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MANY PARTICLE SYSTEMS & QUANTUM FIELD THEORY
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Elements

Bound states

System

humans, animals

couples, groups, parties

molecules, crystals (bio)polymers

atoms
lons, electrons

nucleons, mesons

molecules, clusters, crystals

atoms

nuclei

quarks, anti-quarks nucleons, mesons

society
animals, plants
solids, liquids, ...
plasmas
nuclear matter

quark matter

Highly Compressed Matter < Pauli Principle

Partition function:

7 —Tr {E—.E(H—MQI']}
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The Goal: Theory of the QCD Phase Diagram
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The Goal: Theory of the QCD Phase Diagram
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Mott Dissociation of Hadrons in Hadron Matter
« Partition function as a Path Integral (imaginary time r=it, 0 <7 < 53=1/T)

g
ZIT,V,u| = f ‘Dﬂsﬂy‘ni};‘mﬁp{— f dT f d*x ﬂ{g{?.r_il_ft-}‘_.t'}‘_.fl}}

» QCD Lagrangian, non-Abelian gluon field strength:  F§,(A) = 9,4% — 3,45 +g fabe lf[ Az

v

- . T J‘ . Fr
Locp(v, ¥, A) = Y[in* (8, — igAu) —m — 2"l — 1 Tl A)F(A)

o Numerical evaluation: Lattice gauge theory simulations (hotQCD, Wuppertal-Budapest)
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Mott Dissociation of Hadrons in Hadron Matter

; i dE ¢ - o
Poor(T, {pt5}) = Penaw (T, {pi})+ ) rf*rgr/d‘*-"ri s, my; T _I/ 5 F:ﬂ”]]] {1 + 4, L‘EP( —— )}

—M.B L=y r

I | I | 1 | 1 I 1 I 1 S : o :
ctral function for hadronic resonances:
- Latfice data: Borsanyi et al. (2010) R Pe
121 e NG
{ _.‘[I“|_.f-:_ m:T) = ;"'-"E_ o 'Jr'., —
_____ WY (s — m*)? 4+ mTET)
.QE a- | ) Ansatz motivated by chemical freeze-out model:
. 5 —=- ‘wemaz - R o : 2 /
r--.ir i{l II' _— F'L}:=PH-F.E,:'+FI]:F _ | ,nI_Jr | =T, ]ILT]- — Z A< ?‘f ST Ty =T ﬂhILT}
~:E oL i I.' — ST temen e | | .
o Apparent phase transition at T, ~ 165 MeV
3l ' Hadron resonances present up to T ~ 250 MeV
Blaschke & Bugaev, Fizrika B13, 491 (2004)
L i R | Prog. Part. Nucl. Phys. 53, 197 (2004)
D‘ﬂ . 100 00 : 300 I A0 ! _Enﬁ" : RO0 Turko, Blaschke, Prorok & Berdermann.

T [Me‘ulu'] APPS 5, 485 (2012): ). Phys. Conf. Ser. 455, 012056 (2013)

Hadronic states above T, ! See also: Ratti, Bellwied et al.. arXiv:1109.6243 [hep-ph]



Mott Dissociation of Hadrons in Hadron Matter

Possible application: parton fraction in the EoS at the hadronization transition
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L. Turko et al. “Effective degrees of freedom in QCD ...”, EPJ Web Conf. 71 (2014) 00134

Compare:

M. Nahrgang et al. “Influence of hadronicbound states above Tc ...”, PRC 89 (2014) 014004



Mott Dissociation of Mesons in Quark Matter

D. Blaschke, M. Buballa, A. Dubinin, G. Roepke, D. Zablocki, Ann. Phys. 348, 228 (2014)

« Partition function as a Path Integral (imaginary time r =i ¢}

3
Z[T,\V,p] = f DgDqexp {— f dr f Ex(gin?d, — mg — v p)g + E qul'mq}?l}
g

M=wo
e Couplings: &, = (G, = G5 (chiral symmetry)
eVertices: I', =1p®1;® 1. ;I =ixs@7T® 1.

e Bosonization (Hubbard-Stratonovich Transformation)

7

17 g

exp [{?S{ql'nq]z] = {ruJ]Ht-chrL*xp [ + ql'nqa]

« Integrate out quark fields — bosonized partition function

f:r1'+fr3+ 1_1, i
TeR 5Tt InS™ o, )

ZIT,V,p] = f DoDn L‘:-:[}{—

« Systematic evaluation: Mean fields + Fluctuations

—Mean-field approximation: order parameters for phase transitions (gap equations)
- Lowest order fluctuations: hadronic correlations (bound & scattering states)



Mott Dissociation of Mesons in Quark Matter

e Separate the mean-field part of the quark determinant
Tr nS~Y[o, 7] = Tr ISy [m] + Tr In[1 + (o + iy577) Syp[m]|
« Mean-field quark propagator

"}'1]|;[f.-'.f-.1n + ,|'-£:| = "Trr . ]L_f-l— T

SME(P, iwn; m) =

e Expand the logarithm: In(1 + =)= =377 (—-1)"z"/n =7 — 2%/2 + ...

n=1

« Thermodynamic potential in Gaussian approximation

T, p) = —ThhiZ(T,p) = Oue(T, p) + Z 04 (T, ) + O[diy)

| Ny, d°p 1
(2), o M P ”"'r: o AT
HM ILT,}'.!:I — ? {ETT]EE 1lJlll.'_"_,",” |,r IL"H:I . _'H'i',;r =k

« Meson propagator Sy (g, ivy) = 1/ [1/(2G5) — (P, ivs )]

« Mesonic polarization loop

s, irm) = — 3 Z Lzuﬁm/

=Tr I wEw.m k, —its)U aSup(k + P, ity + ivn)



Mott Dissociation of Mesons in Quark Matter

« Polar representation of the analytically continued quark propagator

g '
Sm = |Sule™ = S +1i5;,

e Phase shift dy(w.q) = —ImIn Sy (w — pa + i, q)

o Thermodynamic potential for mesonic modes

Om(T, 1) = Trln Sy (iza, q) _dthZfr}r In Sii (izn, q) ,

d*q :
- _dMTgfL?}T ] IT iz, — W Im In Sy’ (w + in, q)

» Perform Matsubara summation  ((T’, i) = dy f[éliq: [ % (w)dy(w, q)

» Using symmetries of Bose function ny;(—w) = —[1 + n,(w)| and polarization loop

a_l

d3q -:L.r
f?[.,{llT_.,tﬂ d’ﬂf{}ﬂﬁ £ [ +.'rIqu.J] +n|.“.|'u_1 ]é[l,.‘[ll_w q]

« Partial integration gives field theoretic Beth-Uhlenbeck formula

)

dg_ [ dw )] oL o i
(v = —dw.qf = [L,J_|_T|,, (| _ﬂ—w—nm.l_.‘“T) T (I _ﬂ-td-m_.ﬂ;_.?)] MW, q
|'_:| I

]"I.?

de



Mott Dissociation of Mesons in Quark Matter

« When polarization loop integral can be expressed in the form

[Im(z,q) = Mpoe + Hy2(z,q9)

« Factorization of two-particle propagator possible with  Ry(2.q) = (:ﬂlﬂ“ﬂ

1 1 ]
Gyt — Mo —My2(2,9)  Mara(z,q) Ru(z,q) — 1

Suiz,q) =

e Thisentails InSy(z,q)!' =Inlly.(z,q)+ In[Ry(z,q) — 1]
and thus a separation of the phase shift in two contributions

omlw,q) = dxc(w,q) + dx rlw,q)
« [hey correspond to continuum (state independent) and resonant phases

ImIy 2(w — pag + i, Q)
— arctan ( — M'El.‘m - I'Tlr.q")
Rellpra(w — pyr + i1, q)
ImBp{w — par + i, q)
| — ReRp(w — ppy + in, q)

Oy (w,q)

omplw,q) = Mﬂtem(



Mott Dissociation of Mesons in Quark Matter

gator shall have the representation with a complex pole at = = =y = wy + iy /2, where
'y is the width of the resonance.

« The position of the pole is found from the condition ReRy =y, q) = 1, where dy plw —
wyr) — m/2 siNCe tan dyy plw — wyy) — oo

« Expanding Rz, q) at the complex pole =y for small width, one obtains

dRy(z q)

) . dRyiz,q)
| — ReRp(zm,q) = —(w* — wiy) do? }z T e |

- (1)

Z=IM

ImBy(za,q) = wul'y

» The resonant shift becomes 4y p(w. q) = —arctan (_’* ‘

corresponding to a Breit-Wigner form of the sper::tr;il a;nsity in the Beth-Uhlenbeck EoS

ddy r B Zewangl 'y

dw (W —wi)P+wflh
» This takes the form of a bound state spectral density for ['y; — 0

. cf § e, " , i
J!HI!IE” Oy .p(w) =7 6w — wa) + Hw + war )]



Mott Dissociation of Mesons in Quark Matter

06 D. Blaschke, A. Dubinin, Yu. Kalinovsky,
osl Acta Phys. Pol. Suppl. 7 (2014)
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Phase shifts
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Summary: Levinson's Theorem & analytical properties
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Pion pressure
Role of scattering continuum (Levinson theorem!) for pressure:
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Mott Dissociation of Mesons in Quark Matter

J. Huefner, S.P. Klevansky, P. Zhuang, H. Voss, Ann. Phys. 234, 225 (1994)
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Mott Dissociation of Mesons in Quark Matter

J. Huefner, S.P. Klevansky, P. Zhuang, H. Voss, Ann. Phys. 234, 225 (1994) | Problem: _
No Quark Confinement !
e e -
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CHIRAL MODEL FIELD THEORY FOR QUARK MATTER

e Partition function as a Path Integral (imaginary time 7 =i t)

ZIT,V,u| = /’D@’Dw exp {— / d'r/ Ez[Y[in*8, — m — (1 4 Aspis + iAaha]) — Ligy + U(ﬁ!)]}
Vv

Polyakov loop: ® = N 'Tr.[exp(iBA3¢3)] Order parameter for deconfinement

e Curreni-current interaction (4-Fermion coupling) and KMT determinant interaction

s

e Bosonization (Hubbard-Stratonovich Transformation)
2
Z[T‘ V :U] — fﬂMrHDﬂLﬂﬂD E_ZM:H %—%ﬂ+éﬂ 1.15—1[{.-\1’]1,1},{ig},¢]+ﬂg<ﬁrj+vﬁm

e Collective quark fields: Mesons (M) and Diquarks (Ap); Gluon mean field: @
e Sysiematic evaluation: Mean fields + Fluctuations

—Mean-field approximation: order parameters for phase transitions (gap equations)
— Lowest order fluctuations: hadronic correlations (bound & scattering states)
— Higher order fluctuations: hadron-hadron interactions



POLYAKOV-LOOP NAMBU—JONA-LASINIO MODEL (1)

SU(N.) pure gauge sector: Polyakov line

g
L (%) =Pexp if dTA4{:E'_,T]] : A4=1AD=A3¢3+AE¢E
0

Polyakov loop

1#) = TL(@) . (@) = P2,

Z ., symmetric phase: (I[(T)) =0 = AFy — oc: Confinement !
Polyakov loop field:
o(7) = (7)) = ?Trc (L(Z)))

Potential for the PL-meanfield ¢(z) =const., which fits quenched QCD lattice thermodynamics

U@ HT) b {T)

e o — — (q}?- + %) 4o (fbtb]

B To Ty Ty ag a s a3 by | by
MT)—’-"“”l(T)JF ?(T) +“3(T) ~ [6.75]-1.95|2.625|-7.44|0.75 | 7.5




POLYAKOV-LOOP NAMBU—-JONA-LASINIO MODEL (1)

Temperature dependence of the Polyakov-loop potential U(®, ®; T)

.2
.4
AL
.8

-1.2
-1.4

=5 = K B & A

T=10.26 GeV< T T=10GeV=T,
“Color confinement” “Color deconfinement”

Critical temperature for pure gauge SU.(3) lattice simulations: Ty = 270 MeV.

Hansen et al., Phys.Rev. D75, 065004 (2007)




POLYAKOV-LOOP VARIABLE ¢

Degeneracy in @ = Tr {explifA4)}/N.; Ay = A3 + As¢ps; Internal Z(3) Symmetry

A3 Ay
—0.5 0.0 05 &
(~1/243/2) (1243 /2)
6) ()
e ™
1) Y an
@y ;) .
@ ‘®
-1/2,—J3/2) (1/2—F/2)

Hell et al., 0810.1099 [hep-ph] Abuki et al., 0811.1512 [hep-ph]



POLYAKOV-LOOP NAMBU—-JONA-LASINIO MODEL (11I)

Lagrangian for N; = 2, N. = 3 quark matter, coupled to the gauge secior

Lpnin = q(i7" Dy —m+yp)g + Gy [{qq} + (qi57q) ] U (®[A], @A, T),
Dt =g+ — iA*; A* = §5 A" (Polyakov gauge), with A" = —iA,
Diagrammatic Hartree equation: = + O

So(p) =——=—(p—mo+"(k—iAy)) " Sp)==——=—(p-m+1 " (n—iAy))"
Dynamical chiral symmetry breaking ¢ = m — my # 0? Solve Gap Equation! (E = /p* + m?)

dp —1
2’."'_:];[' m—l—’}“{ —'1-14,-_1:]

_ 2G\N,N, f PN~ £ (B) — f5 (B

m — my

[
[+
0
~
=
'M
“"'--1

Modified quark distribution functions (® = ® = 0: “poor man’s nucleon™ Ey = 3E, py = 3p)
(d} + ELT}E_-H(EF:F“]) e B EFr) | o—38(EpFn)

1+3 ((Ts' - @E_EKEP:F“}) e BlEnFn) | o=38(En¥n)

1
1 + EE': EnFpy)

f5(E) = > fo'(E) =



POLYAKOV-LOOP NAMBU—-JONA-LASINIO MODEL (I1V)
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021

{W}f{$¢}r=ﬂ

D

Grand canonical thermodynamical potential

o’ d*p
6N
26~ {zfj

3
— ZNfT/{d {Treln |1+ Lo E/T]

T, ;®,m) = B0 (A —p7)

+ Tr,In [1+LT BT Y U (9,9, T)

005 01 015 02 025 03 035 04

T [GeV]

Appearance of quarks below T, largely suppressed:

In det [1 - Le_{E_“”T] + Indet [1 + Lt e_{EJ“F‘”T]

— In [1 13 (@. 4 q}e—{E—pMT) o~ (E-m)/T . E—EEE—#HT]
b [143 (B4 e BT o EHIT BT

3 Accordance with QCD lattice susceptibilities! Example:

ng(T,p) 19T, p)
T3 T3 ap

|
0.5

2 Ratti, Thaler, Weise, PRD 73 (2006) 014019.



PHASES OF QCD @ EXTREMES: NO COLOR NEUTRALITY
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Quark + pion pressure
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A fantastic result !!

D.B., Agnieszka Wergieluk, Ludwik Turko



A fantastic result !!

Agnieszka Wergieluk, Aleksandr Dubinin, Pok Man Lo, .., Larry McLerran, ...



Mesons & Diquarks in PNJL Quark Matter

L=qid=my+yolp=iAs)lg + Loy —U(R.B:T), Lo =Gs[(Gq)> + (Girstq)?] +Gp Y. (Girstsiad)(@irststag).

A=257

a2

Qe = U(D, D; T}+E+Qq+ﬂm+ﬂn+ﬂn
S

1T o [lizg+@yo—y-p-m Anriystady )
————Trln S_I 3 S =( - . -
o el ’ Awriystady  (iza=jtJro=y-p-m

m = My + Oypp, ji = p—iAy = diag(p - iy — ighg, p + igh; — ighg, u + 2ichg) =diﬂgﬁ‘n.ug1ﬂh]

A
d3

d3
Qy = —2N_N; o !;3 E,- ENfoﬁ{“}ﬂ.g.h In[1+ e Errd/T] 4 tr,_, 5 In[1 4 e~ Ertud/T]},

A

d*p d*p : . :
=—-2N_N, | —=E_-2N.T In[(1 4 Ye #fldstdsl)(1 + Velfld—ds))(1 4 Ye?ifds
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A

d’p dp - _ - - _
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Mesons & Diquarks in PNJL Quark Matter

|Sx(@. q)| exp iy (@, q)]

2u + i(ghs + ¢bg)

1T _
L}X =EFTI.[“[V&/ZS:EI]‘ X= M1 D1D1 'S}_( {I'EH q} - = nx{lzﬂ' q} S}:{GJ + ”11{'} -
g [do déy (@, q)
— daT —{1n (1 = e~{e—ma)/T _ ol ) /T *
k. /{zerfﬂzx{ { Tl
Three color antitriplet diquark channels D,, A=2, 5, 7; correspondingly, chemical potentials are:
po = i+ Hg = 2 — 2ighy Hs =y + pp = 2 —i(hs — oby) P =Byt g =
Q- [ 29 [do i1 = e~@=)/T] 4 Tty <y In[1 — et/ 1Ty 20(@)
o= | 2oy —{ w+Ttryns7nl —¢ |+ Ttry—ss7In[l—e ]}T‘
3
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Mesons & Diquarks in PNJL Quark Matter
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D.B., A. Dubinin, M. Buballa, Phys. Rev. D 91 (2015) 125040



Diquark phase shifts at finite temperature
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Polyakov-loop suppression

D.B., A. Dubinin, M. Buballa, Phys. Rev. D 91 (2015) 125040

of diquark pressure
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Partial pressures in a quark-meson-diquark system
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Mott dissociation of Tt and K in hot, dense quark matter

D. Blaschke, A. Dubinin, A. Radzhabov, A. Wergieluk, arxiv:1608.05383

Andrey Radzhabov in front of the University of Wroclaw



PNJL model for N=2+1 quark matter with m and K

2(17* Dy + o) g +Cs Y |(@\")° + (@ins)"a)’| — U (B[A] BAL:T)

a=0
¥ (q0,9) = QNTZf

7D ’Sf'[PnaP Fffr Si(pn+ qo,p+ El:lrﬂf]

.

o L) s/
Pt g% _ _ 1 EiAz) rp V2,
Uip = 1 Lp s Uip=Thp s Tir = ) (i xide)p/v2,

| (Xe £iA7)sp /V2,

P =% x* K+ K° K°
pe 5" : * :
0y (a0 +1in,0) = 4{I{ (Topg) + I (Topp) F [(go + gy = (mp Fmp )P 1T (2, T pigpe)}
N. [*d
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PNJL model for N=2+1 quark matter with m and K
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'\\ “ | Mott dissociation of pions and kaons
in the Beth-Uhlenbeck approach ...

S I . S D.B., A. Dubinin, A. Radzhabov, A. Wergieluk, arxiv:1608.05383
D.B., M. Buballa, A. Dubinin, G. Ropke, D. Zablocki, Ann. Phys. (2014)

Thermodynamics of resonances (M) via phase shifts

Ao = i [ e [ ot/ o oV

Polyakov-loop Nambu — Jona-Lasinio modell

. 4 . .
H:Ir"rhil. gl = l"JrTEfﬁgtn} [-f'lf':FmF':'rj":r' Sp(pn + a0, p + q_]l"'}:r] .

Fﬂ:[&:‘”. +in,0)=1- EﬂEHﬁT[HH' +in, 0}

=m0 ~23))
' -[ el + im, qll}

/11—

----- - PMIL, crossover

Evaluation along trajectories L 4;’ BNIL first ora
— - - ) i T B, = 0.3 ]
u/T=const in the phase diagram: ;¢ f -
= L
: 2 f
- Pion and a0 as partner states, &/ |

- Chiral symmetry restoration,
- Mott dissociation of bound states,
- Levinson theorem




Mott dissociation of pions and kaons
in the Beth-Uhlenbeck approach ...

D.B., A. Dubinin, A. Radzhabov, A. Wergieluk, arxiv:1608.05383
Polarization loop in Polyakov-loop Nambu — Jona-Lasinio model
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Anomalous low-mass mode for
K+ in the dense medium !!
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ratio

Mott dissociation of pions and kaons in Beth-Uhlenbeck:
Explanation of the “horn” effect for K+/1r+ in HIC?

Ratio of yields in BU approach

defined via phase shifts:
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Evaluation along the freeze-out
Curve parametrized by Cleymans et al.

- enhancement for K+ due to anomalous
in-medium bound state mode
- no such enhancement for K- or pions

- explore the effect in thermal statistical
models and in THESEUS ...

D.B., A. Dubinin, A. Radzhaboy,
A. Wergieluk, arxiv:1608.05383



“Tooth” on the “horn” due to anomalous K+; sign of CEP?

0.30

0.25

0.20

0.15

ratio

0.10

0.05

0.00

0.50

0.40

0.30

ratio

0.20

0.10

0.00

E866,E895
—o— NA49

—&— PHENIX 1
—BE— NA44
—#— STAR

10.

0 100.0
(Snn) 2[GeV]

(Snn) 2lGeV]

- enhancement for K+ due to anomalous
in-medium bound state mode

T [MeV]

T [MeV]

300

100

300

100

| — (S P=15GeV
----- (Sﬂ'N):g:SJ GeV
3 20605 —— (Spn) =40 GeV
M-»,x — (Spn) =8 GeV
- _/'x..x-.
— o
+* M‘- ‘/
/'/ *
/'/. * *
0 100 200 300 400
U [MeV]

100

D.B., A.

200 300 400

Radzhabov, in prep. (2017)



“Tooth” on the “horn” due to anomalous K+; sign of CEP?

ratio

ratio

- “tooth” correlated to the CEP — indicator for CEP !l
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What about K+/mr+ (Marek's horn) in THESEUS ?

2-phase EoS, b= 2 fm

03¢ THESEUS simulation reproduces 3FH result,
o0sh Thus it has the same discrepancy with experiment
n_zf— --> some key element still missing in the program
wF Batyuk, D.B., Bleicher, et al., PRC 94, 044917 (2016)

LRI
osk Recent new development in PHSD

- @

L Chiral symmetry restoration in HIC at intermediate ...”

Vs, GeV A. Palmese et al., arxiv: 1607.04073; PRC 94, 044912

T T T T T T T
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Rolf Hagedorn - Statistical model of particle production

- -

particles with  hadron quark-gluon
proper volume matter plasma

dilute
gas

/‘ 20 60 100 140 T

I (MeY) 1
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Mott HRG / PNJL - effective model

T e acn - P (T) = Pre(T) + % [®;T1
. - - - - fit formula i
0.8 "'*.1, n 2 3
zTIn[1+38(Y +Y*) + Y]
*
E 0.6 * ] =1 & |
e y Y(Ep) = exp(—Ep/T)
0.4 ; - T
: " : U[®:;T) = _“{E )5 +B(T) In(1 — 6&° + 83" — 38
021 lﬁ.*_ =
0_ A L2 VPV T-dependent quark masses from fit to LQCD
100 150 200 250
T [MeV]
m(T) = [m(0) — mo]Ars(T) +ma ,
20
18- ) .
16 - ma{T} = m{T] +my; —my ,
L 14F
% 121 1 T _T
5 o Aps(T [l—tanh( — )]
“g‘ﬁ 8- . { } o
6,
r T. =154 MeV 4+ = 26 MeV
2L
00

D. Blaschke, A. Dubinin, L. Turko, arxiv:1611.09845



Mott HRG / PNJL - effective model
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P 8 o dg(w;y) = 5 +arctan .



Mott HRG / PNJL - effective model

- Mott dissociation of hadrons (here pi, K) at the
Chiral restoration temperature T_c = 153 MeV

- Asymptotic behaviour of quark-gluon

| ! |
I‘:_. PHILL
I':_. MES, stamdard KL
P_, MPS, peneralized BU
Ilr.' PMIL.
I'“. M5, standard BU
P MPS, generalized 1510

Pressure can be adjusted with rescattering

Parameter gamma

- Very good correspondence between lattice QCD
Thermodynamics and improved MHRG/PNJL model;
Hadronic and partonic contributions quantified

D.B., A. Dubinin, L. Turko, arxiv:1612.09556

T | | T T T
Borsanyi et al. (2014)

Bazavov et al. (2014)
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Borsanyi et al. (2014)
Bazavov et al. (2014)
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Summary:

- Beth-Uhlenbeck EoS accounts for hadron formation and dissociation (Mott effect)
Inverse: Mott-Anderson hadronization !!

- New modes in medium due to Bethe-Salpeter dynamics (e.g., K+)

- Problem: No backreaction of mesons (hadrons) on the quark (gluon) meanfields
— selfconsistent approach necessary!
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PARTITION FUNCTION FOR QUANTUM CHROMODYNAMICS (QCD)

e Partition function as a Path Integral (imaginary time r =it,0 <7 < 3=1/T)
ZIT,V.p) = [ DIDYDAC {— / ar | &' Lacow. ¥, AJ}
« QCD Lagrangian, non-Abelian gluon field strength:  F; (A) = 8,A%v — 8, A%+ g f*[A}, Aj]
Lacn($, %, A) = Blir*(8, — igAu) —m — 7l — ZFa (A)Fo+(4)

e Numerical evaluation: Lattice gauge theory simulations (hotQCD, Wuppertal-Budapest)

15[ ®Stetan-Botzmann 2] e Equation of state: =(T') = —9InZ[T, V, u| /85 (1/V)
I , = - = ¢ Phase transition at 7. = 155 MeV
o =T ’ .
& 10 . ] e Problem: Interpretation ?
% I = |« B:10072580 i 9 . .
i = g e/T* = =N, ~ 1 (ideal pion gas)
! ; see st T T e/T* = g—;{Nﬂ'-l—%ﬁth] ~ 15.6 (quarks and gluons)
o e ] « Hadron resonance gas
0 100 200 300 400 500 600

T [MeV]



CEP in the QCD phase diagram: HIC vs. Astrophysics

i

A. Andronic, D. Blaschke, et al., “Hadron production ...”, Nucl. Phys. A 837 (2010) 65 - 86

NuPECC Long Range Plan 2017; http://www.nupecc.org




ENSEMBLES AND PARTITION FUNCTION

e microcanonical ensemble: isolated system, fixed energy E, particle number N, volume V
e canonical ensemble: system with a heat reservoir at temperature T'; fixed: T, N, and V

e grand canonical ensemble: system can exchange particles and energy with a reservoir.
fixed variables: T, V, and the chemical potential

System: Hamiltonian H and conserved number operators N; (hermitean, commute with H)
In relativistic QED: N. = N._ — N_, is conserved, not N._ or N., separately.

o statistical density matrix is: p = exp [—,ﬁ (H — mﬁi]] :
e ensemble average of an operator A is given by: A = TrpA/Trp .
e grand canonical partition function is: Z = Trp .

The partition function Z = Z(T, V, u1, p2, . . .) 1s the single most important function !
From it all other standard thermodynamic properties may be determined:
P=TomZ/8V , (pressure) N;=TélnZ/0u;, (particle numbers)
S=0(TInZ)/oT , (entropy) E=—PV +TS + u;N; , (energy)

Note: Extension to the nonequilibrium situation possible; generalized Gibbs ensemble

Nonequilibrium characterized by further observables, e.g., currents or reaction variables.
relevant statistical operator =—> Zubarev formalism.



PATH INTEGRAL APPROACH TO PARTITION FUNCTION

Partition function quantum statistics: sum over all (eigen-)states.
Z=Tre 2w [ g, g, fe-i-nig,)

Similar to the transition amplitude (time evolution operator) in Quantum Field Theory,
Introduce imaginary time variable T = i t with integration limited to 0 < 7 < 3.
For system with conserved charges N (w, ¢), make the replacement

HI:?T: ‘;ﬂ] — ‘K:l:ﬂ-? !;b:l - H{ﬂ1¢} o w{ﬂ1¢} ?

Representation of the partition function Z as a functional integral

Z=fﬂ?r/;ﬂiﬂdicﬂgbexp{£ﬂ[d3$ (1‘ ﬂ%—ﬂ{ﬂ,d)}%—ﬂ{ﬂ,d)))} .

“Periodic™ field integration constrained, so that ¢(7,0) = ¢(Z, 3)

Key lesson:
Quantization: Path integral over all admissible (constraints!) classical field configurations;
Statistical operator quantization on the other hand requires introduction of field operators.



PARTITION FUNCTION AS A PATH INTEGRAL - EQUIVALENCE

Be 1;5[:&‘: 0) a field operator in the Schrodinger picture at time ¢ = 0 and 7 (Z, 0) the corresponding
canonically conjugated field momentum operator. For eigenstates | ¢) of the field holds the
eigenvalue equation

H(T,0) | ¢) = ¢(2) | ) ,

where ¢(7) is the “eigenvalue” corresponding to the field operator. For the eigenstates of the
fields completeness and orthonormality shall hold

[d0@) 16061 = 15 (6] 61 = 616(@) - u(@)]
For the field momentum operator and its eigenstates | 7) holds analogously
m(Z,0) | m) = =(Z) | m)
[S2imEl =15 (ra] m) = Sma(@) — mu@)

The transition amplitude between coordinates and momenta eigenstates (z | p) = exp(ipz) is
generalized to the quantum field theory case by

@1m) =i [ Err@o@| .




PARTITION FUNCTION AS A PATH INTEGRAL - EQUIVALENCE

For a dynamical description of the system we require the Hamiltonian operator

i— f deH (7,4)

Consider the state | ¢,) at t = 0, which at a later time ¢; has evolved to etfr | ¢,). For the
quantum statistical partition function, the system returns at ¢ = ¢, to the initial state at ¢t = 0.
The time interval (0, t7) is decomposed into equidistant parts At = t;/N. Ateach time step we
introduce a complete set of field and field-momentum states

N

. —i . Ef?T{d i . —i .
(fa | €71 | da) = m ] (H ’ ) (da | Ti)(mw | €720 | o) (v | 1)

2T

i=1

x(mn-r [ €A [ gnor) x o x (ga | m)(m | €7 | 1) (61 | da)

We make use of the following expressions
(@1 | @a) = 6(1—a) i (Pit1| ) =exp [i/dg-’ﬂ Wi{f}¢i+1(f}] :
For At — 0 the exponential function can be expanded with H; = [ d*zH (m;(), ¢:(T))

(m: | e8| ¢) = (m | (1— HAR) | ¢i) = (mi | 6)(1 — Hidt) = (1 — H;At)exp [i_fdﬂx ﬂi{f)abf(f}]



PARTITION FUNCTION AS A PATH INTEGRAL - EQUIVALENCE

Taken all expressions together yields

’ 7 dmds: ) - - |
@ule ™16 = Jim [ (H Zf)ﬁmlaﬁaje@{w; [ dalpim, 0 - 20y

N-ooo .
i=1

Here holds ¢y .1 = ¢, = ¢;. In the continuum limit we obtain

Qﬁ{f,if]=:¢"'u

t_l.- |
(9o | € | 6a) = f Dr Déexp |i f dt / d%(w%—?{{qﬁ,ﬂ)
' ’ ) () '

B(L,0)=¢q

Dm and D¢ stand for the Functional Integration over fields and their conjugate momenta.
The result for the partition function reads

Z = f[d’.‘-" f[dgb exp (fd?’fdsi' (n‘r—— (m, @) + paNi(m, qb])) (1)

The index + stands for the symmetry (antisymmetry) of the Bose (Fermi) fields at the borders
of the imaginary time interval: ¢(z, 0) = +¢(Z, ).



EXAMPLE: NEUTRAL SCALAR FIELD

The most general renormalizable Lagrangian for a neutral scalar field is
L= %’#gbu':?“ii: — %migbi — U(¢), with the potential U(¢) = go” + Ag* |

and A > 0 for stability of the vacuum. The momentum conjugate to the field is
oL  0¢
d(6pd) Ot

';T]' e
and the Hamiltonian is

9 o 1o Lo 1,
'H—?rdt E—Eﬂ +2[?{;&]+2m¢ +U(g) .

There is no conserved charge.
The first step in evaluating the partition function is to return to the discretized version

Z = lim ( f dr, f )
N—co eriodic

exp{z [ 2 [imiy0— ) - ar (e + (wjuémiqbfww)]}-

The momentum integrations can be performed since they are just products of Gaussian inte-
grals.




EXAMPLE: NEUTRAL SCALAR FIELD

Divide position space into M? little cubes with V' = L3, L = aM, a — 0, M — oo, M an integer.
For convenience, and to ensure that Z remains explicitely dimensionless at each step in the
calculation, we write 7; = A;/(a* A7)"/? and integrate A; from —occ to +oo. For each cube we

obtain

= dA; 2 a*\"? _ —1/2 —0% (1 — ¢;)°
f—mﬁ exp [__A o (&T) (b1 — ¢j)A;| = (2m)""exp AT '

Thus far we have

. M dq!l)i, 1 l d}jl 2 ]. 1
—  lim N j s | _L((@i1=8)\ _Losp L oon oo
- *"f=1*“l'-r—*f=°f [H 'Van MJ P{ Tzfd [ 2( AT ) Vi) —5mé; = Ules)

Returning to the continuum limit, we obtain

B
VA zN'/ Do exp (f dedE:::f,) .
periodic 0

The Lagrangian is expressed as a functional of ¢ and its first derivatives.
Z is expressed as a functional integral over ¢ of the exponential of the action in imaginary

time.
The normalization constant is irrelevant, since multiplication of Z by any constant does not

change the thermodynamics.

|




EXAMPLE: NEUTRAL SCALAR FIELD

Consider the case of noninteracting fields U(¢) = 0. Interactions we discuss later. Define

/ d’*rfd%ﬁ-——f d'r[d.ﬂ K ) (v¢}2+m2¢1 .

Integrating by parts and taking note of the periodicity of ¢, we obtain

__f dfrffm(_——vum)@

The field can be decomposed into a Fourier series according to

where w, = 2mnT, due to the constraint of periodicity that ¢(z, 3) = &(Z,0) for all z.
1
S=—8> D (wn+w)ou(@)Sr(p) , w= VP +m?
no g
The phases can be integrated out to get

Z = N',I; { / " dAL(P) exp {—%ﬁg{wi + mE}Ai(ﬁ}] ] — N'I 005 [2n /(B2 (w? + w?)] 7 .

— OO



EXAMPLE: NEUTRAL SCALAR FIELD

Ignoring an overall multiplicative factor independent of 5 and V,
Z = M,1; [f*(w) + w?)] 2

More formally one can arrive at this result by using the general rules for Gaussian functional
integrals over commuting (bosonic) variables,

J = N’f’ﬂqﬁ exp [—%(q&: Dqﬂ]} — N'constant(det D)~/?

where D = §%(w? + w?) in (P, w,) space and (¢, D¢) the inner product on function space.
1
nZ=—3 Z Z In [B*(w) +w?)] .
n P

2, @2 2 FE e 2
Trick :  In[(2mn)® + B%w?)] = /1. & 1 @mp +In 1+ (2mm)?] ,

The 5— independent term can be ignored. Furthermore,

i 1 _2?1’2(1_'_ 2 )
n?4+(0/2m)2 6 @ -1/

—io0




EXAMPLE: NEUTRAL SCALAR FIELD

Hence we arrive at

ijwde( 1) .

Carrying out the © integral, and throwing away a j— independent piece, we finally arrive at
d*p 1 Y
InZ = Vf 2n)? [—iﬁw —In(1 —e” ]] ?

from which we obtain immediately the well-known expression for the ideal Bose gas (u = 0),
once we subtract the divergent expressions for the zero-point energy

d d*p w
ED=—%HZQ V\[{E}§1

and for the zero-point pressure

Ey
P;] TW In ZD = —? .

which are typical for the quantum field-theoretical treatment. With this subtraction the vacuum
Is defined as the state with zero energy and pressure.



PARTITION FUNCTION FOR FERMIONIC FIELDS

Dirac fermions are descibed by a four-spinor field ¢» with a Lagrangian density

_ ]
L = P(ig —m)p = ¢y’ (i’rﬂﬁﬂf-?—m)%ﬁ-

The momentum conjugate to this field is

G oL
NG E R

because 1°+” = 1. Thus, v and ¥'' must be treated as independent entities in the Hamiltonian
formulation.

o 8\ _ 3
H:n;: ;:—u( )w-ﬁ=¢{-ﬁ-?+m}¢=

and the partition function is

7 =Tre AH —1Q)

with the conserved charge @ = [ d*zT1). The path integral representation is

fﬂuﬂqpexp [f dede (—":r—-|—1"]|" V- m+,u:‘;r'”)t_¢:]



PARTITION FUNCTION FOR FERMIONIC FIELDS

As with bosons, it is most convenient to work in (7, w, ) space instead of (7, 7) space, i.e.,

3 3 1/2 oo o i
ba@n)= () X L,
n=—oo p

where now w, = (2n + 1)7T due to the antiperiodicity of the (Grassmannian) Fermion field at
the borders of the fundamental strip 0 < 7 < 3 in the imaginary time, ¥(z,0) = —¥(Z, 5).
Now we are ready to evaluate the fermionic partition function (2),

e’ , O = zz iﬂ"i;n{ﬁjﬂapﬂ"p:n[p_} )
nop

D = —if [(—iwn +p) =17 -F—m"] | (2)
using Grassmannian integration of Gaussian functional integrals, we obtain
Z =det D.

Employing the identity Indet D = Trln D | and evaluating the determinant in Dirac space ex-
plicitly (Exercise !), one finds

InZ = 22:111 {87 [(wn +ip)* + 7]} .



Exercise: Calculation of Dirac determinant  det(v,p, —m*)  py = i(w, + ip)




+oo

+ o0
Exercise 2: Show that 2 Y @’ + (w,+iw)? = Y {nAw) + (w— w)’] + Wl + (w+ )]

Th— — 20 FL—— 00




PARTITION FUNCTION FOR FERMIONIC FIELDS

Since both positive and negative frequencies have to be summed over, the latter expression
can be put in a form analogous to the above expression in the bosonic case,

InZ = Zz {In [8* (w — )] +In 8% (w2 + (w+p)?)]} -

In the further evaluation we can go similar steps as in the bosonic case, with two exceptions:
(1) the presence of a chemical potential, splitting the contributions of particles and antiparti-
cles; (2) the Matsubara frequencies are now odd multiples of # T, so that the infinite sum to be
exploited reads

SRR BT
2n+ 1224602 6\2 241/

Integrating over the auxiliary variable ©, and dropping terms independent of 5 and p, we finally
obtain

d*p |
— I/ r —B{w—p) — B {w+p)
In Z =2V f 2y [B.u +In(1+e )+ In(l1+e ]] :
Notice that the factor 2 corresponding to the spin-; nature of the fermions comes out automat-
ically. Separate contributions from particles () and antiparticles (-u) are evident. Finally, the
zero-point energy of the vacuum also appears in this formula.



INTERACTIONS: HUBBARD-STRATONOVICH TRICK

A general class of interactions for which the Hubbard-Stratonovich (HS) transformation is im-
mediately applicable, are four-fermion couplings of the current-current type

Lins = G(Y1)* . 3)

A Fermi gas with this typ of interaction serves as a model for electronic superconductivity
(Bardeen-Cooper-Schrieffer (BCS) model, 1957) or for chiral symmetry breaking in quark mat-
ter (Nambu—Jona-Lasinio (NJL) model, 1961).

The HS-transformation for (3) reads

52
exp [G(YY)*] =N /I}cr exp LG + ’t;ftpu:r]

and allows to bring the functional integral over fermionic fields into a quadratic (Gaussian) form
so that fermions can be integrated out.

This is also called Bosonization procedure.



Walecka (¢ - w) model of asymmetric nuclear matter
(Functional integral approach)



Walecka model for dense nuclear matter (1)

Meson exchange model Feynman diagrams for m—
example: scalar (o) meson exchange
B S
(~A+m)o(?) = —go(F) \ 1 27,
gg e—mgr -
= = —
o) 47 r
T udd uduy
o g e = n
Vin(r) = go(r)=—,°
amor NN- Potential

Meson & | S| M[MeV] |

O xE 0~ | 1| 0 140 3 20 v |

o ot | o] 0| =500 v |

K K® | 0™ | 1/2 | £1 495 - (PO

n 0~ 0 0 550 § O it

N -

0° p 1 1| o 770

W 1~ 0 0 780

0 ot 1 0 900 s '




Walecka model for dense nuclear matter (I1)

Field theoretical formulation: Lagrangian and Path Integral for Partition Function

B=1/T
ak( T,V {ui}) f[dw][dw] exp / dT/ E.[}—I—,C,r—l—,u,p'-la' Uy, + paWrW,)

_ G G,
Lo(T,x) = W¥(r,x) [i-map — mm} v(r,x) , Ly(T,X) =j{,;# {T,X}?wjm“{'r, %) — jal(T, x)?afcr{'r:-’f]

— Un, 1
D = VAU (), | el Neutron
Jwp (1.X) = E(T:x}’}‘ﬁw{ﬂ X) ¥p ) E"’ I Antineutron
[in = ip —  symmetric nuclear matter

ptn #0; pp =0 — pure neutron matter
Itn = |ip + [tle— — neutron star matter (/3-equilibrium)



Walecka model for dense nuclear matter (I1)
Evaluation of the Path Integral: Hubbard-Stratonovich trick

exp (_ (W) & (W)) _ (det G21)? / [do] exp (% i gw)

Effective action quadratic — Gaussian Path Integral

s= [Tar a3 V(X,T) 9 s + vou + W(z )+_”2 Wy
_/{;. T | d°% XaT("]r‘ﬂE iV — my +Yop + o ’mwp) ,7)+ o 26,

Fourier representation: W(X,7) =4/ % 2on25 e/ PXHen™)r(B) , with wpn=7T(2n+1)

e} - H .
/ dr | d*% V(x, 1) (—’}‘ug + YV — my +yop +0 — "}’{}wu) V(x, 1)
0

’ v sfr= il
0 . L

n,n' B,p

= B2 VaB)(—vupu = my)¥a(P) =D > Wa(P)G o, wol Va(P)

p 2
Effective mass my, = my — o, chemical potential 4* = p — wp and quasiparticle propagator

L3

G_i[‘f:w] = _ﬁ(’r‘#Pﬂ‘l’mR’) y PO = lwp —



Walecka model for dense nuclear matter (V)

Evaluate fermionic Path Integral and mean field approximation:

E“? ngorn B) [o,wo]W¥a(B)

Zg(T,V {wi}) = N]] f [ﬂ'mn{ﬁ)][d‘“n{ﬁ)][dcf][dwn]e{
n,p

_ f[d I[dwo {TI G—1[o,wo] + AN }

= ol[dwp]exp 5 Tr In o, Wo 2G, 26,
EE E

— exp{Tr In G~ Y[z, w0] + G 262;.“ }

Stationarity condition: 8InZg /06 = 8InZ, /0wy =0 corresponds to " gap equations” :
g = —Gg1Ir G[E,Eﬂ]: Ge Ns . E{]:—GMT.*'T[]G[E}EQ]: Gwn .

Thermodynamics: Q2(T,V,pu)=—TInZg4 = —pV

p(pt.,. T} = %Gwnz _ %ngg 1 4Tf [|n (1 + E—JE(E*_;L*]) “n (1 I E_‘E(E*_F'”'*])}

p
(2m)

daﬁ r % * daﬁ mN r % * * 1
n=4f (2n)3 f_(EY)—f=(ET)] , n5=4f 2 E* f_(E") — fr(E™)] , fo(ET) = BT

)41

Quasiparticle properties E* = \/ — mr-..' : = mp — Gons, p* =p — Gun



Walecka model for dense nuclear matter (V)

Evaluate Traces: TrinG—1 = trptrp In G—1= trp Indetp G—1 = >on Zﬁln detpG—1

Scalar mean field

a

Vector mean field

Matsubara sums

_G?Tr G[E:- mﬂ]

d3p
_2GUTZf {277’; trp [yppp — (m—a) + ivo(p — E)]_l

d3p m*
2G5 T
Y &5 (Frrrierr)

c d*p m* 1 N 1
) (2r)3 Ex \eBE"—n1") 41 eBE*+r*) 41

Gcr Ng

— — Gﬁu Tr Yo G[E! El:']

_ . d*p 1 B 1

T ) @r)3 \eBET—nT) 11 eBETHRT) 41
= Gygn

Exercise!!



Walecka model for dense nuclear matter - results

Effective mass

I Energy per nucleon I Pressure

|:| i |

i | i i
0 01 02 03
g, [fin”]

04 0.5

>

Efmy, - m, [MeV]

401

|
120 i = =—— (1.0
P02

1

P [MeV fin ']

""|""|""|:'_F'.l"
1-2n_in = =—— (L0 i Do
PR ee 02 o0
c—-- 4 J Sl
- =06 P
g

ﬂ..

PO I S N S T B T S S
0.05 0.1
g, [fin]

Symmetric nuclear matter (n,/ng = 0.5) saturates with a binding energy per
nucleon of 16 MeV at ng = np, + n, = 0.16 fm™>. Increasing the asymmetry
towards pure neutron matter (n, = 0) makes the system unbound.

See, e.g., Kapusta’s book " Finite temperature field theory”

for the nuclear liquid-gas phase transition.



Relativistic density functional approach
to quark matter - string-flip model (SFM)

M.A.R. Kaltenborn, N.-U.F. Bastian, D.B. Blaschke, arxiv:1701.04400 v3
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Relativistic density functional approach® (I)

B
Z = /D@Pgexp{/ d'r/ d*z [Log —|—q§fm,ﬂ:q]} , = (gz ),. o = diag(pu, pa)
0 1%

— ) d .= . ) .
Lot = Lfree — U(QQ:Q‘TDQ) ) Cﬁee = q(—”}’gngm“V—m)q, m = dlag(mu,md)

General nonlinear functional of quark density bilinears: scalar, vector, isovector, diquark ...
Expansion around the expectation values:

U(‘E’a [i’]"l]{i') — U(nsaﬂ’v) _|_ (Eq T HE)EE +('§TD§' T nv)zv + ... 1

e T o _ 9U(qq,q09) _ OU(ns,ny)
(q9) = ne= ) mep=- ; ?a_nwlnz’ e = 0@q) lggmn, ~ Oms

_ T 8 oU (qq, 3v0q) OU (ns, nv)
= ! = ! = - IDZ,. E"J — : - |
(@0q) = ny= ) nuy Z V Ou; 37109)  |z0q=n, Ony

Z = /D*?PQ' exp {Squasi|q, q] — BV Ons, ny]} , Olns,ny| = U(ng,ny) — Lsns — Lyny

Squasi Q:Q] JBZZQG (Wn,P) q, G_l(wn,ﬁ) = vo(—tw, +4°)—7-p—m"

*This work was inspired by the textbook on “Thermodynamics and statistical mechanics” of the
“red” series on Theoretical Physics by Walter Greiner and Coworkers.



Relativistic density functional approach (ll)

Z = /‘qu exp {Squasi [q_a {ﬂ — ‘BVG[HS,RV]} ’ e[ns,nv] = U(ﬂs,ﬂv) — Esns — Evn‘v

2 quasi = /@@Dq exp {Squasiq. 4} = det[8G71] , Indet A = Trln A
T _ ) , L
Pouasi = % In Zuasi = ?Tr In[BG 1] no sea” approximation ...
3
— N, Y D {Tln [1 n e—f’{EF—”?)} +Tn {1 + e_ﬁ{E}ﬂ*}}} }
(2m)3
f=u.d
dp p* R . E} = /P> +m}*
Pouasi = Z /EE* [f(Ef—ﬁf)—Ff(Ef‘Fﬁf)] \/
—p ; F(E) = 1/[1 + exp(BE))
PE.f ] 1 "k s
P = Z / _Ep_*_e[nsrﬂv]ﬂ E?F.,f=\/ﬁ}2—m}2 '”E’ —”:T**"‘Es
f=u.d 0 T Ef a*=pn—x,
Selfconsistent densities
B oP 3 PR M} _ oP _ 3 'PFJd 2 _ Do + Do g |
ng = — f;d a.m-f T '?T? f;w.d\/‘u dp;'j E} 1 Ny f;d 3."—‘:}’ T2 f;dL Pp 2




Relativistic density functional approach

600

Density functional for the SFM

500
bnd

U(ns,ny) = D(:-*L,,):fl?:3 + {m?, + T A

2 3
cns
Quark selfenergies

2
P D(n‘,}n;lﬁ :

_ Quark “confinement”
Abn3

aD(nv) 2/3

TIS
on.,

3
0 Zbcnﬁ

Py = 2any + 1+cn2 (14 cn2)?

String tension & confinement
due to dual Meissner effect
(dual superconductor model)

D(ny) = Do®(ny)

Effective screening of the
string tension in dense matter
by a reduction of the available
volume a = v|v|/2

1,

d(ng) = {e

if ng < no

—a(ns—no)®  if o s ng
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3. Phase transition to SFM quark matter

Pressure IME'\-’H'mJI

Hadronic matter: DD2 with excluded volume [S. Typel, EPJA 52 (3) (2016)]
1 ifng <n
B, =0, ={ , o=
e~z (mB—m0)"  ifng > ng
Varying the hadronic excluded volume parameter, p00 — v=0, ... , p80 — v=8 fm”3
300 T T T 300 I T | | |
— DD2p00 — DD2p00
— DD2p20 — DD2p20
-|- — DD2p40 N |- — DD2pd0
— - DD2pt0 _ — . DD2p60
2001, QEed ' "E 200 222
%
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=
100r E 100
0 10 - Dm0 1500 0

e [MeV/fm’]



Hybrid EOS - parameters
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Quark Pauli Blocking in Nuclear Matter



2. Pauli blocking among baryons

Q:;ﬁ (g‘g‘* @ a) Low density: Fermi gas of nucleons (baryons)
L& a®
T, re e
@9 &) &)
b)

b) ~ saturation: Quark exchange interaction and
Pauli blocking among nucleons (baryons)

c) high density: Quark cluster matter (string-flip
model ...)

Roepke & Schulz, Z. Phys. C 35, 379 (1987); Roepke, DB, Schulz, PRD 34, 3499 (1986)

Free quark  Nucleons (baWO”S) nmedium — Nucleon (baryon) self-energy --> Energy shift

in medium

l ( N\ A" =3 |4,p(123) [ [E(1)+E(Q+E(3)=Ep][fa, (1) +f4,(2)+f4,3)]
123
j(i :{ +3 3 Urp 1230, p(456)f 3 EYp ) Bustbyp( 12305 p(456) —th, p(453 )by 126)
e 123 456 +v'P°
Lii ] Thitd }{[E“:|'+E'[2'H'E{3}+E[4}+E{5}+E{ﬁ}_EEP_E?’P']
T T T _ &El’;ﬂi.fm + JM-ll'jami.mun.d _

One-quark exchange Two-quark exchange
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2. Pauli blocking among baryons - details
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2. Pauli blocking in NM - details

New aspect: chiral restoration --> dropping quark mass
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Increased baryon swelling at supersaturation densities:
--> dramatic enhancement of the Pauli repulsion !!

D.B., H. Grigorian, G. Roepke: “Quark exchange effects in dense nuclear matter”, in prep. (2017)



2. Pauli blocking among baryons — results

New EoS: Joining RMF (Linear Walecka) for
pointlike baryons with chiral Pauli blocking
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2. Pauli blocking among baryons — results
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2. Pauli blocking in NM - results neutron stars
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2. Pauli blocking in NM - nucleon excluded V.

New aspect: chiral restoration --> dropping quark mass
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D.B., H. Grigorian, G. Roepke: “Quark exchange effects in dense nuclear matter”, in prep. (2017)



2. Pauli blocking in NM — Summary

Pauli blocking selfenergy (cluster meanfield) calculable in potential models for baryon structure
Partial replacement of other short-range repulsion mechanisms (vector meson exchange)

Modern aspects:
- onset of chiral symmetry restoration enhances nucleon swelling and Pauli blocking at high n
- quark exchange among baryons -> six-quark wavefunction -> “bag melting” -> deconfinement

Chiral stiffening of nuclear matter --> reduces onset density for deconfinement

Hybrid EoS:
Convenient generalization of RMF models,
Take care: eventually aspects of quark exchange already in density dependent vertices!

Other baryons:

- hyperons

- deltas

Again calculable, partially done in nonrelativistic quark exchange models, chiral effects not yet!

ivisti it ; ; ; 2 — ;0,1 :
Relativistic generalization: gt 5 i L L

Box diagrams of quark-diquark model ... F & -
A _ _ _
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K. Maeda, Ann. Phys. 326 (2011) 1032 : ? == > " 5
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M-R relationships for hybrid stars —
High-mass “twin” stars



Two high-mass pulsars with M ~ 2M_

M=2.01 +/- 0.04 Msun M=1.928 +/- 0.017 Msun

PSR J0348+0432 * PSR J1614-2230

; At T 'II-
Antoniadis et al., Science 340 (2013) 448

Demorest et al., Nature 467 (2010) 1081
Fonseca et al., arxiv:1603.00545

What if they were high-mass twin stars?
— radius measurement required ! — NICER (2017)



Two high-mass pulsars with M ~ 2M_

Neutron Star Hybrid Star

Hadronic matter Hadronic and Quark matter
Mstar =2.0 M, Mgtar =2.0 M,

Rstar =13.9 km Rstar =11.1 km

unark—core = 7.36 km



Motivation — Neutron stars (Twins?)

o e r et T« Star configurations with same
2.4 ?bgf* 3o 26 o N - masses, but different radii
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Benic, Blaschke, Alvarez-Castillo, Fischer, Typel, A&A 577, A40 (2015)



Support a CEP in QCD phase diagram with Astrophysics?
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Crossover at finite T (Lattice QCD) + First order at zero T (Astrophysics) = Critical endpoint exists!




1. Constant speed of sound (css) model

Alford, Han, Prakash, arxiv:1302.4732

First order PT can lead to a stable branch of

=
hybrid stars with quark matter cores which, @
depending on the size of the “latent heat” a
(jump in energy density), can even be >
disconnected from the hadronic one by an L%
unstable branch — “third family of CS”.
2.5
[ 2
2- ﬂE}'!Ean = 0.3 Cam = 1 4
T - Nerit = 4.0Ng
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Measuring two disconnected populations
of compact stars in the M-R diagram would
be the detection of a first order phase
transition in compact star matter and thus
the indirect proof for the existence of a
critical endpoint (CEP) in the QCD phase
diagram!



Key fact: Mass “twins” < 1storder PT

HLPS + CSS8(c’=1)

Pliransf Mo
20 30 40 50 Newy 6.0
| |

0 ﬂ:l ﬂ:l 0:3 ﬂ:"-‘- U:S D r,r’,E -
(a) Prrans Etrans (b) Hans / ~rans

Systematic Classification [Alford, Han, Prakash: PRD88, 083013 (2013)]

EoS P(g) <--> Compact star phenomenology M(R)

Most interesting and clear-cut cases: (D)isconnected and (B)oth — high-mass twins!



"Holy Grail” -
High-Mass Twin Stars
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Twins prove exitence of disconnected populations
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High mass twins:

more examples !

T | T T T | T T T
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- high-density quark matter slightly stiffer eta_v=0.25
DB, Alvarez, Benic, - the scaled energy density jump (0.65) fulfills the twin
arxiv:1310.3803 condition of the schematic model by Alford et al. (2013)

Proceedings of CPOD 2013 — Astronomers: Find disconnected star branches !!



2. Piecewise polytrope EoS - high

Hebeler et al., Apd 773, 11 (2013)
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2. Piecewise polytrope EoS - high

Hebeler et al., Apd 773, 11 (2013)
Pi(n) = fgnt
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2. Piecewise polytrope EoS — high mass twins?
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Third family solutions in the 2M_sun mass range (HMT) exist !! [aDrx,?JVf\;ggg;g;ql? &D.B.




3. Density functional approach to quark matter
[M.A. Kaltenborn, N.-U. Bastian & D.B., arxiv:1701.04400]
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3. Density functional approach to quark matter

Pressure IME'\-’H'mJI

Hadronic matter: DD2 with excluded volume [S. Typel, EPJA 52 (3) (2016)]
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Hybrid EOS - parameters
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Hybrid EOS - parameters

a, a,b
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Hybrid EOS - parameters

o, a, b
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3. Density functional approach to quark matter

Varying the 4-quark coupling parameter a
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Towards “measuring” the EoS in the T — mu plane
(QCD phase diagram)
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Towards “measuring” the EoS in the T — mu plane

(QCD phase diagram) :
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A. Kurkela, E. Fraga, J. Schaffner-Bielich, A. Vuorinen,

Astrophys. J. 789 (2014) 127



Conclusion:

High-mass twins (HMTs) with
quark matter cores can be
obtained within different
hybrid star EoS models, e.g.,
- constant speed of sound

- higher order NJL

- piecewise polytrope

- density functional

HMTs require stiff hadronic
and quark matter EoS with a
strong phase transition (PT)

HIC A - HP D {callidar )

- MIC & - EMGHN (muclotron)

IR

g

Existence of HMTs can be verified, e.g., by precise compact star mass and
radius observations (and a bit of good luck) — Indicator for strong PT !!

Extremely interesting scenarios possible for dynamical evolution of isolated
(spin-down and accretion) and binary (NS-NS merger) compact stars

Critical endpoint search in the QCD phase diagram with Heavy-lon
Collisions goes well together with Compact Star Astrophysics
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International Conference “Critical Point and Onset of Deconfinement”
University of Wroclaw, May 29 — June 4, 2016
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csL  CFLK : :
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o
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Solution of tasks



Exercise: Calculation of Dirac determinant det(’?/’;;py —m") , o =

i(wn + i)

Solution: 1. Use explicit form of gamma matrices (and Pauli matrices)

P 1 0 . P 0 a;
i 0 —1 p | M —0; 0

(0 1) (0 =i\ (10
77\ 1o0) 27\i o) 2T lo -

2. Write down the determinant

(po — m™) 0 ps (1 —ips)

VP — m*|| = 0 (po — m”") (p1 + ip2) —P3

—ps (—=p1+ip2) (—po—m*) 0

(—py — ips) D3 0 (—pg —m")
3. Determine the subdeterminants Di= —(m+m) (i +m’—p)
D5 = D3 (ﬂe +m? — j)ﬁ)
Dyy= —(p +ip2) (ﬁz +m*? - j')g)

4. Calculate the determinant according to standard rules

||’T";ai"l’;¢ - 'm.*H = (po— '”"-*)Dll +p3Diz — (pr — 5F?2]DL4
—pﬁ + j)% + pa + j}ﬁ + -m.*'z) (;ﬁg +m*? — pg)

, 12 : , .-
5. Result: = {wz + (wn + .!,u)z] 1 w? = PF4+m*




+oo

+ o0
Exercise 2: Show that 2 Y @’ + (w,+iw)? = Y {nAw) + (w— w)’] + Wl + (w+ )]

Th— — 20 FL—— 00

Solution: 1. Consider an analytic function F(z ) where z, = (iw, — u), with w_=(2n+1)mT
+oo

l
| > F((u,u i) ) Zf( (wy, + i) )+. 3 F((wn—}—-iy.jg)
1 o0 ad oo
> Fllwnt+iw?) = Y F(watin)?) = Y F(@aatin)?) = > F ((~wn1 —i)?)
Th— — 00 = =0 n—i)
2. For the fermionic Matsubara frequencies holds —w , 1 = =77 (2(—n - 1)+ 1) =aT(2n + 1) = w,

Zm F((“J’-rs+'i!1)2) = Zr(wn-i--’,u )—FZF( n— 1) ) Zf(u,njLz,u ) Zf*(mnjL-iy]?‘)

= —00 F=t1] =10 =10 =10}

= 2ZHGF( ,5+r,u])

=i}

3. Using this relationship based on the symmetry of the Matsubara frequencies, transform:

+o0 +o0
2 Y W@’ + (w,+ip)?] = 4> Re In[(w” + w) — 1) + (2w, )]

= — ¥ =0}

+00
= 2% In@P[(w’+w) — 1) + (2wup)’]

n—0

_ zzﬂ{lndm + (@ = p?) + In P2 + (w + 1))}
= Y (Bl + (@ - @)+ Wl + (w0 + 7))

Th——12%2




BOSE-EINSTEIN CONDENSATION: CHARGED SCALAR FIELD

Consider a complex scalar field (two real components ¢, ¢):

O = (¢ +id2)/V2, O* = (d1—id2)/V2
L=0d,970"P — m*®*® — \(d*P)?

with U(1) symmetry: & — $de**, where «a is a real constant.
Noether theorem: continuous symmetry — conserved current

L L = 8,0 ) (0'de ")) — m?0*d — \(0*D)?
= L+ &*®d,a0"a + i8,0(D* "D — P5*D")
Equation of motion for the “field” «(z)
ac’ oL
aﬁa(ana) ~ da

Since 9L'/da =0 follows a conserved “current™ dL'/d(0"a) = ®*®d,a — i9d,P* +iD*0,P .
Recover original field theory by setting o« =constant. Then

ju = i(®°8, — $8,8%) , 8, =0
Full current: J, = [ d*zj,(z); conserved charge: Q = [ d*zj(z)




BOSE-EINSTEIN CONDENSATION: CHARGED SCALAR FIELD (2)

Decompose the complex ® = (¢, + id,)/+/2 into real and imaginary parts: ¢, ¢,.
Conjugate momenta: m; = d¢,/0t, m = doy /0t
Hamiltonian density and charge:

H= % [T+ + (V6" + (Véo)" + mPdp + migy| + %{qﬁ? +43)", Q= / d’z(¢ym — ¢1my)

The partition function is

B
= f[dﬂl][d?‘fz] |dé1][debo] exp [f d'z (Wl% + mi% — H(m, m2, 1, 4a) + plams — élm})]
periodic T

Integration over conjugate field momenta can be done with the result:

Z = (N'Y /pemdmldﬁf’ ffﬁf’z]e}fp{f d'z] (?1 —1 ﬂf’z)i _%(%_iﬁ@l)i

—2(V61)? - 5(Vén)’ - smP} — zm6} — (82 + 627}

Differs from naive expectation L(¢y,¢q,0,d1,0ud2ipp = 0) + pjoldr, da, 00 /0T, O /OT)
by p*o*d



BOSE-EINSTEIN CONDENSATION: CHARGED SCALAR FIELD (3)

In the following: ideal gas (A = 0). For A # 0, perform HS-transformation! (Exercise)
Expand components of & = (¢, +i¢,)/v/2 in Fourier series:

1/2 oo
Qf’l{szj - ‘/ECCGEH_F (g) Z Zei{ﬁ+%Tj¢l;n(ﬂ 1

n=—oc g

1/2 oo
‘;ﬁ?{f;'?_jl = \/ECEIHH-I— (%) Z Z'E‘i{ﬁ_l-&hﬂ‘;ﬁ?;n(m .

n=—oc p
Infrared character of ® carried by ¢ and @, independent of (#.7), SO ¢1.0(0) = ¢a0(0) = 0.
Possibility of condensation of bosons into the zero-momentum state: finite fraction of particles
inn =0, 7= 0 state.

Z = {f‘l..”}z [Hﬂnﬁ-\/id{ﬁ!l:ﬂ{ﬁ}d@ﬁgm(ﬁ}] EE :

1 *?f’lzﬂ{ﬁ} )
S = BV(p* —mH ¢ — = —n(—P), o _n(— D( :
BV (w* —m*)¢ gggm (=P un(=PND ( "5 |

o [ wl+w?— p? — 24,
D=2p 2 2 2 2 |-
pin Wi 4w — p



BOSE-EINSTEIN CONDENSATION: CHARGED SCALAR FIELD (4)

Carrying out integrations yields:
InZ = BV (u® — m?)¢? + In(det D)™
Second term can be handled as:
Indet D = In {IL,I1;8* [(w? + w* — p*)* + 4pw?] }
= In {0167 [wn + (@ — p)*] } + In {TTT55° [wn + (w — 1)*] §
Putting all together and evaluating the Matsubara sums, we obtain

3
InZ = BV (u? —m?)¢? — Vf {jﬂj}’a[ﬁw +1In(1 — e P@h)) 4 In(1 — e Fletn)]
Result independent of # because of U/(1) symmetry. Parameter ¢ from variation of In Z.
oz 5 o
ae =28V(p~—m7)( =0
implies that { = 0 unless || = m, when ¢ is determined from p = Q/V
T (0lnZ — . [ dp 1 1
=7 ( o )#:m =2mC+p(Bp=m); p = f 2n) (ea{m_p:. 1 Bl — 1)

Critical temperature T. for condensation from p = p*(3., p = m).



BOSE-EINSTEIN CONDENSATION: EXERCISES

1. Find the critical temperature T.. for condensation from p = p*( 3., p = m).
Show that the nonrelativistic (NR, p <« m?®) and ultrarelativistic (UR, p = m?) limits are

given by
o 2t o 2/3 | B 3p 1/2
T () o (3)

2 For T < T,, the value of ¢ is the order parameter of the 2"¢ order condensation phase
transition

C=p-p(Bp=m)/2m), T<T,.

At the critical temperature, the expansion { ~ t” for small ¢t = T — T, determines a critical
exponent v. Find the value of v in both cases.

3. Consider the interacting case A # 0. Perform the Hubbard-Stratonovich transformation by
introducing a collective scalar field o. Discuss the effect of A # 0 on the thermodynamic
potential in the mean-field approximation for o, i.e. by neglecting the path integral over

the o-fields and determining o in the thermodynamical equilibrium from a gap equation
dln Z/80 = 0.




Backup slides



1. Mott-Anderson localization model for chemical freeze-
DB, J. Berdermann, J. Cleymans, K. R(‘-Qliﬁh, Phys. Part. Nucl. Lett. 8 (2011) 811

The basic idea: Localization of (certain) multiquark states (“cluster”) = hadronization;
Reverse process = delocalization by quark exchange between hadrons

Freeze-out criterion:

Povh-Huefner law,

PRC 46 (1992) 990

R[T}

H@xP(T] — R(T}

1:1:|EII {T -H'J
oy = A{r) I:rj:n

A(T,p) = =T )
it

fAT,0) = —my(Gq) 7 /M.

’*.M

I:I:rl] :{T H’)

Z aivn; (T, p)

(T ) = gz
4m* m,
Y.
(qq = ':ﬁfi’:'r.u{l—ﬁ r _ﬂ.-'flfs.;-ffm
8T n) MAAT W)

Hippe & Klevansky, PRC 52 (1995) 2172

<2 > (fm)?




<0 4N o> (mb)

1. Mott-Anderson localization model for chemical freeze-out
DB, J. Berdermann, J. Cleymans, K. Redlich, Phys. Part. Nucl. Lett. 8 (2011) 811

Povh-Huefner law behaviour for quark exchange between hadrons

PHYSICAL REVIEW C VOLUME 51, NUMBER 5 MAY 1995

Quark exchange model for charmonium dissociation in hot hadronic matter

K. Martins® and D. Blaschke'
Maz-Planck-Gesellschaft AG "Theoretische Vieltetlchenphysik,” Universitdt Rostock, D-18051 Rostock, Germany

E. Quack?
Gesellsehaft fiir Schwerionenforschung mbH, Postfach 110552, D-64220 Darmstadt, Germany
(Received 15 November 1994)

T 2 2
210 MeV , {ﬂ'a.bn'l?rEI:J o {'i"‘ }QQ {r )qﬁ-
o.a} o
- Flavor exchange processes

0.e ff*]xlsff_'lbr']:"-" ' q'_'._l,_ﬂn- _:p. HF_I_J:"—:‘ H_"I‘*F"_]'.n!‘l‘l'x‘

/_/ Kt4p—a A+ X,
0.4 I{f’ -

S M Nonrelativistic = rel. quark loop integrals
020 T ey I :
S T e ——
f:’_'*i:.’,_-f_:——"""'_;f_ v . M, =
¢ 0.05 0.1 0.15 0.2 0.25

"3 - .2
I P {fim )



1. Quark exchange in meson-meson scattering
DB, G. Roepke, Phys. Lett. B 299 (1993) 332; T. Barnes et al., PRC 63 (2001) 025204

Povh-Huefner law behaviour for quark exchange between hadrons ?

F) 7 ] i
o5 = MDY AT = Mg,
4n’ m,
16 {EH}:‘ 0,

W= (12,12) = ;i-—;jim (12, 1'2')

1. .
' [— I _

T T T T T 1T CTTTTT T T T T
q RIERE:RN LTI T
': By SRR (= e ='---q :’]Hr_:q ¢l +
== g = : r—m—--ii—l-i e e
A1 H_}i_._:_.'_:..l_.u_lﬁ_L; | g - ;, I PO I I

&, [deg] . _ :ﬁ;]cm
TN T | Quark exchange process in M-M scattering
e ﬁ%q -j I Nonrelativistic = rel. quark loop integrals
Qh 3 q I tatal 1
\..Qh L i - i
-30 AN S /___;‘// - spin-sp
= i l Mh =




1. Mott-Anderson localization model for chemical freeze-out
DB, J. Berdermann, J. Cleymans, K. Redlich, Phys. Part. Nucl. Lett. 8 (2011) 811

Model results:

Texp{?: M) = Tl T, 1)

T |
Collision time strongly T, mu dependent ! Expansion time scale from

Schematic resonance gas: dp pions, dN nucleons entropy conservation:
300

s(T, p) Mity,) = const

gl Topt) = as (T, p),

Thermodynamics consistent with phenomenological
Freeze-out rules:

300 1=

250

1S0F ¥y

§ e
| (nem Y H"\\“\
N
il 0 ] | | ! '\"\':':'II | |
1400 200 400 600 [00 1000 1200 1400 200 400 600 200 1000 1200 1400

pg MeV g MeV




1. Mott-Anderson localization model for chemical freeze-out
DB, J. Berdermann, J. Cleymans, K. Redlich, Few Body Syst. 53 (2012) 99

Model results: @q) _, __mo [“ f{.l’pp m ™ 5]
Full hadron resonance gas model (99) vac Fami | " sl
. - dlr:',rr' N
— A {TT}{TT} . +M-§u d'H["—:"-':”Jf 1% Ep JFH'H Miph)
dpp® mg [, _ e
2 11‘1&' + d e.‘-—.’-.’,rf e AEg(P)) + f5 (Eg(p))
AT, 1) = 2o ()1, DI r-s-.m[fﬂ »(P) -+ 15 Es(p))]
4’ m, s
. (Ec(p))-
AT p) = r+r(Tp) Z“ [ dr oot
100 e
= 10 N
= -
— | | Collision time follows a power law
E = t_coll ~ (T/Tc)"a
= 1 with a large exponent a ~ 20
. ﬂ‘] | i 1 1 lll ll 1 _§
: l‘: T'T,J:.w 10 S T=T, " i l SR 1|\: See also: P. Braun-Munzinger, J. Stachel,
001 [ ' 1l=  c. Wetterich, PLB (2004)
- i JI =
I . | . | . | I ‘ ] ‘ |‘_
90 120 150 180



1. Mott-Anderson localization model for chemical freeze-out
DB, J. Berdermann, J. Cleymans, K. Redlich, Few Body Syst. 53 (2012) 99

Model results:

lgq!
Full hadron resonance gas model 99 vac
See also: S. Leupold, J. Phys. G (2006)
250 R
e - Respnance gas (M < 2 GeV)
e Tess
Eﬂﬂ'— 3:‘:.11._ i
*_ _...-.'_:1:- '1-':|:|_E -
;150 g i 1‘ .
&
% M meanfield
‘h % Y chiral
100
+-+‘ tFansilion
i Hi i' \
W
50 am1 1
- - a="1 ":"'_-
' ' = h|. '
200 400 GO0 800 1000 1200 1400

iy [MeV]

d #l
5 d.mz-maf ‘”r ud

m.;._ [_mff.r.rlnp m [JF-I:- i ir¢]

Fems

_."H'Lf Miph}
= fiy e, Ix

dpp* m i e
b Y de-N [ E FE,.”W[fﬂ-:hmmr+fﬁmmnw]

B=NA,..
dor
Yy = GJ{ ip ﬁefrtp]r
4x1F -Ir
=

rf.-fi'i ) = rﬁ+r§fiﬁul
’*.M

4n m

oy = A () ;

-1

r(T,p) =

{Gq) T,
g

The factor a stands for the inverse
system size in the formula

Texplrt W) = Tl I, p)

for the 3D expansion time scale
assuming entropy conservation



T [GeV]

1. Mott-Anderson localization model for K+/1t+ “horn”

DB, J. Jankowski, M. Naskret, in prep. (2017)

1
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Full HRG model condensate;
J. Jankowski et al., Phys. Rev. D (2013)

(@q) T = ¢ QQ}UF—F Z —nh{T 1)

h= "le'
dh o o Mp 1
np(T, 1) = 92 dkk B, BT 1

A
Tootig(To1) = Y oiony (T ) 5 Gy = A AT (F5)
j

3
(210 = g f (T 1) =

3M3
m2(mg + mys)

IM?2

2
4ﬁ'rnq

gg)ru|™

(2 ) = (G rp + (58)70|

The factor a stands for the inverse
system size in the formula

Tapl s 1) = Toaal T, )

for the 3D expansion time scale
assuming entropy conservation



Additional Slides



Example C: Nucleons in quark matter

®-functional nucleon selfenergy quark selfenergy

> -~
el

DD

C

quark exchange interaction
between nucleons:




Example C: Nucleons in quark matter

®-functional nucleon selfenergy quark selfenergy

Not new! Already contained in above diagrams!

N @ 4‘/"?\-

)

e——0 | _' |
\E// =| _ R : ]

—

quark exchange interaction
between nucleons:




Example C: Nucleons in quark matter

®-functional nucleon selfenergy quark selfenergy

& O

quark exchange interaction
between nucleons:




Intermezzo: Structure of the baryon?

12-Apostle
Church,
Kars




Structure of the baryon?

Intermezzo

@
)
S ~
S 5
|
T3¢
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Intermezzo: Structure of the baryon?

Borromean ? !

AP ¢°

_ _ =il i
A e Tr InS™ A A, ¢}

Zhtact = [ DATDA D¢ exp{—

Cahill, Roberts, Prashifka: Aust. J. Phys. 42 (1989) 129, 161
Cahill, ibid, 171; Reinhardt: PLB 244 (1990) 316; Buck, Alkofer, Reinhardt: PLB 286 (1992) 29



Support a CEP in QCD phase diagram with Astrophysics?

= 200
QL

= %)
-
G ﬁ
@ ~
S o
— <
5 =
E_ 100 ' E
T p.> <
= o
3 <
T
1= ' "6

- Nuclei.
- | Q
AR 1 GCJ

) :

v Compact Stars Net baryon'density n/ ng N
sl No=0.16 fm=3 5

NICA White Paper, http://theor. jinr.ru/twiki-cgi/view/NICA /WebHome

Crossover at finite T (Lattice QCD) + First order at zero T (Astrophysics) = Critical endpoint exists!



Introduction: Beth-Uhlenbeck vs. Generalized BU

Beth-Uhlenbeck: 2" virial coefficient B(T)

BU for virial expansion of density:

pV:NkT(I +

B(T)

%

C(T)

LN

— )

l|er._'rq:l."?ﬂ EL'I. 'T i i
ity T) = Aielpts T) 4 210t T) Density of states: bound and scattering part

3
d 14 2w - T i

I it

AP e Lot dE
FE | P idwm — 2ulfT ‘!‘ "R_[}_";.D[E}

2% = dE :
=2 w1 | — e ETD(E).

it LR .

Example: Deuterons in nuclear matter
N= e + E‘r?\li.:n:e 'J{ I

12
.;{ T] — AZ!- %H_ |:3{{, EafT

et T

”ﬂn:[#" T}=4J B{E}zz{": [Ra{E“E;]"I‘%E};[EjJH

e 11 T1=J*

L

dE
”+J.} Hﬂg k.-TE{_'xﬁﬂ{E}I].

21_-1

— {J

th

E. Beth and G.E. Uhlenbeck, Physica IV (1937) 915;
S. Schmidt, G. Roepke, H. Schulz, Ann. Phys. 202 (1990) 57

For T<<Ecl :

kT

— 2 ]
H= W+ Eﬂdcul s Mieur = e & 3




Introduction: Beth-Uhlenbeck vs. Generalized BU

Thermodynamic Greens function approach: ag, _ - |
dE i T=10MeV [
n(l, py, T) =J‘ == f(E) A(L, E) 2t riplt phoses |
2“ ; 1 n=0
) 2 ninnﬁ.fED
A(1, E) = 22, £—i0) - no(£ —e(l)) { ninro &
(E—E() = Sa(l EV+ E(LE=i07 1 —({d/dz) Za(L. 2)l. - sy 10 e |
n=ng
i d P }\f\.ﬁ__ __
Density formula _ _ XL E+i0) % L w;'
(free and corr. Quasiparticles): dE E—e(l) |
|r'.llrlll"l!"| T} = Hﬂ'ﬁt{#? T} + E’111.'|rrr(|‘:'l"' T}"- DH__ o —g‘j_—_—ﬁa 1é'0 2 21i:'ﬂ
r#[Me\..']
I{l,zu}:TEZ[T{IZIE, z,+z ) —ex] G2, z,) T=10 Mev |
T . ———-= Beth-Uhlenbeck (classicall i
2 = @ { generalized _]
“dE 7) = — — 5 'F 2n, Drey |
Beonelits T) = [ 5= g(E) FUE) FE) =, [1=f(e(1)) = f(e(2))] : ? o
d P g "
| (T4(1212, E+ i0) — ex) — _ |
HEFFd,m{EHf;Er,, FAE), [( t ‘0) Ex}dﬂell}+e{2}—£ 05 4
x d i !
Fd;m(E]Iﬁ Z ﬂﬁ[E—Eh{K,}l, T“ —nﬁ{F—#{l]—p[E]]E{TH{IEIEE+1D}—ex,‘|J "“m;jﬁ‘j‘ I
K == KMol q o L |
f
5 d . The sin?d term accounts \ / |
FAE)=8nY sind (E K pu, TV—=d,E K nT). : ] o
( ; { oV dE w1 for quasiparticle effects 2 \
-05

S. Schmidt, G. Ropke, H. Schulz, Ann. Phys. 202 (1990) 57

1g nfm?]



®-derivable approach, 2-loop approximation

J.-P. Blaizot, E. lancu, A. Rebhan, Phys. Rev. D 63 (2001) 065003

Skeleton expansion for thermodynamic potential and entropy

1 1
BQ[D]=—logZ=-TrlogD ' - STrIID+®[D] -[D] = mz@ +1mm+ms@ .

| T
Inv. Temp: 1/T trace in conf. Space self-energy related to D
Dyson equation: D -1 =DE 1+ 11 Free propagator Do is known
Essential property of Q[D] is Stationarity under variation of D: 06 Q[D]/dD =0
This implies d ®[D]/ 6D =1/2T1
Physical propagator and selfenergy are defined self-consistently !

Self-consistent approximations are defined by the choice of ®

- @ — derivable theories

G. Baym, Phys. Rev. 127 (1962) 1391; Vanderheyden & Baym; J. Stat. Phys. 93, 843 (1998)



Approximately selfconsistent thermodynamics

Matsubara summation:;

d*k .
0N/V= Wn{m][lmlﬂg{—mz+k“+ [1)-ImIID] +T®[D]/V

Analytic properties:

% dkg plko K k
0PE k) o D(w k) =ImD(w+ie k)= "L2E)

—wlm Kg—w 2

D(w.k)= j
Thermodynamics from entropy density: &= —a{{L/V)/aT

d*k an(w)
(2m)* aT

Im(w.k)Re D(w. k) + &'

S:_j d*k  an(w)

-1
oy o mloeD (@) +j

d*k an(w)
Tl @mr T

T/ V)
T

o

Re [l Im D > 0

for two-loop skeleton diagrams

Loosely speaking: S'accounts for residual interactions of “independent quasiparticles”

d/dw[Imlog D'+ ImMReD]=2Im[D Iml (d/dw D*) ImI1] = 2 sin?d dd/dw , for D = |D|e'®

D. B., in preparation (2017)



Proof of cancellations resulting in S'=0 (1)

D+,/[§:rj!;“ {BHB?JHEHImD}

T dkdﬂk
-0 = —TEZf = D(w1, |k1|)D(wz, |ke|) D(~w1 — w2, | — k1 — ka)

ATd/V)

S'=-
dT

First term

Spectral representation

T dky p(ko, k
D(w, k) = f g;fiwj

— o

Matsubara sums

d‘kd*k’d‘k” ~1 —1 1
_ _q: —T3 f SNk + K + KMok o(E ok
Z l: + } { JIP{ J'ﬂl: }wl—kgwE—kEW1+W3+kg

Wl Lo

Partial fraction decomposition of the three energy denominators and Matsubara summation over wy, w; yields:

1 " I "
Py {[n(kg) + 1] [n(ko) + n(kg) + 1] + n(ko)n(ky)}

Temperature derivative and renaming variables under the integrals

0r [n(ko + n(ko) + n(ko) + n(ko)n(ko) + n(ko)n(ky) + n(ko)n(ko)] — 30rn(ko) [1 + n(ko) + n(kq)]




Proof of cancellations resulting in S'=0 (1)

Second term:
2 3
q d-k dk.;. fdkn . 1 1
Rell = —= ko, |k Bk E
{L-I.i',l'.""_] 2 {ﬂ,ﬂ.)ﬂ P[ ':'!'| ”P{ I:I!ll +q|] ~ wl_kﬂ [.-1.2'1—|-[.|}—.;{2E|
B ::;1'2 d>k dk, 1+ n(kp) + n(kg)
- o [ 5 [ SRtk kDp(ks, i+ ah —E (7)

dlqg On(kg
/ mﬂj’d "0R0) Rl w, g)lmD(w, ) =

1
go + ko + k

ke A0
g B f (2r) d IE 561 (q + k+ K)p(@)p(K)p(k )8rn(go) [1 + (ko) + n(Ky)] (8)

(2m)4 27

This proves the cancellation of & for the scalar theory with cubic selfinteraction in the 2-loop approximation (sunset
diagram) for the ®— functional.

This cancellation holds as well for the pressure and the density!

For the pressure we obtain

dq ] dq a 8d(q) . .

— i . —gn Ty Z5HT 2

p(T) f )7 (0) [6(a) —sind(q) cosd(q)] = — [ F5Tn (1—eT) 2sin? §(q) (9)
Note that in the approximation §(gp,q) = — arctanfw~y /(g3 — w?)] the "spectral distribution” does not correspond to

a Lorentzian (Breit-Wigner) function as naively expected, but to a "squared Lorentzian”

dgo(wy)®
[(g5 — w?)? + (w7)*]? (10)

See, e.g., Vanderheyden & Baym (1998); Morozov & Ropke, Ann. Phys. 324 (2009) 1261




Approximately selfconsistent HTL resumm. QCD

J"'E'n
g o L (o)
(a) (b) (c) (d)

FIG. 3. Diagrams for d» at 2-loop order in QCD. Wigely, plam,
and dotted lines refer respectively to gluons, quarks, and ghosts_

In ghost-free gauge, HTL resummed QCD thermodyn.

15 2 25 3 B35 4 45 &

g°N,T (4N +5Ny , 3Ny , e
S2=~ 13 3 L U S
_ EEHNRNI( .
No=——ex \T ™22
_ g°Ny[4N+5N; , Ny , . N; |,
Pr===5 g Lt an T o an

J.-P. Blaizot, E. lancu, A. Rebhan, Phys. Rev. D 63 (2001) 065003



Generalized Optical Theorems

See derivations for T-matrices by R. Zimmermann & H. Stolz, pss (b) 131, 151 (1985)
Here we consider the analogue of T =V - G°, the propagator S = G" —T1, G real, static

Assuming the inverse exists we have two identities: S = S*S* 'S and §* = §*§-18

Sp+iS; = S*(SR' —i511)5 | ey Sr = §'Sp'S,

Sp —iS; = S*(Sg' +is;jh)s . S = -8*S;'S,
With definition S = G —I1 follows off-shell optical theorem: S; = S8*I1; S = S1I; 57
Using the fact that G is a real constant, we have: _(Sﬁl}" =-IIp and §;'=_II;

Sp = S¥Sp'S+8%(S;')S+ 55,8
= S*¥(S5' +iS; 1 —iS71)S + 8%(S5')'S + S*(Sgt 1S, HS S
g-1 1
Y S
= 8% + 8 _i85*'8;'5 +i5*5; '8 + §*(S;'Y'S
L
25p

S* IS —15*; S +15*10; 5",

Derivative optical theorem:

Splly = S* IS +15* 10 STl —1S¥I ST, e
: N ’

St — 'y S; = 2Im [I; STI; S*]

>
1%, 2 Im[IT; STy 5]






®-derivable Q-M-D PNJL model, 2-loop approximation

1T

=37 Y aTr{ln[S7'] +[SiIL]} + ®[Sq, Sm, Sp]
i=Q.M.D
af) ael
S'_l.'rt ZS'_1111- _Hirn:. ] = 1 ;] — .

1 Bg T dw e y
e ETEEW o fﬂf,-[u]Tr{Imln[S,- ] +[ReS; ImIL]} + O

o —

d‘ﬂ i
@ [Sg,Sm,Sp] — 1 E {2;—3 fﬁf,(ijr{[Ime;Rel],-]} :

=l
|

a0 -

S=—gr =L S+S

a0
_—E:ZM-FH




®-derivable Q-M-D PNJL model, 2-loop approximation

1T
ﬂ — 5? | E -I':-t_r:P['{].ﬂ I:S.I-__l] + [S-;_‘H:‘]} + q] [S{},Sﬁfasﬂ] 3
i=(Q M.D
all Al
S izn,q) = 574 (izn, q) — Mi(iz, — i 1L =
. izn,q) i0 (1Zn, q) (1zn,q) , 35, 0, if II; 35,

1 d: dw y
0= ETE;\'D {ﬂﬂ; fﬂf,-[u}Tr{Imln [S7'] + [Re S; ImII;] } +
o 1 Bg T dw
0 = 'I"[SQ:SMaSﬂ]_ETi=£lEM,D {ﬂﬂ}a_i 5 filw) Tr {[Im 5; Re IL]}

dfl
S=—E=Zisi_+x




®-derivable Q-M-D PNJL model, 2-loop approximation

(Imln§~*)" = —Im (SI') = SyIl; — STy — (M7 Sy, + SrITy)

a i
2 Im(ST1; 8+ ) (M Sg)

Use optical theorems ...
SIl; = sin 4 el? .. S*’H; — —i§’ sinde ¥ .. ﬂIm(SH;S*’H;] = _24sin”* 4 .
Generalized Beth-Uhlenbeck EoS

98i(w, q)
O

— Tl — e~ @—#)/T] gin? §,(w, q)

Effect of the sin”2 term ... example: Breit-Wigner ...

Lty Pf; ] 5{5.; {LLJ} - Emm.if‘,-
7 3

§;(w) = — arctan [

w? — w; o (W -w?)? WP
2 90; (w) 2 (w; ;) “Squared Lorentzian” ...
sin” d; (w) = 7 3212z ©  Vanderheyden & Baym (1998)
dw [(w? — wi)? +wiTE)? y y

Morozov & Roepke (2009)



1. Cluster expansion in the 2Pl formalism

e &— derivable approach to the grand canonical thermodynamic potential
[Baym, Phys. Rev. 127 (1962) 139]

J = —Tr{In(=G1)} — Tr{S1G1} + Tr {In(—Ga)} + Tr{EGs} + D[G,, G

with full propagators:
Gil(1,2) = 2 — Ei(p1) — E4(1, 2); G5 112,12, 2) = 2 — Ey(py) — Ea(ps) — £2(12,1'2', 2)
and selfenergies

5P 5@
Y5(12,1'%, 2) = |
e 22122 = e T

Because of stationarity equivalent to

1aJ 1
n = —ﬁa ﬂZ/ _fl S]_ 1, 1.1.:'}

(baryon number conservation)

$(1,1) =

e Generalization to A-nucleon clusters in nuclear matter
Q= (-1)*[Trin(—G3'") + Tr (84 Ga)] + @,

0P

Gl = G977 Ly, Sa(l. AT Az, = .
A A Ay Bal...4 ) = A A AT A




1. Cluster expansion in the 2Pl formalism

A) Choice of the ®-functional:
- 2-particle irreducible diagrams /4\

- closed 2-loop diagram involving
3 cluster propagators (A, B, A+B)
and 2 vertices
- equivalent to 1 T-matrix + 2 propagators

A+RB 3
B

B) Ansatz for thermodynamic potential:

Q — }:[—1}*‘1 [Trin (=G, ') + Tr(4 Ga)] + Y ®[Ga.G5.Ga 5] .
A.B

od
OGa(l.. A, 1"... A", za)

Gl =G —x,y, Ba(1..A 1. A ) =

C) Check: conservation laws, e.g.: 1 90

(correspondence to GF formalism) HZ_EE VZ[ — fi(@)Ai (1, )




Cluster virial expansion in the 2Pl formalism,
Examples:

A) Deuterons in nuclear matter: /(\

Q 2z L)

N

B) Mesons in quark matter:

C) Nucleons in quark matter: @ @

D) Nucleons and mesons (hadron resonance gas) in quark matter:

L)
U




Example B: Mesons in quark matter

®d-functional Meson selfenergy (RPA) Quark selfenergy

——

Ty (g, 0+in) = G5! —Ty(q,0+in) = |Ty(q,0)| e @) 5. (4 &) — arctan(3 Ty /RTy)
4> m
Q = Qe + Quy oMF — 2N;N.Gs ﬁE—Pu — - (Ep) — F+(Ep)]

7 3
OME

d
Qwr = 7 - ZNfof{Z *‘;3 Ep+Tn(14+e”E = 0/T) 4 Tin (14 Er =0T |

&k [do © . Oy (k, )
o o T 2
QO dﬂf{zﬁ]g f oy {m+2T1n []_ c ]251[1 om (k, @) 4 } ]

Iy (0, po) = de

d'q (0+m/Eq)[1 +8(q0) — f-(Eg)] , (0—m/Eq)[g(qo) + 1+ (Eqg)]
(Eﬁ}‘ﬂ'ﬁpﬂmaqﬂ]{ go—potE;—p—in go—po—E;—p—in }

D. Blaschke, M. Buballa, A. Dubinin, G. Roepke, D. Zablocki: Ann. Phys. 348 (2014) 228
D. Blaschke, PoS Baldin ISHEPXXII (2015) 113; arxiv:1502.06279



Example B: Mesons in quark matter

®-functional Meson selfenergy (RPA)

Quark selfenergy

Ty (g0 +in) = G5! —Ty(g,0+in) = Ty(g,0)| e @) 5. (4 @) 2 arctan(3 Ty /RT3

a2
Q= Opp +Qyy OMF = ENchGSf {2;;3 EEF[I —J-(Ep) — f+(Ep)] ,

2 3
_ OmF _ ap [ ( —{Ep—E+—#}fT) ( —(Ep E—+.ﬂ]ﬁ")]
ﬂMF_-‘iG}; ZNEN‘F,/-{ZTE'}?' Ep+TIn|1+e +TIn(l+e .

&k [do P
ﬂu=duf{2jr]3f2ﬁ {m+2T1n [1—.: w/ ]251[1 v (k,®)

Iy (0, po) = de

dq (0 +m/Eg)[1+g(q0) — f-(Eg)] . (Yo—m/Eg)[g(qo)+ f+(Eq)]
(Eﬁ}‘LﬁpM{q’qﬂ]{ go—pot+E;—p—in N go—po—E;—p—in }

D. Blaschke, M. Buballa, A. Dubinin, G. Roepke, D. Zablocki: Ann. Phys. 348 (2014) 228
D. Blaschke, PoS Baldin ISHEPXXII (2015) 113; arxiv:1502.06279



Example B: Mesons in quark matter

d3q © do by = Opec + Bng
EI[T'I ﬂ}=_d?.' 3 _n;{w]ﬁx(m"q}k J||||| | I 1 |||||| | I 1 |||||| | L
{EH} —00 E:IT 3 l— : '_'_'_"__.,-— pu—
L f,..-'f’ ’.'._."' -
f""’dmldﬁx(m:ﬂ —u—f&wm dwldax{m;r}Jrlfm @D i ; fﬁ ]
0 T dw 0 T diw T s (T) do 1 — )] o —
ng x(T) 1 . T T |
X I8 (00T~ (nar: )] 0 —
g g ' |||||| ] |||||||| ] |||||||| ] 1
I TTTI | I T TTTTI | I T TTITI I 1
[ | T
u _H"'-"'i-u-..”__‘r‘- -
0 TIMeVis — 0 = 7
w5 200 ) _
i ———  250) |
3 = 600 _
-|||||| ] |||||||| ] |||||||| L [
J||||| | |||||||| | |||||||| | L
LN : —
38 Lt N
wt L : S 4
1 — : ‘," —
B . _F"" . - -

-1 - 0 T

. A | |||||| ] |||||||| ] |||||||| ] 1

i .1 02 .3 (ol 0.1 |

T G E[E'r-:"r'll

D. Blaschke, M. Buballa, A. Dubinin, G. Roepke, D.

Zablocki: Ann. Phys. 348 (2014) 228



Example B*: Mesons+diquarks in quark matter

2NN 4 d + 26YV¥ + ¥°
— i f P P — + o { +_ } e B _|:'EP_ ],I|I'T
Y= 27E, Fo(Ep) +fa(Ep)l foB) =T 5Gramryy T=¢ "

= w=2u)/T
(® - 28X)X + X° X=een

/3@1- - X)X - X°

o =3 [ 2 [ lok@) + s ). dh(o) -

Suppression of colored states by Polyakov-loop & Confinement: ®=0
6
5
1} _
; 4 =
[ £
3=
s ) 2
0.1 B
-
=11}
0 £
=1
ool
: |:' I i i i L |:I i i i i -1
D 02 04 06 08 02 04 06 08 1
T [GeV]

D. Blaschke, A. Dubinin, M. Buballa: Phys. Rev. D 91 (2015) 125040



Example D: Hadron resonance gas — effect. model

®d-functional:

Selfenergies:
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