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Motivation

Correlation functions in conformal field theory

+ Ingredients of a CFT in R¥:

1. Primary fields: =z —

Oi(zi) = Oi(zi) +&4

2. Operator product expansion:
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Motivation
Correlation functions in conformal field theory

* OPE determines all correlation functions
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* OPE determines all correlation functions

LN\ O
n n k
(010,030,) = ciy o)
C’)k n,n’




Integrability based approach [1910.10427]

N-point Gaudin models [2009.11882]
basis of N-point _ eigenbasis of
blocks o Gaudin Hamiltonians

Hyp=Epp  [Hp, Hy] =0
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Integrability based approach [1910.10427]

N-point Gaudin models [2009.11882]
basis of N-point _ eigenbasis of
blocks o Gaudin Hamiltonians
{tr (Z Li) }
IS P=2.4,...
—> quantum
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Integrability based approach [1910.10427]

N-point Gaudin models [2009.11882]
basis of N-point _ eigenbasis of
blocks o Gaudin Hamiltonians
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Integrability based approach
From N-point blocks to vertex systems and back

Scalar 5-point Gaudin

: OPE limits - Hamiltonian
: reduction
.. i T T X :
shadow ™. v
integral J) » Spinning 3-point Gaudin
[Ferrara, = Vertex system
Gatta, Grillo,

Parisi 1972]
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Example
Scalar five-point function

» Use conformal
symmetry to fix frame:
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Main result

2108.00023
Comb channel vertex systems [ !

[Etingof, Felder, Ma, Veselov 2010]

Elliptic 7/47
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Ongoing research

spinning Calogero-Sutherland
see [2112.10827]

* Solving N-point Gaudin models:

elliptic Calogero-Moser

- OPE channels of different topology: — (5, Aj
using quivers & cluster algebras

* N-point blocks in lightcone limits: Za b 0 Zap — L, lgp —> 00
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Appendix 1
OPE limit

- Most singular b1 (21)a(x2) "'~
contribution to OPE: (21 — 22)1Cy, p,0D(x1 — T2,04,)On, 1. (22) + (less singular)

 In a N-point function:

b

X = cos® =
2




Appendix 1
OPE limit

Ansatz:

tr (L4 —|—/ L5)2’4 ~ 0382’4

Ay -

= Uy

> b, Qb —
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Appendix 2
From vertex system to Calogero-Moser model

— OPE limits & shadow integrands of N-point blocks
— Gaudin/Hitchin systems on the three-punctured sphere
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Appendix 2
From vertex system to Calogero-Moser model

: : 1) +1o—2(£1 +02)+A3+(1—d)/2 11 +1o—2(£1 +02) —Ag+(1+d)/2
- Conjugationby © =0, X 1 (1-x) 4
4
- Parameters: a, := 114+ )  mi,mj,, E :mz =6
1 <i<j<A4 . |
1=1
v = 5 —ay =0+ Z U AL R R L,2 1,3
1<i<j<k<4 mio = k+ 1
4 ma 2 — —K
Cp = Hmz’,u ms3 o = k+4
i=1
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Appendix 2
From vertex system to Calogero-Moser model
[cf Etlngof Felder Ma Veselov 2010 - €4. (4 3)]

@ 1HV + const =

i 1R 4

| 5
O+ D |awp(C — wi)OZ + by (¢ — wi)d

v=0

| Fows)(ao — a)k(k + 1) [p(¢ —w2) = p(¢ —ws)] |
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Appendix 2
Calogero-Moser multiplicities for type I,ll vertices

mio =3 (la + 1) — Az — 24,
b k=1, — Il
T ) S Ay ot — [t 0
Ag mo o = > (lg + 1) — Ag 4+ 20, ,
d—1
ms o = (L, + 1) + As +2(A, — Ayp),
Aaalaaga Ab, lb > 7 2 | ( ) i ( )
My = 5 I(la—l—lb)—l—Ag—Q(Aa—Ab),
d— 3
mi 1 = —9 > (lg +1p) + Az — 24,
d+ 1
mo 1 = —; (lg +1p) + Az + 24,
d-+ 1
m3,1 — —; | (la —+ lb) — Ag —+ Q(Aa —+ Ab) ,
7d — 1
maq 1 = | (la + lb) — A3 — Q(Aa + Ab) 9
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Appendix 2
Calogero-Moser multiplicities for type lll vertices

3
ml’() — 5 — (la —|—lb) — Ag — Z(Za —Zb),
3 k = |la — lb|
Mo o = 5 — (la —I—lb) — Ag —+ 2(€a —gb),
— 3
d 4 m3,0:§+(la—|—lb)+A3+2(Aa—Ab),
Ag 3
M0 = 3 + (g +1p) + Az —2(A, — Ap),
Aaylapga Abplbpgb ml,l _ Z (la lb) AS _z(ga éb)’
5
mo 1 = 5 (la—|—lb) —|—A3—|—2(€a—|—£b),
+7 7 5
1:32], 5:92] ms1 = =5+ (la+ 1) = Ag +2(Ag + Ay).
27
my 1 = | (la -+ lb) — Agq — Q(Aa + Ab) :

20




Appendix 3
Scalar N-point kinematics in embedding space

» Embedding space: = cRY —» X e RV X2 =0, X ~ )X

A 0

— Scalar primary: ¢:(\X;) = A2 9i(Xa),  (Li)"'p = X; oOXF

A < B|

—> N-point function: (@1 ... ¢n) = homogeneous(X; - X;) =

o (o )

i<j I=1

N(N—-1)/2—N if d+2>N
Nd—(d+2)(d+1)/2 if d+2<N

> Counting cross-ratios: 7ncr = {
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Appendix 3
Spinning three-point kinematics in embedding space

» Spinning embedding space: X,/ & RLd+1 X2 =—X.7Z=27%—-0

— Spinning primary: Oa ;(AX,aZ + BX) = A 2a'Oa (X, Z)

—p Spinning three-point function: N J; A

(Oa, 1. (Xay Za)03(X3)On, 1, (Xb, Zb)) =
(X1 - X9)"2( Xy - X3)%23 (X3 - X1)% [ X3( X A Za) Xp]P [ X3(Xp A Z3) X4]P28(X)

X3(Xo N Zy) Xp|| X3(Xp N Zp) X

t = (Xa A Za) - (X A Zp)] (X3 - Xo) (X3 - Xp)
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Appendix 4: N-point Gaudin Models
Lax matrix and Hamiltonians

o Lax matrix: £ 5(

* Invariants: H,(w) = tr L(w

e Obtain Gaudin
Hamiltonians by
partial fraction
decomposition, e.g.
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Appendix 4: N-point Gaudin Models
OPE channel limits

» take limits of colliding punctures: w; —w; =€ =0 M, (e*w) — finite

- Example: comb channel:

r=23 ... N—2 L] (w) = lim ep(N_T_m’Hp(eN_r_Qw)

e—0
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