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Abstract. Starting from an effective Skyrme interaction we present a method to take into account the
coupling between one- and two-phonon terms in the wave functions of excited states. The approach is a
development of a finite rank separable approximation for the quasiparticle RPA calculations proposed in
our previous work. The influence of the phonon-phonon coupling on energies and transition probabilities
for the low-lying quadrupole and octupole states in the neutron-rich Sn isotopes is studied.
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1 Introduction

The experimental and theoretical studies of properties of
the excited states in nuclei far from the S-stability line are
presently the object of very intensive activity. The random
phase approximation (RPA) [1-4] is a well-known and suc-
cessful way to treat nuclear vibrational excitations. Using
Gogny’s [5] or Skyrme-type [6] effective nucleon-nucleon
interactions the most consistent models can describe the
ground states in the framework of the Hartree-Fock (HF)
and Hartree-Fock-Bogoliubov (HFB) approximations and
the excited states within the RPA and quasiparticle RPA
(QRPA). Such models are quite successful not only to
reproduce the nuclear ground-state properties [7,8], but
also to describe the main features of nuclear excitations
in closed-shell [9,10] and open-shell nuclei [11-14]. In the
latter case the pairing correlations are very important.
Due to the anharmonicity of vibrations there is a cou-
pling between one-phonon and more complex states [2,4]
and the complexity of calculations beyond standard RPA
or QRPA increases rapidly with the size of the configu-
ration space, so one has to work within limited spaces.
Making use of separable forces one can perform calcu-
lations of nuclear characteristics in very large configura-
tion spaces since there is no need to diagonalize matri-
ces whose dimensions grow with the size of configuration
space. For example, the well-known quasiparticle-phonon
model (QPM) [4] can do very detailed predictions for nu-
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clei away from closed shells [15], but it is very difficult to
extrapolate the phenomenalogical parameters of the nu-
clear Hamiltonian to new regions of nuclei.

That is why a finite rank approximation for the
particle-hole (p-h) interaction resulting from the Skyrme
forces has been suggested in our previous work [16]. Thus,
the self-consistent mean field can be calculated with the
original Skyrme interaction, whereas the RPA solutions
would be obtained with the finite rank approximation to
the p-h matrix elements. It was found that the finite rank
approximation can reproduce reasonably well the dipole
and quadrupole strength distributions in Ar isotopes. Al-
ternative schemes to factorize the p-h interaction were
considered in [17-19].

Recently, the finite rank approximation for p-h interac-
tions of Skyrme type has been generalized to take into ac-
count the pairing correlations [20]. The QRPA was used to
describe characteristics of the low-lying 2+ and 3~ states
and giant resonances in nuclei with very different mass
numbers [20,21]. It was found that there is room for the
phonon-phonon coupling effects in many cases. The first
calculation to estimate this effect has been done for 1*2Sn
in [22].

In the present work, we extend our approach to take
into account the coupling between the one- and two-
phonon terms in the wave functions of excited states.
As an application of the method we present results for
low-lying 2% and 3~ states in neutron-rich Sn isotopes
and compare them with recent experimental data [23] and
other calculations [24-26].



398

This paper is organized as follows: in sect. 2 we sketch
our method allowing to consider effects of the phonon-
phonon coupling. In sect. 3 we discuss details of calcu-
lations and show how this approach can be applied to
treat the low-lying collective states. Results of calcula-
tions for properties of the quadrupole and octupole states
in 12471348y isotopes are given in sect. 4. Conclusions are
drawn in sect. 5.

2 Method of calculations
2.1 The model Hamiltonian and QRPA

We start from the effective Skyrme interaction [6] and
use the notation of ref. [27] containing explicit den-
sity dependence and all spin-exchange terms. The single-
particle spectrum is calculated within the HF method.
The continuous part of the single-particle spectrum is
discretized by diagonalizing the HF Hamiltonian on a
harmonic-oscillator basis [28]. The p-h residual interac-
tion Vies corresponding to the Skyrme force and includ-
ing both direct and exchange terms can be obtained as
the second derivative of the energy density functional
with respect to the density [29]. Following our previous
papers [16] we simplify Vies by approximating it by its
Landau-Migdal form. For Skyrme interactions all Landau
parameters Fl,Gl,Fl/,Gz with [ > 1 are zero. Here, we
keep only the I = 0 terms in Vies and in the coordinate
representation one can write it in the following form:

Vies(r1,12) = Nyt |:F0<7"1) + Go(r1)oy - o2 + (F(;(Tl)
+Gy(r1)or - o2)my -Tz} 6(r1 —r2), (1)

where o; and 7; are the spin and isospin operators, and
Ny = 2kpm* /7r2h2 with kr and m™* standing for the Fermi
momentum and nucleon effective mass. The expressions
for Fy, Gy, F(;, Gé) in terms of the Skyrme force parameters
can be found in ref. [27]. Because of the density depen-
dence of the interaction the Landau parameters of eq. (1)
are functions of the coordinate r.

In what follows we use the second quantized represen-
tation and Vs can be written as

~ 1
Vies = 5 > Vigas : afaf asas :, (2)
1234
where a] (a;) is the particle creation (annihilation) oper-

ator and 1 denotes the quantum numbers (n1l;j1m1),

Vigss = /¢T(r1)¢§(1‘2)‘4¢s(1‘1,I‘2)¢3(I‘1)¢4(r2)d1‘1dr2-
(3)

After integrating over the angular variables one needs
to calculate the radial integrals. As is shown in [16,20] the
radial integrals can be calculated accurately by choosing
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a large enough cut-off radius R and using a N-point inte-
gration Gauss formula with abscissas 7 and weights wy.
Thus, the two-body matrix element is a sum of N separa-
ble terms, i.e., the residual interaction takes the form of
a rank N separable interaction.

We employ a Hamiltonian including an average HF
field, pairing interactions, the isoscalar and isovector
particle-hole (p-h) residual forces in a finite rank sepa-
rable form [20]:

H= ZT: (i(Ej — Ar)ab,,am

jm
1 A
—ZVT(O) Pl (T)Py (1) : ) + Vies » (4)
where . _
Py ()= (-1 "af,af,,. (5)
jm

We sum over the proton (p) and neutron (n) indexes
and the notation {r = (n,p)} is used. A change 7 — —7
means a change p < n. The single-particle states are spec-
ified by the quantum numbers (jm), E; are the single-

particle energies, A, the chemical potentials. VT(O) is the
interaction strength in the particle-particle channel. The
Hamiltonian (4) has the same form as the QPM Hamilto-
nian with IV separable terms [4,30], but the single-particle
spectrum and parameters of the p-h residual interaction
are calculated making use of the Skyrme forces.

In what follows we work in the quasiparticle represen-
tation defined by the canonical Bogoliubov transforma-
tion: ‘

al, = ujed, + (=17 v . (6)

The Hamiltonian (4) can be represented in terms of

bifermion quasiparticle operators and their conjugates [4]:

B(jj s am) = D (=17 T jmgm’ | Ay
(7)
+(iq — iy i o + 4t
AT (5750 = Z(]mj m |)\p>ajm04j,m,. (8)

We introduce the phonon creation operators

1 o
Qi = 52 (Xf] AT (5 s M)

i3’
—(=1)M YN AT A - u)) : 9)

where the index A denotes the total angular momentum
and p is its z-projection in the laboratory system. One as-
sumes that the ground state is the QRPA phonon vacuum
| 0), i.e. Qapi | 0) = 0. We define the excited states for
this approximation by Q:\*'m | 0). The quasiparticle ener-
gies (&), the chemical potentials (A, ), the energy gap and
the coefficients u,v of the Bogoliubov transformations (6)
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are determined from the BCS equations with the single-
particle spectrum that is calculated within the HF method
with the effective Skyrme interaction. Making use of the
linearized equation-of-motion approach [1]

(O] [0Quas [H.Q8,] | 10) = .01 [0, Q%] 10),

(10)
with the normalization condition
(O] [@uuir QY] 10) =0y, (11)
one can get the QRPA equations [3,4]:
A B X X
(% 20)(¥)-»(3) o

In QRPA problems there appear two types of inter-
A)
J131) (J235)

forward-going graphs and the B((;‘)]l) (G23))ar

lated to backward-going graphs. Solutions of this set of lin-
ear equations yield the eigenenergies and the amplitudes
X, Y of the excited states. The dimension of the matrices
A, B is the space size of the two-quasiparticle configura-
tions. For our case expressions for 4, B and X, Y are given
in [20]. Using the finite rank approximation we need to in-
vert a matrix of dimension 4N x 4N independently of the
configuration space size [16,20]. Therefore, this approach
enables one to reduce remarkably the dimensions of the
matrices that must be inverted to perform structure cal-
culations in very large configuration spaces.

action matrix elements, the AE matrix related to

matrix re-

2.2 Phonon-phonon coupling

Our calculations [20] show that, for the normal-parity
states one can neglect the spin-multipole terms of the
p-h residual interaction (1). Using the completeness and
orthogonality conditions for the phonon operators one
can express the bifermion operators AT (j i Ap) and
A(jj E Ap) through the phonon ones and the initial Hamil-
tonian (4) can be rewritten in terms of quasiparticle and
phonon operators in the following form:

H= hy + hQQ + hQB, (13)
ho = Z €j ij—m AXjm (14)
jm
1 i’
hqq = 1 w* () Q;\Fm‘Q,\m" ) (15)
Apii’ T

hQB__fz Z F/\z

ApiT 4

x B(jj ;A — p) + hec. .

( )/\ﬂLQLi + Q)\fm)

(16)

The coefficients W, I' of the Hamiltonian (13) are sums
of N combinations of phonon amplitudes, the Landau pa-
rameters, the reduced matrix elements of the spherical
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harmonics and radial parts of the HF single-particle wave
function (see appendix A). It is worth pointing out that
the term hgp is responsible for the mixing of the config-
urations and, therefore, for the description of many char-
acteristics of the excited states of even-even nuclei [4].

To take into account the mixing of the configurations
in the simplest case one can write the wave functions of
excited states as

0, () = {ZRM)Q;M
Z Pi;lll; AV

A1i1A2i2

) [Qs Qo] 1O 0D

with the normalization condition

SORI(Jv)+2 > (PUE(Iv)?=1. (18)
i A1i1 202
Using the variational principle in the form
5 (W (M) [H | ¥y (M)
—E, (@, (M) [ W (An)) — 1)) = 0, (19)

one obtains a set of linear equations for the unknown am-
plitudes R;(Jv) and Pi‘;;; (Jv):

(wsi = B)R;(Jv)+ Y U (Jv)PL A (Jv) =0,
)\111)\212
(20)
Z U;\\zlllzl JZ JV)+2(w)\1Z1 —H"')Aﬂz E )P;\;Zzl (JV) =0.
(21)

U i‘;g (Ji) is the matrix element coupling one- and two-
phonon configurations [4,31]:

01Quihons [QF,:, Q%] , 10)-

The expression of Ui‘;;; (Ji) is given in appendix B.
The number of linear equations (20), (21) equals the num-
ber of one- and two-phonon configurations included in the
wave function (17).

The energies of the excited states E, are solutions of
the secular equation

Ui (Ji) =

Aziz

(22)

F(E,,) = det (wM — El,)(sn‘/

1 U (AU (')

§ )\2 12 )\212

A1i1,A202

- =0, (23

)\17,1 + w)\glg - EI/

where the rank of the determinant equals the number of
the one-phonon configurations. Using egs. (20), (21) and
the normalization condition (18), one can find the ampli-
tudes R;(Jv) and P;\\;;; (Jv).

It is necessary to point out that the equations de-
rived above have the same form as the basic QPM equa-
tions [4,31], but the single-particle spectrum and the p-
h residual interaction are determined making use of the
Skyrme interactions.
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Table 1. Energies and B(E2) values for up-transitions to the first 27 states.

Nucleus Energy B(E27)
(MeV) (e*b?)
Exp. Theory Exp. Theory

QRPA 2PH QRPA 2PH
1249y 1.13 1.92 1.03  0.1660+0.0040 0.177 0.151
126gy 1.14 1.96 1.30 0.1040.03 0.149 0.133
128gy 1.17 2.08 1.48 0.07340.006 0.111 0.100
130Gy 1.22 2.37 1.73 0.02340.005 0.064 0.058
1829n 4.04 4.47 4.03 0.14+0.06 0.136 0.129
1349 0.73 1.65 1.34 0.029+0.006 0.016 0.015

3 Details of calculations

We apply the present approach to study characteristics of
the low-lying vibrational states in the neutron-rich Sn iso-
topes. In this paper we use the parametrization SLy4 [32]
of the Skyrme interaction. This parametrization was pro-
posed to describe isotopic properties of nuclei from the
[-stability line to the drip lines. Spherical symmetry is
assumed for the HF ground states.

The pairing constants V. are fixed to reproduce the
odd-even mass difference of neighbouring nuclei. It is well
known [11,12] that the constant gap approximation leads
to an overestimate of occupation probabilities for subshells
that are far from the Fermi level and it is necessary to
introduce a cut-off in the single-particle space. Above this
cut-off, subshells do not participate in the pairing effect.
In our calculations we choose the BCS subspace to include
all subshells lying below 5 MeV.

In order to perform QRPA calculations, the single-
particle continuum is discretized [28] by diagonalizing the
HF Hamiltonian on a basis of twelve harmonic-oscillator
shells and cutting off the single-particle spectra at the en-
ergy of 100 MeV. This is sufficient to exhaust practically
all the energy-weighted sum rule.

The Landau parameters Fy, Go, F(;, Gé) expressed in
terms of the Skyrme force parameters [27] depend on k.
As is pointed out in our previous works [16,20] one needs
to adopt some effective value for kp to give an accurate
representation of the original p-h Skyrme interaction. For
the present calculations we use the nuclear matter value
for kp.

Our previous investigations [20] enable us to conclude
that N = 45 for the rank of our separable approximation
is enough for multipolarities A < 3 in nuclei with A < 208.
Increasing N, for example, up to N = 60 in 2°8Pb changes
results for energies and transition probabilities not more
than by 1%. Our calculations show that, for the natural-
parity states one can neglect the spin-multipole interac-
tions and this reduces by a factor 2 the total matrix di-
mension, i.e., the matrix dimensions never exceed 2IN x 2N
independently of the configuration space size [16,20].

The two-phonon configurations of the wave function
(17) are constructed from natural-parity phonons with
multipolarities A = 2,3,4,5. All one-phonon configura-

tions with energies below 8 MeV for 1247130:134Gy and 10
MeV for 132Sn are included in the the wave function (17).
The cut-off in the space of the two-phonon configurations
is 21 MeV. An extension of the space for one- and two-
phonon configurations does not change results for energies
and transition probabilities practically.

4 Results of calculations

As an application of the method we investigate effects of
the phonon-phonon coupling on energies and transition
probabilities to 2] and 3] states in 1247134Sn.

Results of our calculations for the 2i energies and
transition probabilities B(E2) are compared with exper-
imental data [23,33] in table 1. Columns “QRPA” and
“2PH” give values calculated within the QRPA and taking
into account the phonon-phonon coupling, respectively.

As is seen from table 1, there is a remarkable increase
of the 2] energy and B(E2 1) in '*2Sn in comparison with
those in 1391340, Such a behaviour of B(E2 1) is related
with the proportion between the QRPA amplitudes for
neutrons and protons in Sn isotopes. The neutron am-
plitudes are dominant in all Sn isotopes and the contri-
bution of the main neutron configuration {1hy1,2,1h11/2}
increases from 81.2% in '24Sn to 92.8% in '*°Sn when neu-
trons fill the subshell 1h; /5. At the same time the contri-
bution of the main proton configuration {2ds/2,1g9/2} is
decreasing from 9.3% in 124Sn to 3.9% in 3°Sn. The clo-
sure of the neutron subshell 1% /5 in 1328 leads to the
vanishing of the neutron paring. The energy of the first
neutron two-quasiparticle pole {2f7/2,1hq1/2} in '¥2Sn is
greater than energies of the first poles in 3%:134Sn and
the contribution of the {2f7/2, 1112} configuration in the
doubly magic '32Sn is about 61%. Furthermore, the first
pole in 132Sn is closer to the proton poles. This means
that the contribution of the proton two-quasiparticle con-
figurations is greater than those in the neighbouring iso-
topes and, as a result, the main proton configuration
{2d5)2,1g9/2} in '¥2Sn exhausts about 33%. In '*4Sn the
leading contribution (about 99%) comes from the neutron
configuration {2f7,2,2f7/2} and, as a result, the B(E2)

value is reduced. Such a behaviour of the 2] energies and
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Table 2. Energies and B(E3) values for up-transitions to the first 37 states.

Nucleus Energy B(E3T)
(MeV) (e*b%)
Exp. Theory Exp. Theory

QRPA 2PH QRPA 2PH
1248n 2.60 3.64 3.25  0.07340.010 0.208 0.196
126gy 2.72 4.16 3.76 0.191 0.176
128gy 4.66 4.22 0.181 0.161
130Gy 5.17 4.75 0.183 0.159
1328 4.35 5.66 5.36 0.202 0.191
134gy 5.01 4.51 0.128 0.111

B(E2) values in the neutron-rich Sn isotopes reflects the
shell structure in this region. It is worth mentioning that
the first prediction of the anomalous behaviour of 2% exci-
tations around '32Sn based on the QRPA calculations with
a separable quadrupole-plus-pairing Hamiltonian has been
done in [24]. In comparison with other QRPA calculations
of Sn isotopes done with the Gogny force [26], and espe-
cially with Skyrme forces [25], the present QRPA results
for 21 energies are in agreement but our B(E2) values
are somewhat larger. One possible cause for this discrep-
ancy may lie in the fact that different prescriptions for
the residual interaction in the p-p channel are adopted in
ref. [25] and here.

One can see from table 1 that the inclusion of the two-
phonon terms results in a decrease of the energies and a
reduction of transition probabilities. Note that the effect of
the two-phonon configurations is important for the ener-
gies and this effect becomes weak in 132Sn. There is some
overestimate of the energies for the QRPA calculations
and taking into account the two-phonon terms improves
the description of the 2 energies. The reduction of the
B(E2) values is small in most cases due to the crucial
contribution of the one-phonon configuration in the wave
function structure.

Results of our calculations for the 3] energies and the
transition probabilities B(E3) compared to experimental
data [34] are shown in table 2. As for the quadrupole ex-
citations the influence of coupling between one- and two-
phonon terms in the wave functions of the 3] states leads
to the decrease of the energies and the reduction of tran-
sition probabilities. In spite of the fact that the 3] states
have strong collectivity and many two-quasiparticle con-
figurations give a contribution in the QRPA wave func-
tions in Sn isotopes, the phonon-phonon coupling is not
very strong in this case. Our calculation shows that the
main reason is the smallness of the matrix elements cou-
pling the one-phonon configuration {37} and the two-

phonon configuration {273, } (U?iir (37))- As aresult, the

decrease of the 3] energies is about 10%. In the present
paper we neglect the p-p channel that can be important
for collective phonons and can reduce the collectivity of
states [4,35]. This can give an additional lowering of ener-
gies and transition probabilities , but this is not the case

Table 3. (M,,/M,)/(N/Z) ratios for the first 2%, 37 states.

State 124gp 126g, 128g, 130g, 182gq,  13dgy
2f 0.99 0.99 0.98 0.97 0.81 1.44
37 0.94 0.92 0.89 0.86 0.83 0.91

for 328n. Comparing with the QRPA results of ref. [25]
for 3] energies and transition probabilities we find that
the energies are in general agreement, whereas our cal-
culated B(E3) are larger than those of ref. [25]. Again,
the reason may be in the different treatments of the resid-
ual interaction in the p-p channel. It is worth mentioning
that experimental data for 3 states in the neutron-rich
Sn isotopes are very scarce.

An additional information about the structure of the
first 2% 3~ states can be extracted by looking at the ra-
tio of the multipole transition matrix elements M, /M,
that depends on the relative contributions of the proton
and neutron configurations. In the framework of the col-
lective model for isoscalar excitations this ratio is equal
to M, /M, = N/Z and any deviation from this value can
indicate an isovector character of the state. The M,, /M,
ratio can be determined experimentally by using differ-
ent external probes [36-38]. Our calculated values for the
M,,/M,, ratios for the 2] and 3] states are shown in ta-
ble 3. The calculated M, /M, ratios are rather close to
N/Z except 2 in 134Sn. It is worth noting that the de-
viation of the ratio for the 2 state in '32Sn correlates
with the increase of the contribution of the proton two-
quasiparticle configurations.

5 Conclusions

The finite rank separable approximation for the QRPA
calculations with Skyrme interactions that was proposed
in our previous work is extended to take into account the
coupling between one- and two-phonon terms in the wave
functions of excited states. The suggested approach en-
ables one to reduce considerably the dimensions of the
matrices that must be diagonalized to perform structure
calculations in very large configuration spaces. As an ap-
plication of the method we have studied the behaviour of
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i M,k M,k i M,k
(DF () (56" 4+ 6EM) 4 DAE (=) (56

2
. H(lM,k)>)

the energies and transition probabilities of the 2] and 3]
states in 12471348n. The tendency of our QRPA results
is to overestimate the energies. The inclusion of the two-
phonon configurations results in a decrease of the energies
and a reduction of transition probabilities. However, we
find that the effects modify significantly only the energies
of quadrupole states. The maximum energy correction is
about 46% and it occurs for the 27 state in 124Sn, whereas
the effect becomes weaker in 32Sn. We find also that, for
the energies of 3] states, the effect is minor and changes
the QRPA energies by about 10%. In this case, the main
discrepancies between measured and calculated energies
are too large to be overcome by the inclusion of the two-
phonon configurations and one should seek for improve-
ments in the effective interaction used. Our calculations
show that the influence of the phonon coupling is small
for B(E2) and B(E3) values. We emphasize also that
the inclusion of the two-phonon terms does not change
the effect of a remarkable increase of the QRPA value of
B(E2;0"7 — 27) in the doubly closed shell nucleus '32Sn
in comparison with its neighbours. A systematical study
of the influence of the two-phonon terms taking into ac-
count the p-p channel on properties of the low-lying states
is now in progress.

We are grateful to Prof. Ch. Stoyanov for valuable discussions
and help. A.P.S. and V.V.V. thank the hospitality of IPN-
Orsay where a part of this work was done. This work is partly
supported by INTAS Fellowship grant for Young Scientists
(Fellowship Reference N YSF 2002-70), and by IN2P3-JINR
agreement.

Appendix A.

The coefficients of the Hamiltonian (13) are given by the
following expressions:

» D)\zk( )
W)\n _ +

-3 (D0

N f’\k) =)

Z\/W

D)\z k ( )
N ) . (A

Y (r (A.2)

where
Xik (Ak) (+) i Y
Dy (r) = T 1 (355 + ).
i3’
see eq. (A.3) above,
=) (+)
’Ujj, = ujuj/ — ’Uj’Uj/ ujj/

= U vy + Uy

(AK)

In the above expressions fjj/ denotes the single-

particle radial matrix elements [20]:

Ak . .
Ty M ¥alia).
where wuj, (1) is the radial part of the HF single-particle
wave function at the abscissas of the N-point integration
Gauss formula 7. n(()M’k) and ngM’k) are defined by the

Landau parameters as
(JVI k) _N—lka FO(""k)
(M k) 0 27&’2C F(/) (Tk) .

Appendix B.

= uj, (1g)uj, (15

The matrix elements U )‘1“ 7 (Ji) have the following form:

U5 (M) =

/\212

i A1 Az A
x (Faljz (1) { jo 1 j3} (X

(=DM TR /2N +1)(20e + 1) Z i

T j1j253

)\QZQY)\lll + X)\lll YA27/2>

J2J33 ~ J3J1 J3J1 © J2733
F/\17,1 ( ) )\1 )\2 )\ YAley)«L X)\Z X>\222
J1J2 j3 j2 jl J3J1 J2]3 J2737 77371

Aoi AL A2 A
+ FJ’12J’22 (T) { J1 J3 32} <szja

/\1l1y)\z _|_X)\7, X)qn)) .

J3J1 J3J17 7273

(B.1)
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