from UV poles, but they still contain poles in ✏ of IR origin. We discuss

how to subtract them in the next subsection.

5.2 Infrared Subtraction

While the structure of IR singularities of scattering amplitudes in massless QCD up to two-

loop order has been known for a long time [119], its generalisation to three- and higher-loop

order has been understood only more recently, in particular in the case where four or more

coloured partons participate to the scattering process [80, 84, 86]. In particular, it has been

shown that IR singularities are in one-to-one correspondence to the UV poles of operator

matrix elements in SCET [84, 86]. Therefore, UV renormalisation in SCET corresponds to

IR subtraction in QCD and one can write the finite remainder of the scattering amplitude

by means of a multiplicative colour-space operator Z as

Hi, fin(✏, {p}) = lim
✏!0

Z
�1(✏, {p}, µ) Hi, ren(✏, {p}) , (5.9)
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UV renormalisation is straightforward
where S✏ = (4⇡)�✏e��E✏, µ is the renormalisation scale (for the rest of the paper we set

µ0 = µ) and

Z[↵s] = 1�
⇣↵s

4⇡

⌘ �0
✏

+
⇣↵s

4⇡

⌘2
✓
�2
0

✏2
� �1

2✏

◆
�
⇣↵s

4⇡

⌘3
✓
�3
0

✏3
� 7

6

�0�1
✏2

+
�2
3✏

◆
+O(↵4

s ) .

(5.2)

The �-function coe�cients are defined through

d↵s

d logµ
= �(↵s, ✏) = �(↵s)� 2✏↵s , �(↵s) = �2↵s

1X

n=0

�n
⇣↵s

4⇡

⌘n+1
, (5.3)

where in this equation ↵s ⌘ ↵s(µ). To the relevant order, they read

�0 =
11

3
CA � 2

3
nf ,

�1 =
1

3

�
34 C2

A � 10 CA nf

�
� 2 CF nf , (5.4)

�2 = �
1415 C2

A nf

54
+

2857 C3
A

54
�

205 CA CF nf

18
+

79 CA n2
f

54
+ C2

F nf +
11 CF n2

f

9
.

By inserting eq. (5.1) in the ↵s expansion for the helicity amplitudes (3.14), we obtain the

renormalised helicity amplitudes

H
(0)
i,ren = H

(0)
i (5.5)

H
(1)
i, ren = H

(1)
i � �0

✏
H

(0)
i (5.6)

H
(2)
i, ren = H

(2)
i � 2�0

✏

⇣↵s

4⇡

⌘
H

(1)
i +

�
2�2

0 � �1✏
�

2✏2
H

(0)
i (5.7)

H
(3)
i, ren = H

(3)
i � 3�0

✏
H

(2)
i +

�
3�2

0 � �1✏
�

✏2
H

(1)
i +

�
7�1�0✏� 6�3

0 � 2�2✏2
�

6✏3
H

(0)
i . (5.8)

These are free from UV poles, but they still contain poles in ✏ of IR origin. We discuss

how to subtract them in the next subsection.

5.2 Infrared Subtraction

While the structure of IR singularities of scattering amplitudes in massless QCD up to two-

loop order has been known for a long time [119], its generalisation to three- and higher-loop

order has been understood only more recently, in particular in the case where four or more

coloured partons participate to the scattering process [80, 84, 86]. In particular, it has been

shown that IR singularities are in one-to-one correspondence to the UV poles of operator

matrix elements in SCET [84, 86]. Therefore, UV renormalisation in SCET corresponds to

IR subtraction in QCD and one can write the finite remainder of the scattering amplitude

by means of a multiplicative colour-space operator Z as

Hi, fin(✏, {p}) = lim
✏!0

Z
�1(✏, {p}, µ) Hi, ren(✏, {p}) , (5.9)

– 10 –
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IR structure instead is very non trivial: first verification of quadrupole structure in QCD

where {p} stands for the dependence on the external kinematics. We point out that, since

we are working with vectors in colour-space as defined in Section 3, the Z colour operator

can be represented as a 2 by 2 matrix which mixes the colour structures defined in eq. (3.2).

Solving a renormalisation group equation one finds that Z can be rewritten as

Z(✏, {p}, µ) = P exp

Z 1

µ

dµ0

µ0 �({p}, µ
0)

�
=

1X

n=0

⇣↵s

4⇡

⌘n
Zn , (5.10)

with P the path-ordering symbol, i.e. operators are ordered from left to right with decreasing

values of µ0. Following the notation of [80], where � was first computed up to three loops,

the anomalous dimension operator for 4 coloured external particles is written as

�({p}, µ) = �dipole({p}, µ) +�4({p}) . (5.11)

Above, �dipole represents the well known dipole colour correlations between two coloured

external legs, namely

�dipole({p}, µ) =
X

1i<j4

T
a
i T

a
j

2
�cusp(↵s) log

✓
µ2

�sij � i�

◆
+

4X

i=1

�i(↵s) , (5.12)

with T
a
i the i-th particle SU(Nc) generator and from now on we use the shorthand ↵s =

↵s(µ) to indicate the renormalised coupling at scale µ. The constants �cusp and �i are

given in Appendix B. It is also useful to define the expansions

�dipole =
1X

n=0

�n

⇣↵s

4⇡

⌘n+1
, �0 =

@�dipole

@ logµ
=

1X

n=0

�0
n

⇣↵s

4⇡

⌘n+1
. (5.13)

The operator �4 appears instead for the first time at three loops and contains quadrupole

colour correlations among all four external legs. It can also be expanded in ↵s as

�4({p}) =
1X

L=3

⇣↵s

4⇡

⌘L
�

(L)
4 ({p}) . (5.14)

In terms of these quantities one can organise the IR poles of the helicity amplitudes as

H
(0)
i, fin = H

(0)
i , (5.15)

H
(1)
i, fin = H

(1)
i, ren � I1 H

(0)
i, ren , (5.16)

H
(2)
i, fin = H

(2)
i, ren � I2 H

(0)
i, ren � I1 H

(1)
i, ren , (5.17)

H
(3)
i, fin = H

(3)
i, ren � I3 H

(0)
i, ren � I2 H

(1)
i, ren � I1 H

(2)
i, ren , (5.18)

where the IR subtraction operators read

I1 = Z1 , (5.19)

I2 = Z2 �Z
2
1 , (5.20)

I3 = Z3 � 2Z1Z2 +Z
3
1 +�

(3)
4 , (5.21)
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where {p} stands for the dependence on the external kinematics. We point out that, since

we are working with vectors in colour-space as defined in Section 3, the Z colour operator

can be represented as a 2 by 2 matrix which mixes the colour structures defined in eq. (3.2).

Solving a renormalisation group equation one finds that Z can be rewritten as

Z(✏, {p}, µ) = P exp

Z 1

µ

dµ0

µ0 �({p}, µ
0)

�
=

1X

n=0

⇣↵s

4⇡

⌘n
Zn , (5.10)

with P the path-ordering symbol, i.e. operators are ordered from left to right with decreasing

values of µ0. Following the notation of [80], where � was first computed up to three loops,

the anomalous dimension operator for 4 coloured external particles is written as

�({p}, µ) = �dipole({p}, µ) +�4({p}) . (5.11)

Above, �dipole represents the well known dipole colour correlations between two coloured

external legs, namely

�dipole({p}, µ) =
X

1i<j4

T
a
i T

a
j

2
�cusp(↵s) log

✓
µ2

�sij � i�

◆
+

4X

i=1

�i(↵s) , (5.12)

with T
a
i the i-th particle SU(Nc) generator and from now on we use the shorthand ↵s =

↵s(µ) to indicate the renormalised coupling at scale µ. The constants �cusp and �i are

given in Appendix B. It is also useful to define the expansions

�dipole =
1X

n=0

�n

⇣↵s

4⇡

⌘n+1
, �0 =

@�dipole

@ logµ
=

1X

n=0

�0
n

⇣↵s

4⇡

⌘n+1
. (5.13)

The operator �4 appears instead for the first time at three loops and contains quadrupole

colour correlations among all four external legs. It can also be expanded in ↵s as

�4({p}) =
1X

L=3

⇣↵s

4⇡

⌘L
�

(L)
4 ({p}) . (5.14)

In terms of these quantities one can organise the IR poles of the helicity amplitudes as

H
(0)
i, fin = H

(0)
i , (5.15)

H
(1)
i, fin = H

(1)
i, ren � I1 H

(0)
i, ren , (5.16)

H
(2)
i, fin = H

(2)
i, ren � I2 H

(0)
i, ren � I1 H

(1)
i, ren , (5.17)

H
(3)
i, fin = H

(3)
i, ren � I3 H

(0)
i, ren � I2 H

(1)
i, ren � I1 H

(2)
i, ren , (5.18)

where the IR subtraction operators read

I1 = Z1 , (5.19)

I2 = Z2 �Z
2
1 , (5.20)

I3 = Z3 � 2Z1Z2 +Z
3
1 +�

(3)
4 , (5.21)
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where S✏ = (4⇡)�✏e��E✏, µ is the renormalisation scale (for the rest of the paper we set

µ0 = µ) and
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By inserting eq. (5.1) in the ↵s expansion for the helicity amplitudes (3.14), we obtain the

renormalised helicity amplitudes

H
(0)
i,ren = H

(0)
i (5.5)

H
(1)
i, ren = H

(1)
i � �0

✏
H

(0)
i (5.6)

H
(2)
i, ren = H
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i � 2�0
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⇣↵s

4⇡

⌘
H

(1)
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2�2
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�

2✏2
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(0)
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H
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where {p} stands for the dependence on the external kinematics. We point out that, since

we are working with vectors in colour-space as defined in Section 3, the Z colour operator

can be represented as a 2 by 2 matrix which mixes the colour structures defined in eq. (3.2).

Solving a renormalisation group equation one finds that Z can be rewritten as
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with P the path-ordering symbol, i.e. operators are ordered from left to right with decreasing

values of µ0. Following the notation of [80], where � was first computed up to three loops,

the anomalous dimension operator for 4 coloured external particles is written as

�({p}, µ) = �dipole({p}, µ) +�4({p}) . (5.11)

Above, �dipole represents the well known dipole colour correlations between two coloured

external legs, namely
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with T
a
i the i-th particle SU(Nc) generator and from now on we use the shorthand ↵s =

↵s(µ) to indicate the renormalised coupling at scale µ. The constants �cusp and �i are
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The operator �4 appears instead for the first time at three loops and contains quadrupole

colour correlations among all four external legs. It can also be expanded in ↵s as
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Figure 2. Real (left) and imaginary (right) parts of the form factors H[i],(L)
1,fin relevant for helicities

(+,�,+,�). Colour components [i] and number of loops (L) are specified in the legends.

7 Crossed Channels and Equal Flavour Amplitudes

In the previous sections, we presented the computation of the helicity amplitudes for the

scattering of four quarks of di↵erent flavour as in eq. (2.1). We discuss here how to use

this result to derive the helicity amplitudes for all other 2-to-2 quark scattering processes,

both for di↵erent and equal flavours. We start by listing all of these processes.

• Di↵erent flavour quarks:

q(p1) + q̄(p2) �! Q̄(�p3) + Q(�p4) , (7.1)

q(p1) + Q(p2) �! q(�p3) + Q(�p4) , (7.2)

q(p1) + Q̄(p2) �! Q̄(�p3) + q(�p4) , (7.3)

q̄(p1) + Q̄(p2) �! q̄(�p3) + Q̄(�p4) . (7.4)

• Equal flavour quarks:

q(p1) + q̄(p2) �! q̄(�p3) + q(�p4) , (7.5)

q(p1) + q(p2) �! q(�p3) + q(�p4) , (7.6)

q̄(p1) + q̄(p2) �! q̄(�p3) + q̄(�p4) . (7.7)
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4

The results computed with the procedure discussed so
far contain both ultraviolet and infrared singularities. Up
to three loops, they can be written as follows

F i = �kl(4⇡↵) e
2
q

3X

k=0

⇣↵s,b

2⇡

⌘k
F

(k,b)
i , (14)

where e =
p
4⇡↵ is the electric charge, eq is the charge of

the incoming quark in units of e, ↵s,b is the bare strong
coupling and �kl carries the colour indices of the two in-
coming quarks. We remove ultraviolet singularities by
expressing our result in terms of the MS renormalised
coupling ↵s(µ):

F i = �kl(4⇡↵) e
2
q

3X

k=0

✓
↵s(µ)

2⇡

◆k

F
(k)
i . (15)

The relation between renormalised and bare coupling is
given by

S✏↵s,b = µ2✏↵s(µ)Z[↵s(µ)], (16)

with S✏ = (4⇡)�✏e��E✏ and

Z[↵] = 1�
�0

✏

⇣↵s

2⇡

⌘
+

✓
�2
0

✏2
�

�1

2✏

◆⇣↵s

2⇡

⌘2
+O(↵3

s) . (17)

The explicit form of the �-function coe�cient �0,1 is re-
ported in the supplemental material. For definiteness, we
will present our results for µ2 = s. It is straightforward
to obtain results at any other scale using renormalisation-
group arguments.

The renormalised form factors F
(k)
i of Eq. (15) still

contain infrared singularities. Their form is universal and
can be expressed in terms of the lower-order scattering
amplitudes as follows [88, 89]

F
(1)
i = I1F

(0)
i + F

(1,fin)
i ,

F
(2)
i = I2F

(0)
i + I1F

(1)
i + F

(2,fin)
i ,

F
(3)
i = I3F

(0)
i + I2F

(1)
i + I1F

(2)
i + F

(3,fin)
i .

(18)

In these equations, the Ij are universal factors that only
depend on the center of mass energy of the coloured par-
tons s, on ✏ and on the QCD Casimirs CF = 4/3, CA = 3,
as well as on the number of light fermions nf . We spell
them out explicitly in the supplemental material. For our
discussion, it is only important to note that the function
Ii contains infrared poles up to order 2i, i.e. I1 ⇠ 1/✏2,

I2 ⇠ 1/✏4, I3 ⇠ 1/✏6. The finite remainders F
(k,fin)
i in

Eq. (18) are finite in the ✏ ! 0 limit, and contain all the
non-trivial physics information for the process Eq. (1).

As we have already mentioned, it is straightforward
to obtain the helicity amplitudes from our form factors
by evaluating the tensor structures T i for well-defined
helicity states, see Eq. (8). We stress once more that

for any helicity configuration one has T 5,�q�3�4 = 0. We
write for left-handed spinors ūL(p2) = h2| and uL(p1) =
|1] and for the the photon j of momentum pj

✏µj,�(qj) =
hqj |�µ

|j]
p
2hqjji

, ✏µj,+(qj) =
hj|�µ

|qj ]
p
2[jqj ]

.

With these definitions we find

AL�� =
2[34]2

h13i[23]
↵(x) , AL�+ =

2h24i[13]

h23i[24]
�(x) ,

AL+� =
2h23i[41]

h24i[32]
�(x) , AL++ =

2h34i2

h31i[23]
�(x) .

(19)

with

↵(x) =
t

2

✓
F2 �

t

2
F3 + F4

◆
,

�(x) =
t

2

⇣s
2
F3 + F4

⌘
,

�(x) =
s t

2u

✓
F2 � F1 �

t

2
F3 �

t

s
F4

◆
,

�(x) =
t

2

✓
F1 +

t

2
F3 � F4

◆
.

(20)

Note that the remaining amplitudes for right-handed
quarks can be obtained by a charge-conjugation trans-
formation as follows

AR�3�4 = AL�⇤
3�

⇤
4
(hiji $ [ji]) , (21)

where �⇤
i indicates the opposite helicity of �i. Symmetry

under exchange of the two photons requires

�(x) = �(1�x), �(x) = �↵(x), ↵(1�x) = �↵(x), (22)

and at tree-level we find ↵ = � = 0 and � = � = 1.
Using the relations Eqs (19,20), we obtain the three-

loop renormalised finite remainders ↵(3,fin), �(3,fin),
�(3,fin), �(3,fin), defined in analogy to Eqs (15,18). This
represents the first three-loop calculation of a full four-
point QCD amplitude. Our result can be expressed in
terms of harmonic polylogarithms of weights 0 and 1,
or, alternatively, in terms of a more compact functional
basis consisting of 14 classical polylogarithms and the 9
functions

Li3,2(x, 1), Li3,2(1� x, 1), Li3,2(1, x),

Li3,3(x, 1), Li3,3(1� x, 1), Li3,3(x/(x� 1), 1),

Li4,2(x, 1), Li4,2(1� x, 1), Li2,2,2(x, 1, 1), (23)

which are two and three-fold nested sums in the conven-
tions of [83].4 In the latter representation, our three-loop

4 Note that PolyLogTools [86] uses a di↵erent convention for in-
dices and arguments compared to the ones we adopt here.

Lin(r(x))

14 classical polylogs
9 extra MPLsExtremely compact 

results (~ 100 kb)
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Evaluated numerically 
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CONCLUSIONS

➤ N3LO for 2->2 processes is the frontier in QCD


➤ Handling complexity requires advances in all directions: IR and Amplitudes


➤ First step is results for 3 loop amplitudes. Di-jet production provides us 
also with first glimpse on new IR structures in QCD


➤ Require many new tools: new methods to extract helicity amplitudes, finite 
field arithmetic, modern techniques to manipulate special functions


➤ Results are extremely simple!


➤ N3LO journey ready to begin?


