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QCD at nonzero T and µ



Lattice action







Configurations are generated with probability 

𝑃 ~ 𝑒−𝑆𝑒𝑓𝑓

P Место для уравнения.



h

Source: Quark-gluon plasma 5 

Phase diagram



Sign problem 
-- In the integral

We use 





Methods to solve sign problem



Multi-parameter reweighting

Fodor and Katz, Phys. Lett. B 534, 87 (2002), 

JHEP 0404 (2004) 050, JHEP 0203 (2002) 014

-Simulations on 𝑁𝑡 = 4, 𝑁𝑠 = 6, 8, 10, 12;  

at parameters µ= 0, 𝛽0, corresponding to 𝑇 = 𝑇𝑐

- Parameters 𝛽 and µ along the 𝛽𝑐(µ) line



Lee-Yang zeros of Z in complex 𝛽 plane were used 

to determine the crossover line and CEP



Notations



Taylor expansion

S. Gottlieb et al., The Quark Number Susceptibility of 

High Temperature QCD, Phys.Rev.Lett. 59 (1987) 

2247    

(up to O(𝜇2) )



The QCD Equation of State to O(𝜇6) from Lattice

QCD

Phys.Rev. D95 (2017) no.5, 054504

HotQCD collaboration



Simulation settings:

𝑁𝑓=2+1 , staggered fermions (HISQ)

𝑚𝑠

𝑚𝑙
= 27       (𝑚𝜋=140 MeV)

𝑚𝑠

𝑚𝑙
= 20       (𝑚𝜋=160 MeV)

𝑁𝑡=8, 10, 12, 16;   
𝑁𝑠

𝑁𝑡
= 4



High and low temperature limits



Three conserved charges: B, Q, S 

respectively, 𝜇𝐵, 𝜇𝑄, 𝜇𝑆



Taylor expansion

Generalized susceptibilities:

l Ƹ𝜇 = 𝜇/𝑇 l



Constraints on 𝜇𝑄 and 𝜇𝑆 :                   

1) 𝜇𝑄 = 0, 𝜇𝑆 = 0

2) 𝑛𝑄 = 0.4 𝑛𝐵 ,   𝑛𝑆 = 0

Then



Terms of the form  

are to be computed using stochastic estimator

method

For low temperatures number of trajectories: 

O( 106)) )







Full pressure



Convergence radius is 𝑛 → ∞ limit of 

Note that  for HRG model

For finite radius   ~ 𝑛2





- Analytical continuation from imaginary µ

M. D’Elia, M.-P. Lombardo, Phys.Rev. D67 (2003) 

014505

Ph. De Forcrand, O. Philipsen, Nucl.Phys. B642 

(2002) 290-306

- Canonical ensemble approach

A. Hasenfratz, D. Toussaint, Nucl. Phys. B371 

(1992) 539

Ph. De Forcrand, S. Kratochvila, 

Nucl.Phys.Proc.Suppl. 140 (2005) 514-516





Roberge,Weiss, 1986



QCD  phase diagram at imaginary µ 



The QCD equation of state at finite density from

analytical continuation

EPJ Web Conf. 137 (2017) 07008 ,  

Wuppertal-Budapest collaboration   

𝑁𝑓 = 2 + 1

𝑁𝑡= 10, 12, 16 

𝑁𝑠=40, 48, 64

Staggered fermions,

physical quark masses





Pressure obtained by two different methods

from  Phys.Rev. D95  (2017)  by F.Karsch et al.





𝑁𝑓=4, staggered fermions, 𝑚𝜋=350 MeV

lattice size 4x63



Complex Langevin for Lattice QCD at finiteμ- Complex Langevin                                              

- Density of states  

- Dual formulation

- Lefschetz thimble                                 

Other approaches



Problem of LQCD simulations at 

nonzero 𝜇𝐵 is not yet solved! 

It is waiting for you !


