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Motivation 
Correlation functions in conformal field theory
• Ingredients of a CFT in      :

1. Primary fields:

2. Operator product expansion:
xi

<latexit sha1_base64="nL7isicsur3sQWaB3mvoD7KTL24="></latexit>

xj

<latexit sha1_base64="RWArHEBGCiV01k37C+dG14krcjs="></latexit>

Rd

<latexit sha1_base64="x41yD/nRZGt/1T/+YbyNYTKzXJQ="></latexit>

x ! x+ ⇠(x), ds2 ! (1� !⇠(x))ds
2, ⇠ B

A 2 so(1, d+ 1)

<latexit sha1_base64="K2ZO+bZxhY4qd6norolMPzO7gSI="></latexit>

Oi(xi)Oj(xj) =
X

[Ok]2[Oi]⌦[Oj ]

multiplicityX

n=1

C(n)
ijk f

(n)
ijk (xi � xj , @xj )Ok(xj)

<latexit sha1_base64="tZBBMo8Jl0mOAsILGCZBGy0s0rE="></latexit>

Oi(xi) ! Oi(xi) + ⇠ B
A Li(xi, @xi)

A
BOi(xi)

<latexit sha1_base64="sF9x8/83IvYZ2F7TiJCa1GJYCcY="></latexit>
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• OPE determines all correlation functions

= 1

<latexit sha1_base64="D7MC4EJ2mq++E4fb/U0n8GY1Th0="></latexit>

n

<latexit sha1_base64="YEQyVwWytdS4FEq04bRqj6C5prY="></latexit>

=
X

n

C(n)
123

<latexit sha1_base64="Y1B5Jt15SsL9G3j7QhUYah0sBNI="></latexit>

hO1O2O3i =
X

n

C(n)
123 f

(n)
123(x1 � x2, @x2)f331(x2 � x3)

<latexit sha1_base64="OTnzCEaaJLtybDlDKptG5Sn9cM8="></latexit>

Motivation 
Correlation functions in conformal field theory

hO1i =

(
1 if O1 = 1

0 otherwise

<latexit sha1_base64="kOAmqT9yHfa3o9ssaFj7PjafzR0="></latexit>

hO1O2i =

(
CO1O11fO1O11(x1 � x2) if O1 = O2

0 otherwise

<latexit sha1_base64="jvA6GQ3lM4XmEW7VrTqG0Nhz6BM="></latexit>
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• OPE determines all correlation functions

Ok

<latexit sha1_base64="Pobs03bN7wGAcuBMlUpOKDTce4s="></latexit>

n

<latexit sha1_base64="YEQyVwWytdS4FEq04bRqj6C5prY="></latexit>

n0

<latexit sha1_base64="cfRLNyW7gCfv80rKjhpSqdo63ks="></latexit>

hO1O2O3O4i =
X

Ok,n,n0

C(n)
12kC

(n0)
k34

<latexit sha1_base64="c9QlT+UvlwSsGXnYe8GJkSlmxJc="></latexit>

hO1 . . .ON i =
X

C . . . C

<latexit sha1_base64="5mGbuUs1Ht14gtI7KAmetKe6HQk="></latexit>

Motivation 
Correlation functions in conformal field theory

………..

⇥(N � 2)

<latexit sha1_base64="GQc6iIagnm7w3q1hebKrkWf4aBQ="></latexit>
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• OPE determines all correlation functions

Ok

<latexit sha1_base64="Pobs03bN7wGAcuBMlUpOKDTce4s="></latexit>

n

<latexit sha1_base64="YEQyVwWytdS4FEq04bRqj6C5prY="></latexit>

n0

<latexit sha1_base64="cfRLNyW7gCfv80rKjhpSqdo63ks="></latexit>

hO1O2O3O4i =
X

Ok,n,n0

C(n)
12kC

(n0)
k34

<latexit sha1_base64="c9QlT+UvlwSsGXnYe8GJkSlmxJc="></latexit>

hO1 . . .ON i =
X

C . . . C

<latexit sha1_base64="5mGbuUs1Ht14gtI7KAmetKe6HQk="></latexit>

=?

<latexit sha1_base64="ASMNJtEg7nqynT4Bazi5aye4ZwA="></latexit>

Motivation 
Correlation functions in conformal field theory

………..

⇥(N � 2)

<latexit sha1_base64="GQc6iIagnm7w3q1hebKrkWf4aBQ="></latexit>
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basis of N-point 
blocks

eigenbasis of 
Gaudin Hamiltonians=

<latexit sha1_base64="6vnhiC+WcOCE59GngdtrK4N7dw4="></latexit>

Integrability based approach 
N-point Gaudin models 

[1910.10427] 
[2009.11882]

[HI , HJ ] = 0

<latexit sha1_base64="Lv0dxSc8wvTl4N7vsUG8cGfP2KA="></latexit>

HI = EI 

<latexit sha1_base64="so3wWjy5PO7tUF6ntSV5nvzZ/Iw="></latexit>
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basis of N-point 
blocks

eigenbasis of 
Gaudin Hamiltonians=

<latexit sha1_base64="6vnhiC+WcOCE59GngdtrK4N7dw4="></latexit>

[HI , HJ ] = 0

<latexit sha1_base64="Lv0dxSc8wvTl4N7vsUG8cGfP2KA="></latexit>

HI = EI 

<latexit sha1_base64="so3wWjy5PO7tUF6ntSV5nvzZ/Iw="></latexit>

c(I)i1...ip
trLi1(xi1 , @xi1

) . . . Li1(xip , @xip
)

<latexit sha1_base64="97Bk9P97CbdgD+ha7ky8vI6eFGY="></latexit>

NX

i1,...,ip=1

<latexit sha1_base64="24CLbVqR6e8arfhiOJk4caKkdSM="></latexit>

[1910.10427] 
[2009.11882]

Integrability based approach 
N-point Gaudin models 
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basis of N-point 
blocks

eigenbasis of 
Gaudin Hamiltonians

quantum 
numbers

(
tr

 
X

i2S1

Li

!p)

p=2,4,...

<latexit sha1_base64="L11VapCYC/BmwrVWb97G2C/mmvg="></latexit>

Ok

<latexit sha1_base64="vqmf4MUM0WbmmJN3+NWrVF48Yd4="></latexit>

of

S1

<latexit sha1_base64="AyCk08Is1UDlrS2zL2IineeGYnQ="></latexit>

S2

<latexit sha1_base64="NK3gvVf8mDBAopvgMMPQmUu3FtM="></latexit>

S3

<latexit sha1_base64="ekir5DobgH2RZHF8Df5Tj0M9lwA="></latexit>

)

<latexit sha1_base64="+xqYf+/5p2q2XO7+6x/ND1oRjII="></latexit>

[1910.10427] 
[2009.11882]

=

<latexit sha1_base64="6vnhiC+WcOCE59GngdtrK4N7dw4="></latexit>

Integrability based approach 
N-point Gaudin models 
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basis of N-point 
blocks

eigenbasis of 
Gaudin Hamiltonians

basis of)

<latexit sha1_base64="N3gk4cEytZRfkz964PnnLITUygE="></latexit>

)

<latexit sha1_base64="+xqYf+/5p2q2XO7+6x/ND1oRjII="></latexit>

quantum 
numbers

(
tr

 
X

i2S1

Li

!p)

p=2,4,...

<latexit sha1_base64="L11VapCYC/BmwrVWb97G2C/mmvg="></latexit>

8
<

:H
(1)
vertex = tr

 
X

i2S1

Li

!3 X

i2S2

Li

!
, . . .

9
=

;

<latexit sha1_base64="9hlo9iymH5sJdSL978eQwOQCom0="></latexit>

Ok

<latexit sha1_base64="vqmf4MUM0WbmmJN3+NWrVF48Yd4="></latexit>

of
{tn : [Ok] ,! [Oi]⌦ [Oj ]}

<latexit sha1_base64="UrYHc85rNzCldQVj3TOG5+fpkUY="></latexit>

S1

<latexit sha1_base64="AyCk08Is1UDlrS2zL2IineeGYnQ="></latexit>

S2

<latexit sha1_base64="NK3gvVf8mDBAopvgMMPQmUu3FtM="></latexit>

S3

<latexit sha1_base64="ekir5DobgH2RZHF8Df5Tj0M9lwA="></latexit>

[1910.10427] 
[2009.11882]

Integrability based approach 
N-point Gaudin models 

=

<latexit sha1_base64="6vnhiC+WcOCE59GngdtrK4N7dw4="></latexit>
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Scalar 5-point Gaudin

= Vertex system

Integrability based approach 
From N-point blocks to vertex systems and back

Hamiltonian 
reductionOPE limits

shadow 
integral Spinning 3-point Gaudin

xi ! xj

<latexit sha1_base64="QSgVL01OjccgSp65Tib5w9/EusY="></latexit>

[Ferrara, 
Gatta, Grillo, 
Parisi 1972]
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t

<latexit sha1_base64="rRkuRT5XP2sUp0plas4b+JLgoDU="></latexit>

�a, la

<latexit sha1_base64="acG/dnde47TA1OnmY2WMiwVk3lc="></latexit>

�b, lb

<latexit sha1_base64="0bn5Mt/uwSyA3Bsj/qtR0t9wSo0="></latexit>

z,z̄!0⇠

<latexit sha1_base64="KnPX2vYgqVyouQimCW2Jfh90qrk="></latexit>

(z, z̄,X )

<latexit sha1_base64="nv7pZ1tUCMUNSszXae3peuP7z2o="></latexit>

t

<latexit sha1_base64="rRkuRT5XP2sUp0plas4b+JLgoDU="></latexit>

�a, la

<latexit sha1_base64="acG/dnde47TA1OnmY2WMiwVk3lc="></latexit>

�b, lb

<latexit sha1_base64="0bn5Mt/uwSyA3Bsj/qtR0t9wSo0="></latexit>

(X )

<latexit sha1_base64="Cc59IbiI/Fn9Mof0fnQ+k5cfsWY="></latexit>

[

<latexit sha1_base64="9RShKfz08ZTnHpHF3I7fbOMVTtE="></latexit>

[

<latexit sha1_base64="9RShKfz08ZTnHpHF3I7fbOMVTtE="></latexit>

Hvertex(z, z̄,X , @z, @z̄, @X )

<latexit sha1_base64="tSqnsa6Ii0uZ5nINcFr4GjaNNZU="></latexit>

Hreduced(X , @X )

<latexit sha1_base64="/nh156lU1jao2yhz9qoi5spkdnM="></latexit>

X = cos2
'

2

<latexit sha1_base64="NrlwOPYYHCy35KvK7tDesHGFabQ="></latexit>

x2

<latexit sha1_base64="YACD14lffpqv27EkEO14EpXUu3g="></latexit>

x1

<latexit sha1_base64="zeJgO9HSaL+8wjYPRzxWYeK2sVY="></latexit>

x4

<latexit sha1_base64="rfwqvqo1rIhpC4pnIy5o/46dCsQ="></latexit>

x5

<latexit sha1_base64="EnlETGCukzcG1wGmwdnJ7jQYGDc="></latexit>

x3 ! 1

<latexit sha1_base64="Vu53k51aSwAxcimUM2hAXon9m94="></latexit>

zb, z̄b

<latexit sha1_base64="9XJY1B5GMdwmh41BNM5DXim8KVk="></latexit>

za, z̄a

<latexit sha1_base64="7sEAweGeFm5dsm/va7+tepZti9Y="></latexit>

'

<latexit sha1_base64="EJwuYYh8zeSaRc9Nxc5+SawtXDQ="></latexit>

Example 
Scalar five-point function

z
�a+la

2
a z̄

�a�la
2

a

<latexit sha1_base64="LxnMnBceoFeOfTxtvF7weO8EUJ4="></latexit>

z
�b+lb

2
b z̄

�b�lb
2

b

<latexit sha1_base64="AiFbraWYTWJ+gIhNw6Sx5J35554="></latexit>

• Use conformal 
symmetry to fix frame:



Elliptic Z/4Z 
Calogero-Moser 
integrable model

Main result 
Comb channel vertex systems

d  4

<latexit sha1_base64="i3jeEdkakvzE/rYqPktKFWJX1pM="></latexit>

[Etingof, Felder, Ma, Veselov 2010]
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[2108.00023]



Ongoing research

elliptic Calogero-Moser

• N-point blocks in lightcone limits:

⇠

<latexit sha1_base64="nsrvo6RV0793lAupZLTd1063mU0="></latexit>

�a, la

<latexit sha1_base64="acG/dnde47TA1OnmY2WMiwVk3lc="></latexit>

�b, lb

<latexit sha1_base64="0bn5Mt/uwSyA3Bsj/qtR0t9wSo0="></latexit>

t(X ) = Xn

<latexit sha1_base64="Dt5qTZbM4dLrw42fKFy+rF+JhFo="></latexit>

z̄a,b ! 0, za,b ! 1, la,b ! 1

<latexit sha1_base64="efMSpM1oitSDb0j/fJHzN2izdJQ="></latexit>

Xn
Y

s=a,b

z̄
�s�ls

2
s

(1� zs)
n
2 +

�s�ls��3
4

K
n+

�s�ls��3
2

(2ls
p
1� zs)

<latexit sha1_base64="TtX4i7TrJfo6TJGoeIqtj8NOM98="></latexit>

• Solving N-point Gaudin models:

spinning Calogero-Sutherland 
see [2112.10827]

• OPE channels of different topology:  
using quivers & cluster algebras

= C2, A3

<latexit sha1_base64="K22dgEv1vi99t6um904tsdOhGNM="></latexit>
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x2

<latexit sha1_base64="YACD14lffpqv27EkEO14EpXUu3g="></latexit>

x1

<latexit sha1_base64="zeJgO9HSaL+8wjYPRzxWYeK2sVY="></latexit>

x4

<latexit sha1_base64="rfwqvqo1rIhpC4pnIy5o/46dCsQ="></latexit>

x5

<latexit sha1_base64="EnlETGCukzcG1wGmwdnJ7jQYGDc="></latexit>

x3 ! 1

<latexit sha1_base64="Vu53k51aSwAxcimUM2hAXon9m94="></latexit>

�

<latexit sha1_base64="E4zKm2FUUVKAazFVxrpimtiN7J8="></latexit>

zb, z̄b

<latexit sha1_base64="9XJY1B5GMdwmh41BNM5DXim8KVk="></latexit>

za, z̄a

<latexit sha1_base64="7sEAweGeFm5dsm/va7+tepZti9Y="></latexit>

1

<latexit sha1_base64="PMa6iCQwxu9wwhBY2y9nhuK/wmI="></latexit>

2

<latexit sha1_base64="Me+AY3ilYhicTHGuz1rlGJMRJCw="></latexit>

3

<latexit sha1_base64="AfOEULs9qpH5WruM/N5kNr2ITRk="></latexit>

4

<latexit sha1_base64="ZZWssFZnKkIQvGnQkhQ2IBFbBZo="></latexit>

5

<latexit sha1_base64="u6hx5vRV2p/aJuXOND0c8vdC0Dc="></latexit>

�1(x1)�2(x2)
x1!x2⇠

<latexit sha1_base64="HWtyoeg/99S/13V1DnGUL0SNB8A="></latexit>

(x1 � x2)
2qaC�1�2OD(x1 � x2, @x2)O�a,la(x2) + (less singular)

<latexit sha1_base64="paUq0C/W7ETduEmq6AgeVuscBig="></latexit>

• Most singular 
contribution to OPE:

• In a N-point function:

X = cos2
�

2

<latexit sha1_base64="dombAF/vNwfkgbgVx6mLPRKgFIs="></latexit>

Appendix 1 
OPE limit
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X = cos2
�

2

<latexit sha1_base64="dombAF/vNwfkgbgVx6mLPRKgFIs="></latexit>

z,z̄!0⇠

<latexit sha1_base64="KnPX2vYgqVyouQimCW2Jfh90qrk="></latexit>

t

<latexit sha1_base64="rRkuRT5XP2sUp0plas4b+JLgoDU="></latexit>

�a, la

<latexit sha1_base64="acG/dnde47TA1OnmY2WMiwVk3lc="></latexit>

�b, lb

<latexit sha1_base64="0bn5Mt/uwSyA3Bsj/qtR0t9wSo0="></latexit>

(z, z̄,X )

<latexit sha1_base64="nv7pZ1tUCMUNSszXae3peuP7z2o="></latexit>

x2

<latexit sha1_base64="YACD14lffpqv27EkEO14EpXUu3g="></latexit>

x1

<latexit sha1_base64="zeJgO9HSaL+8wjYPRzxWYeK2sVY="></latexit>

x4

<latexit sha1_base64="rfwqvqo1rIhpC4pnIy5o/46dCsQ="></latexit>

x5

<latexit sha1_base64="EnlETGCukzcG1wGmwdnJ7jQYGDc="></latexit>

x3 ! 1

<latexit sha1_base64="Vu53k51aSwAxcimUM2hAXon9m94="></latexit>

�

<latexit sha1_base64="E4zKm2FUUVKAazFVxrpimtiN7J8="></latexit>

zb, z̄b

<latexit sha1_base64="9XJY1B5GMdwmh41BNM5DXim8KVk="></latexit>

za, z̄a

<latexit sha1_base64="7sEAweGeFm5dsm/va7+tepZti9Y="></latexit>

Ansatz:

!

<latexit sha1_base64="SlJkVJGzpwVoKE54W0o08qR62JY="></latexit>

zqaa z̄q̄aa

<latexit sha1_base64="JM4KXFgHbRqDakLmcCMMwK8KMv4="></latexit>

zqbb z̄q̄bb

<latexit sha1_base64="ZBQsxatf3spVpfGoO7gfRnVPRx4="></latexit>

tr (L1 + L2)
2,4 ⇠ Cas2,4(�a, la)

<latexit sha1_base64="ALA5bLbkZXC0kmajEiUJs1eAUOM="></latexit>

tr (L4 + L5)
2,4 ⇠ Cas2,4(�b, lb)

<latexit sha1_base64="dxzDDYT1pDhXBq3CHpCN5bNAWzA="></latexit>

t

<latexit sha1_base64="rRkuRT5XP2sUp0plas4b+JLgoDU="></latexit>

�a, la

<latexit sha1_base64="acG/dnde47TA1OnmY2WMiwVk3lc="></latexit>

�b, lb

<latexit sha1_base64="0bn5Mt/uwSyA3Bsj/qtR0t9wSo0="></latexit>

(X )

<latexit sha1_base64="Cc59IbiI/Fn9Mof0fnQ+k5cfsWY="></latexit>

[

<latexit sha1_base64="9RShKfz08ZTnHpHF3I7fbOMVTtE="></latexit>

[

<latexit sha1_base64="9RShKfz08ZTnHpHF3I7fbOMVTtE="></latexit>

=) qa, q̄a =
�a ± la

2

<latexit sha1_base64="Oa1LbfT0SkCfoFcuTlyrsOHO3JY="></latexit>

=) qb, q̄b =
�b ± lb

2

<latexit sha1_base64="hq4q3kK4hcVULsyhcYVFTil4Y4Q="></latexit>

Appendix 1 
OPE limit
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t

<latexit sha1_base64="rRkuRT5XP2sUp0plas4b+JLgoDU="></latexit>

�a, la

<latexit sha1_base64="acG/dnde47TA1OnmY2WMiwVk3lc="></latexit>

�b, lb

<latexit sha1_base64="0bn5Mt/uwSyA3Bsj/qtR0t9wSo0="></latexit>

�3

<latexit sha1_base64="/v9HTiihNYZO7cS+4/Yzf1pc/Mk="></latexit>

t

<latexit sha1_base64="rRkuRT5XP2sUp0plas4b+JLgoDU="></latexit>

�a, la, `a

<latexit sha1_base64="xGMdlGAA791Rr+1NeuGGyequ9rs="></latexit>

�b, lb

<latexit sha1_base64="0bn5Mt/uwSyA3Bsj/qtR0t9wSo0="></latexit>

�3

<latexit sha1_base64="/v9HTiihNYZO7cS+4/Yzf1pc/Mk="></latexit>

t

<latexit sha1_base64="rRkuRT5XP2sUp0plas4b+JLgoDU="></latexit>

�a, la, `a

<latexit sha1_base64="xGMdlGAA791Rr+1NeuGGyequ9rs="></latexit>

�b, lb, `b

<latexit sha1_base64="2mkckugLHtXvHDViS2QZVo47vTw="></latexit>

�3

<latexit sha1_base64="/v9HTiihNYZO7cS+4/Yzf1pc/Mk="></latexit>

d = 4

<latexit sha1_base64="j96DzybYh6ecpmDD+iFqTbdPmSo="></latexit>

=

<latexit sha1_base64="6vnhiC+WcOCE59GngdtrK4N7dw4="></latexit>

 OPE limits & shadow integrands of N-point blocks
=

<latexit sha1_base64="6vnhiC+WcOCE59GngdtrK4N7dw4="></latexit>

 Gaudin/Hitchin systems on the three-punctured sphere

type I type II type III

HV (X , @X ) t(X ) = Et t(X )

<latexit sha1_base64="e/luV4SGgSbkhBDiY2QvkKf/DHE="></latexit>

Appendix 2 
From vertex system to Calogero-Moser model
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a⌫ := �11 +
X

1i<j4

mi,⌫mj,⌫ ,

<latexit sha1_base64="bhu/ubfOIBEhdAt72EEa6A4NIpI="></latexit>

b⌫ :=
1

2

0

@�a⌫ � 6 +
X

1i<j<k4

mi,⌫mj,⌫mk,⌫

1

A

<latexit sha1_base64="YVWZcV9MRZdXnUvVkmlHcRHP5uw="></latexit>

c⌫ :=
4Y

i=1

mi,⌫

<latexit sha1_base64="he7Zbu2UkEo3spiZMJ6zdKPcH2Y="></latexit>

4X

i=1

mi,⌫ = 6

<latexit sha1_base64="ghV2H+UgzHdHOYkzh0Hxhug2EwY="></latexit>

⇥ = ⇥0 X
l1+l2�2(`1+`2)+�3+(1�d)/2

4 (1� X )
l1+l2�2(`1+`2)��3+(1+d)/2

4

<latexit sha1_base64="jdqaJ/IuhCkNmo/nnED60uEe/Eg="></latexit>

• Conjugation by

• Parameters:

mi,2 = mi,3

<latexit sha1_base64="FdU3TxEsZD8QWE06sy7u3WQO9B0="></latexit>

m1,2 = k + 1

m2,2 = �k

m3,2 = k + 4

m4,2 = �k + 2

<latexit sha1_base64="cNSRyfICQMemgNP4yR8t7sRxUy8="></latexit>

Appendix 2 
From vertex system to Calogero-Moser model
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@4
⇣ +

3X

⌫=0

h
a⌫}(⇣ � !⌫)@

2
⇣ + b⌫}

0(⇣ � !⌫)@⇣ + c⌫}
2(⇣ � !⌫)

i

<latexit sha1_base64="EJVgIad9/KHImoTiLnUn9DR6yBM="></latexit>

+}(!3)(a0 � a1)k(k + 1)
⇥
}(⇣ � !2)� }(⇣ � !3)

⇤

<latexit sha1_base64="Ok++2TtFP91s9X9yRl1jHVQw8b8="></latexit>

⇥�1
HV ⇥+ const =

<latexit sha1_base64="zNGY1CmDKvJnYXDELEt75Wl3evw="></latexit>

a⌫ , b⌫ , c⌫ = polynomial(mi,⌫)

<latexit sha1_base64="whk0Rxvw5E0Y+My8R5cZiKqMiiA="></latexit>

4X

i=1

mi,⌫ = 6

<latexit sha1_base64="ghV2H+UgzHdHOYkzh0Hxhug2EwY="></latexit>

mi,2 = mi,3 / k

<latexit sha1_base64="kkS19FQ7cDjdIUjDp0b0DXLW9Yc="></latexit>

Z/4Z : ⇣ 7! in⇣

<latexit sha1_base64="gG6zI8fk+kndEaumUtshkKnyUSo="></latexit>

iR

<latexit sha1_base64="8nebs7Yqpk8ObtRqTGQ+ZikAZ1Q="></latexit>

[c.f. Etingof, Felder, Ma, Veselov 2010 – eq. (4.3)]

X =

✓
1� }2(⇣)

}2(!3)

◆�1

<latexit sha1_base64="7mWpcY5YvQEMrucz+vXrqJqmTtk="></latexit>

Appendix 2 
From vertex system to Calogero-Moser model
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k = |la � lb|�
1

2

<latexit sha1_base64="M40FZ/jPIpUpBpSoBvL4sI0tHB0="></latexit>

m1,0 = 3
5� d

2
� (la + lb)��3 � 2`a ,

m2,0 =
d� 1

2
� (la + lb)��3 + 2`a ,

m3,0 =
d� 1

2
+ (la + lb) +�3 + 2(�a ��b) ,

m4,0 =
d� 1

2
+ (la + lb) +�3 � 2(�a ��b) ,

m1,1 = �5
d� 3

2
� (la + lb) +�3 � 2`a ,

m2,1 = �d+ 1

2
� (la + lb) +�3 + 2`a ,

m3,1 = �d+ 1

2
+ (la + lb)��3 + 2(�a +�b) ,

m4,1 =
7d� 1

2
+ (la + lb)��3 � 2(�a +�b) ,

<latexit sha1_base64="/8rzrTUtfO9+02hGWhvVYS4mMS0="></latexit>

t

<latexit sha1_base64="rRkuRT5XP2sUp0plas4b+JLgoDU="></latexit>

�a, la, `a

<latexit sha1_base64="xGMdlGAA791Rr+1NeuGGyequ9rs="></latexit>

�b, lb

<latexit sha1_base64="0bn5Mt/uwSyA3Bsj/qtR0t9wSo0="></latexit>

�3

<latexit sha1_base64="/v9HTiihNYZO7cS+4/Yzf1pc/Mk="></latexit>

Appendix 2 
Calogero-Moser multiplicities for type I,II vertices
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Appendix 2 
Calogero-Moser multiplicities for type III vertices

t

<latexit sha1_base64="rRkuRT5XP2sUp0plas4b+JLgoDU="></latexit>

�a, la, `a

<latexit sha1_base64="xGMdlGAA791Rr+1NeuGGyequ9rs="></latexit>

�b, lb, `b

<latexit sha1_base64="2mkckugLHtXvHDViS2QZVo47vTw="></latexit>

�3

<latexit sha1_base64="/v9HTiihNYZO7cS+4/Yzf1pc/Mk="></latexit>

d = 4

<latexit sha1_base64="j96DzybYh6ecpmDD+iFqTbdPmSo="></latexit>

k = |la � lb|�
1

2

<latexit sha1_base64="M40FZ/jPIpUpBpSoBvL4sI0tHB0="></latexit>

m1,0 =
3

2
� (la + lb)��3 � 2(`a � `b) ,

m2,0 =
3

2
� (la + lb)��3 + 2(`a � `b) ,

m3,0 =
3

2
+ (la + lb) +�3 + 2(�a ��b) ,

m4,0 =
3

2
+ (la + lb) +�3 � 2(�a ��b) ,

m1,1 = �5

2
� (la + lb) +�3 � 2(`a + `b) ,

m2,1 = �5

2
� (la + lb) +�3 + 2(`a + `b) ,

m3,1 = �5

2
+ (la + lb)��3 + 2(�a +�b) ,

m4,1 =
27

2
+ (la + lb)��3 � 2(�a +�b) .

<latexit sha1_base64="f9wsn1e1l8ZFna69Aysmm+oowEY="></latexit>

l =
j + |̄

2
, ` =

j � |̄

2

<latexit sha1_base64="9VpZoJ03esO7NinXzVY4/YxbCvI="></latexit>
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Appendix 3 
Scalar N-point kinematics in embedding space

Scalar primary: 

Embedding space: 

N-point function: 

x 2 Rd ! X 2 R1,d+1, X2 = 0, X ⇠ �X

<latexit sha1_base64="IG4vCCL5m2oGmQxX61fnruuFah8="></latexit>

�i(�iXi) = ���i
i �i(Xi), (Li)

A
B = XA

i
@

@XB
i

� [A $ B]

<latexit sha1_base64="YNlZK0+etgdpjkH0Lo5ywfRRojc="></latexit>

h�1 . . .�N i =

<latexit sha1_base64="8p47nm0eI9jqzt5ZuOxNo3ZlN2Q="></latexit>

homogeneous(Xi ·Xj) =

<latexit sha1_base64="HcK930lktA7LBE98Oz7bJeN+RSM="></latexit>

Y

i<j

(Xi ·Xj)
aij F

✓⇢
uI =

Q
Xi ·XjQ
Xi ·Xj

�nCR

I=1

◆

<latexit sha1_base64="ARB+yCmNxJk/hEd3iQX2flvwOmU="></latexit>

nCR =

(
N(N � 1)/2�N if d+ 2 � N

Nd� (d+ 2)(d+ 1)/2 if d+ 2  N

<latexit sha1_base64="NHmO78vey62G7fnn0m/1leqj7N0="></latexit>

Counting cross-ratios: 
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Appendix 3 
Spinning three-point kinematics in embedding space

Spinning primary: O�,l(�X,↵Z + �X) = ���↵l
O�,l(X,Z)

<latexit sha1_base64="PjIrJXPyKP0IfAJW2dmmR3GKWqY="></latexit>

X,Z 2 R1,d+1

<latexit sha1_base64="Gmgk/oYF844NVyR+jevBJ0YchZk="></latexit>

Spinning embedding space: X2 = X · Z = Z2 = 0

<latexit sha1_base64="mOeHfL/2CRsZuvHKEnSKVHZ6qxg="></latexit>

Spinning three-point function: 

X =
[X3(Xa ^ Za)Xb][X3(Xb ^ Zb)Xa]

[(Xa ^ Za) · (Xb ^ Zb)] (X3 ·Xa)(X3 ·Xb)

<latexit sha1_base64="73T9SY2NYlK4qQRH/6syZmRS4k4="></latexit>

(X1 ·X2)
a12(X2 ·X3)

a23(X3 ·X1)
a31 [X3(Xa ^ Za)Xb]

b1 [X3(Xb ^ Zb)Xa]
b2t(X )

<latexit sha1_base64="ayIyfdQvAUdc5zNKJ/YL8arAsX4="></latexit>

hO�a,la(Xa, Za)�3(X3)O�b,lb(Xb, Zb)i =

<latexit sha1_base64="qqZ61UJWVJZ7V+9tNanLcM3Lp+A="></latexit>

t

<latexit sha1_base64="rRkuRT5XP2sUp0plas4b+JLgoDU="></latexit>

�a, la

<latexit sha1_base64="acG/dnde47TA1OnmY2WMiwVk3lc="></latexit>

�b, lb

<latexit sha1_base64="0bn5Mt/uwSyA3Bsj/qtR0t9wSo0="></latexit>

�3

<latexit sha1_base64="/v9HTiihNYZO7cS+4/Yzf1pc/Mk="></latexit>



Appendix 4: N-point Gaudin Models 
Lax matrix and Hamiltonians

• Lax matrix:

• Invariants: [Hp(w),Hq(w
0)] = 0

<latexit sha1_base64="TJGkto78ztt/kYF0F5E7nllGgUM="></latexit>

• Obtain Gaudin 
Hamiltonians by 
partial fraction 
decomposition, e.g.

w 2

<latexit sha1_base64="/9B9ELawqaAT2l5jORVfKZboaZE="></latexit>

wi

<latexit sha1_base64="CEFlTGSTteBm9u/mdVAsoF9r2gA="></latexit>
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L
A
B(w) =

NX

i=1

Li(xi, @xi)
A
B

w � wi
2

NO

i=1

[Oi]⌦ so(1, d+ 1)

<latexit sha1_base64="nLWhUXQEndYXWeyaoyDS7cDthZA="></latexit>

Hp(w) = trL(w)p +O(L
p�1

)

<latexit sha1_base64="pPoSgpa3uoxi/PyLydXw4Qe6UQQ="></latexit>

H2(w) =
NX

i=1

8
<

:
trL2

i

(w � wi)2
+

P
j 6=i

trLiLj

wi�wj

w � wi

9
=

;

<latexit sha1_base64="M2eMUJW6zsX3GzY7JHutAfDrUqE="></latexit>



1

<latexit sha1_base64="iJfhrz8MokoxDs2Yo74Uv/kb+P0="></latexit>

0

<latexit sha1_base64="QonAzcU3r7tL/5y1o8TdMRGhhok="></latexit>

1

<latexit sha1_base64="v8HjqwkJvGM9tYhX6EvQzqYLQPA="></latexit>

H
[r]
p (w) = lim

✏!0
✏p(N�r�2)

Hp(✏
N�r�2w)

<latexit sha1_base64="EcAr8wESulw2s5NrU14tcLSnRzw="></latexit>

r = 2, 3, ..., N � 2

<latexit sha1_base64="MjMgyiW4RiG45+i5fULlPsS3wDQ="></latexit>

• take limits of colliding punctures:

()

<latexit sha1_base64="O90/MF2riKgmolJwRcnVdeqANjY="></latexit>

1

2 3

N

N-1N-2
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Appendix 4: N-point Gaudin Models 
OPE channel limits

• Example: comb channel:


