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Abstract. Starting from the Skyrme interaction f− together with the density-dependent pairing interac-
tion, we study the g factors for the 2+

1,2 excitations of 88,90Sr and 90,92Zr. The coupling between one-
and two-phonon terms in the wave functions of excited states is taken into account within the finite-rank
separable approximation. Using the same set of parameters we describe available experimental data and
give the prediction for 90Sr, g(2+

2 ) = +0.03 in comparison to +0.31 in the case of 92Zr.

1 Introduction

Magnetic moments of nuclear quantum states are well
known as useful sources of information on their proton-
neutron structure. The g factors of the first quadrupole
states of even-even nuclei are usually comparable to,
though in most cases somewhat smaller than, the col-
lective value Z/A, which would apply to a rotation of
a uniformly charged body [1]. Recent experimental stud-
ies in nuclei of the A ≈ 90 mass region have shown that
most g factors are close to the Z/A value [2,3]. At the
N = 50 neutron shell closure the positive large g factors
indicate predominant single-particle (SP) proton states,
while away from this closed neutron shell both protons and
neutrons contribute to the wave functions more equally.
However, Zr with 40 protons clearly stands out. Adding
neutrons beyond N = 50 results in negative g factors (with
measured g factor values of g(2+

1 ) = −0.18± 0.02 for 92Zr
and g(2+

1 ) = −0.32±0.02 for 94Zr) [4,5]. The neutron con-
figurations dominate in the structure of these 2+

1 states.
A similar structure may be expected for the neighboring
Sr isotopes. The main difference is that in Sr the proton
π2p1/2 orbital is empty, while in Zr it is filled. As a result,
the 2+

1 states have almost equal values of excitation en-
ergies, reduced transition probabilities, and g factors [2,
3]. The motivation for this work was to further investigate
the g factor evolution for quadrupole collective excitations
in 90Sr and 92Zr, in comparison to the isotones 88Sr and
90Zr with N = 50 closed neutron shell.

The basic one-phonon quadrupole-collective isovec-
tor excitations of the valence shell of heavy nuclei have
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been predicted as the mixed-symmetry (MS) states in
the proton-neutron (pn) version of the interacting boson
model (IBM-2) [6]. The pn symmetry of the wave func-
tions is quantified by the bosonic analog of the isospin,
termed F spin [7–10]. In particular, there are fully sym-
metric (FS) states with maximum F spin (F = Fmax) and
MS states with F < Fmax. A list of references on that sub-
ject is given in ref. [11]. Heyde and Sau described the FS
and MS states in the framework of the schematic two-
state model (TSM) [12], which has occasionally been used
to estimate the properties of quadrupole excitations in the
even-even N = 52 isotones from 92Zr to 100Cd [5,13]. The
TSM consists of a neutron pair and a proton pair, each
in a single-j subshell, thus, they are related to d-boson
configurations in the IBM-2. Configurations with unper-
turbed energies are mixed by the residual neutron-proton
interaction. The relative phases of proton and neutron am-
plitudes are opposite in the resulting first and second 2+

states, i.e.,

|2+
FS〉 = α|2+

ν 〉 + β|2+
π 〉, (1)

|2+
MS〉 = −β|2+

ν 〉 + α|2+
π 〉. (2)

The amplitudes α and β may reflect two distinct situa-
tions: either α ≈ β, leading to well-developed FS and MS
states, or α �= β. Then, this unbalanced pn content of
the wave functions can be interpreted as configurational
isospin polarization (CIP) [13], which denotes varying con-
tributions to the 2+ states by active proton and neutron
configurations due to the subshell structure. The CIP ef-
fect on structures showing considerable F -spin breaking
was first observed in 92,94Zr [5,14–16]. The significantly
large M1 strength between the 2+

1,2 states was considered
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as the fingerprint of a significant MS character of the 2+
2

state of 92Zr.
92Zr is lying on the proton Z = 40 subshell closure.

To consolidate our understanding of structure evolution
in this region it is interesting to study the CIP effect
on low-energy quadrupole excitations of the next lighter
even-even N = 52 isotone, 90Sr, theoretically. Our tool is
based on the quasiparticle random phase approximation
(QRPA) with the Skyrme force f− [17] in the p-h channel
and the density-dependent pairing interaction in a separa-
ble approximation for residual interaction. The previously
reported [18,19] measured reduction of the B(E2) value of
the first 2+ state of 136Te with respect to 132Te by a fac-
tor 1.77 has been reproduced [20] with the Skyrme force
f− in the p-h channel and using the volume zero-range
pairing interaction. Based on these calculations we have
identified the 2+

2 state of 132Te as a one-phonon MS state
in agreement with experiment. The same calculations in-
dicated the 2+

2 state of 136Te as a proton-dominated state,
corresponding to a MS state with substantial CIP [20]. Re-
cently, available experimental data [18,19] was reanalyzed.
For 136Te, the new experimental B(E2; 0+

gs → 2+
1 ) value

of 1810 ± 150 e2fm4 [21] is significantly larger than the
previous one of 1220 ± 180 e2fm4, which had at the time
misled us to favor the absence of the density-dependent
term in the zero-range pairing interaction. The new data
leaves the 2+

3 state of 136Te as the better MS candidate, as
predicted in ref. [22]; more experimental data are needed
to clarify this point. Since our previous calculation had
been optimized to also reproduce the erroneous previous
data, it is no surprise that the new B(E2) limits on the
2+
2 state of 136Te are inconsistent with our previous pre-

diction of it being the MS state [20]. We have done a new
calculation with the same f− Skyrme interaction and only
adjusting now the density-dependent term of the pairing
interaction to the new data [21]. Our new results are in
reasonable agreement with the new data [23].

This paper is organized as follows: in sect. 2, we sketch
the method to take into account the coupling between
one- and two-phonon terms in the wave functions of ex-
cited states. Results of our calculations for properties of
the quadrupole-excited states of 88,90Sr and 90,92Zr are
given in sect. 3. The effects of the phonon-phonon coupling
(PPC) are discussed. Conclusions are drawn in sect. 4.

2 Details of calculations

The method of taking into account the PPC has already
been introduced in refs. [20,24,25]. We construct the wave
functions from a linear combination of one- and two-
phonon configurations as

Ψν(λμ) =

(∑
i

Ri(λν)Q+
λμi

+
∑

λ1i1λ2i2

Pλ1i1
λ2i2

(λν)
[
Q+

λ1μ1i1
Q+

λ2μ2i2

]
λμ

)
|0〉,

(3)

where λ denotes the total angular momentum and μ is
its z-projection in the laboratory system, and with am-
plitudes Ri(λν) and Pλ1i1

λ2i2
(λν). The wave functions of the

ground state is the QRPA phonon vacuum |0〉 and the
one-phonon QRPA states given by Q+

λμi|0〉 have energy
ωλi. To build the QRPA equations on the basis of HF-
BCS quasiparticle states with the residual interactions is
a standard procedure [26]. The dimensions of the QRPA
matrix grow rapidly with the size of the nucleus. Using
the finite rank separable approximation [27] for the resid-
ual interactions, the eigenvalues of the QRPA equations
can be obtained as the roots of a relatively simple secular
equation [28]. It enables us to perform QRPA calculations
in very large two-quasiparticle (2QP) spaces. The cut-off
of the discretized continuous part of the SP spectra is
at the energy of 100 MeV. This is sufficient to exhaust
practically all the energy-weighted sum rule. Because of
this large configurational space, we do not need effective
charges for electric transitions. Nuclear M1 transitions are,
however, modified by in-medium effects (meson exchange
currents, etc.). Therefore, the M1 transition matrix ele-
ments are calculated with a spin-gyromagnetic quenching
factor gs = 0.8, which improves the overall description of
the magnetic properties.

The normalization condition of the wave functions (3)
leads to the relation∑

i

R2
i (λν) + 2

∑
λ1i1λ2i2

[
Pλ1i1

λ2i2
(λν)

]2

×(1 + Kλ(λ1i1, λ2i2)) = 1, (4)

Kλ(λ1i1, λ2i2) = (2λ1 + 1)(2λ2 + 1)

× 1
1 + δλ1i1,λ2i2

∑
j1j2j3j4

(−1)j2+j4+λ

⎧⎨
⎩

j1 j2 λ2

j4 j3 λ1

λ1 λ2 λ

⎫⎬
⎭

×
(
Xλ1i1

j1j4
Xλ1i1

j3j4
Xλ2i2

j3j2
Xλ2i2

j1j2
− Y λ1i1

j1j4
Y λ1i1

j3j4
Y λ2i2

j3j2
Y λ2i2

j1j2

)
.

The two-phonon components of the wave functions (3)
obey the Pauli principle since we take into account exact
commutation relations between the phonon operators, as
proposed in ref. [29]. X, Y denote the QRPA amplitudes,
the index j is a short notation for the familiar quantum
numbers nlj. As an illustration of the Pauli principle cor-
rections, K2(2i, 2i) values are given in table 1. It is ob-
served that the effect is not negligible. At the same time
only minimal corrections occur in the case of 90Zr.

Using the variational principle one obtains a set of lin-
ear equations for the amplitudes Ri(λν) and Pλ1i1

λ2i2
(λν)

(ωλi − Eν)Ri(λν) +
∑

λ1i1λ2i2

Uλ1i1
λ2i2

(λi)

×(1 + Kλ(λ1i1, λ2i2))Pλ1i1
λ2i2

(λν) = 0, (5)∑
i

Uλ1i1
λ2i2

(λi)Ri(λν) + 2(ωλ1i1 + ωλ2i2

+Δωλ(λ1i1, λ2i2) − Eν)Pλ1i1
λ2i2

(λν) = 0. (6)
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Table 1. Calculated energies, transition probabilities, g factors, K ≡ K2(2i, 2i) values and structures of the QRPA quadrupole
states of 88,90Sr and 90,92Zr. Phonon amplitude contributions greater than 5% are given. The M1 transition matrix elements
are calculated without (I) and with the spin-gyromagnetic quenching factor gs = 0.8 (II). Calculated B(E2) values are given in
Weisskopf units (1 W.u. = 5.94 × 10−2A4/3 e2fm4).

λπ
i Energy B(M1; 2+

i → 2+
1 ) g(2+

i ) B(E2) ↓ K {n1l1j1, n2l2j2}τ X Y %

(MeV) (μ2
N ) (W.u.)

I II I II
88Sr 2+

1 1.8 0.71 0.77 8.7 −0.27 {2d5/2, 1g9/2}ν 0.36 0.17 10

{2p1/2, 1f5/2}π 0.79 0.12 62

{2p1/2, 2p3/2}π −0.41 −0.09 16

{1f5/2, 1f5/2}π 0.36 0.07 6

2+
2 2.9 0.12 0.04 0.79 0.83 0.6 −0.29 {2p1/2, 2p3/2}π −0.60 0.00 36

{2p1/2, 1f5/2}π −0.56 0.03 31

{1f5/2, 1f5/2}π 0.78 0.00 31
90Sr 2+

1 1.0 −0.09 0.00 9.1 −0.34 {2d5/2, 2d5/2}ν 1.13 0.24 61

{2p1/2, 1f5/2}π 0.46 0.20 17

{2p1/2, 2p3/2}π −0.33 −0.16 8

2+
2 2.1 0.62 0.55 −0.10 0.04 2.9 −0.19 {2d5/2, 2d5/2}ν −0.87 0.13 37

{3s1/2, 2d5/2}ν 0.26 0.05 7

{2p1/2, 1f5/2}π 0.66 0.05 43

{2p1/2, 2p3/2}π −0.20 −0.03 5
90Zr 2+

1 2.5 0.97 0.95 6.8 −0.14 {2d5/2, 1g9/2}ν −0.37 −0.13 12

{1g9/2, 1g9/2}π 0.93 0.08 43

{2p1/2, 1f5/2}π −0.57 −0.06 32

{2p1/2, 2p3/2}π −0.30 −0.04 9

2+
2 3.2 0.25 0.13 0.97 0.99 0.01 −0.17 {2p1/2, 1f5/2}π 0.72 0.01 51

{1g9/2, 1g9/2}π 0.98 0.00 48
92Zr 2+

1 1.3 −0.41 −0.31 3.6 −0.49 {2d5/2, 2d5/2}ν 1.30 0.10 84

{1g9/2, 1g9/2}π 0.33 0.12 5

2+
2 2.5 0.49 0.38 0.15 0.23 3.7 −0.10 {3s1/2, 2d5/2}ν −0.49 −0.05 23

{2d5/2, 2d5/2}ν −0.57 0.11 15

{1g9/2, 1g9/2}π 0.73 0.05 26

{2p1/2, 1f5/2}π −0.46 −0.04 21

For its solution it is required to compute the Hamiltonian
matrix elements coupling one- and two-phonon configura-
tions

〈0|QλiH
[
Q+

λ1i1
Q+

λ2i2

]
λ
|0〉 =

Uλ1i1
λ2i2

(λi)(1 + Kλ(λ1i1, λ2i2)) (7)

and the anharmonic energy shifts of energies of the two-
phonon configurations due to the Pauli principle correc-
tions, Δωλ(λ1i1, λ2i2) [29,30]. The equations have the
same form as the quasiparticle-phonon model (QPM)
equations [29,30], but the SP spectrum and the param-
eters of the residual interaction in Landau-Migdal form
are calculated with the chosen Skyrme forces without any
further adjustments [24].

The SP spectra around the Fermi level are key ingre-
dients in the microscopic analysis. Among the large num-
ber of Skyrme parametrizations, we have selected three,
namely, SLy5 [31], f− [17] and f+ [17]. The comparably

Table 2. Neutron (ν) and proton (π) single-particle energies
(in MeV) near the Fermi energies for 90Zr calculated with
Skyrme interactions SLy5, f− and f+. The extrapolated “ex-
perimental” spectra are taken from ref. [32].

Expt. [32] f− f+ SLy5

ν1g9/2 −12.15(120) −11.7 −11.8 −11.7

ν2d5/2 −6.85(70) −6.5 −6.7 −6.6

ν3s1/2 −5.63(50) −4.7 −4.8 −4.8

ν2d3/2 −4.70(47) −3.9 −4.0 −4.1

π1f5/2 −10.37(110) −9.8 −10.0 −9.7

π2p3/2 −10.11(120) −10.3 −10.4 −10.3

π2p1/2 −6.97(70) −8.3 −8.3 −8.2

π1g9/2 −5.41(54) −6.6 −6.4 −6.4
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Table 3. Energies, transition probabilities, g factors and dominant QRPA components of phonon structures of the low-lying
quadrupole states in 90Zr. The PPC calculations are performed without the Pauli principle corrections. Columns A and B give
values calculated within the quadrupole-phonon coupling and taking into account the phonon-phonon coupling with the phonons
λπ = 2+, 3−, 4+, 5−, respectively. Calculated B(E2) values are given in Weisskopf units (1 W.u. = 5.94×10−2A4/3 e2fm4). The
M1 transition matrix elements are calculated with the spin-gyromagnetic quenching factor gs = 0.8.

λπ
i Energy Structure B(E2) ↓ B(E2; 2+

i → 2+
1 ) g(2+

i ) B(M1; 2+
i → 2+

1 )

(MeV) (W.u.) (W.u.) (μ2
N )

A B A B A B A B A B A B

2+
1 2.3 2.1 93%[2+

1 ] 89%[2+
1 ] 6.5 6.2 0.92 0.88

2+
2 3.1 2.8 96%[2+

2 ] 82%[2+
2 ] 0.01 0.02 0.2 0.3 1.08 1.00 0.10 0.06

popular set SLy5 has been adjusted to reproduce nuclear
matter properties, as well as nuclear charge radii and bind-
ing energies of doubly magic nuclei [31]. The SLy5 set is
a starting point for the fitting protocol of the series of
the three forces, f−, f0, and f+. Thanks to the use of a
second density-dependent term in the effective force, this
series covers a wide range of isospin splitting of the ef-
fective mass (ISEM), defined as (m∗

n − m∗
p)/m, with a

satisfactory fit to nuclear properties [17]. The forces SLy5
and f− predict in symmetric matter an effective mass of
0.7, with negative ISEM in neutron-rich systems, namely,
−0.182 and −0.284, respectively [17]. The model f+ leads
to an effective mass of 0.7 in symmetric matter and the
ISEM equal to +0.170 in neutron-rich systems [17]. The
selected parametrizations describe correctly the subshell
order near the Fermi level of 88,90Sr and 90,92Zr. To see
this, the calculated neutron and proton SP energies for the
case of 90Zr and the extrapolated “experimental” data [32]
are shown in table 2. The ISEM correction is almost un-
affected by SP energies, since 88,90Sr and 90,92Zr are not
significantly neutron-rich nuclei and, hence, the f− spec-
tra are very close to those from SLy5. In the present work,
we use the force f− and compare it to the forces SLy5
and f+ as references that produce similar results. The
Landau-Migdal parameters are expressed in terms of the
Skyrme force parameters [33]. As proposed in ref. [34] for
the forces f−, f0, and f+, we take into account the addi-
tional density-dependent term besides the usual density-
dependent t3 term in the expressions for Landau-Migdal
parameters.

The pairing correlations are generated by the density-
dependent zero-range force

Vpair(r1, r2) = V0

(
1 − η

ρ(r1)
ρ0

)
δ (r1 − r2) , (8)

where ρ0 is the nuclear saturation density; η and V0 are
model parameters. For example, η = 0 and η = 1 are
the cases of a volume interaction and a surface-peaked in-
teraction, respectively. The strength V0 is fitted to repro-
duce the experimental pairing gaps of 88,90Sr and 90,92Zr
obtained by the three-point formula [25,28]. The expres-
sions of the Landau-Migdal parameters F pp

0 , F
′pp
0 in terms

of the density-dependent force (8) have been obtained self-
consistently and can be found in ref. [28]. In order to

choose the appropriate value for η, it is very useful to an-
alyze the low-energy two-quasiparticle states, as proposed
in ref. [25]. For this purpose, we examine the g factors
of the 2+

1,2 states as a function of the parameter η. In the
present work, the parameter η = 0.25 is fixed to reproduce
the experimental g factors of the 2+

1 states in the studied
region of the nuclear chart.

The rank of the set of linear equations (5), (6) is
equal to the number of one- and two-phonon configura-
tions. To construct the wave functions (3) of the low-lying
2+ states up to 4MeV we use only the 2+ phonons for
computational convenience. This restriction can be justi-
fied by the result of recent QPM calculations with large
configurational space [35,36], which demonstrate a dom-
inance (≥ 90%) of the 2+ phonons in the wave func-
tions of the 2+

1 and 2+
2 states that are at our focus. To

check this, the PPC calculations without the Pauli prin-
ciple corrections are performed for the case of 90Zr. The
present [2+

i ⊗ 2+
i′ ]QRPA space (columns A in table 3) is

enlarged by the phonon composition with different mul-
tipolarities λπ = 2+, 3−, 4+, 5− (columns B in table 3).
The obtained results demonstrate the expected unimpor-
tance of the two-phonon composition with λπ = 3−, 4+,
5− phonons on the 2+

1,2 properties of 90Zr.
It is worth mentioning that all one- and two-phonon

configurations with energies up to Ecut = 8MeV are in-
cluded. The inclusion of high-energy configurations plays
a minor role in our calculations. For example, the Ecut =
10MeV calculation in the case of 90Sr changes the results
for energies and transition probabilities by less than 2%.

3 Results

Inspired by ref. [12] we start out to construct an over-
simplified two-state scheme by considering the lowest-
energy 2QP-configurations for either neutrons and protons
calculated from Skyrme mean-field and the interaction be-
tween them. Since their interaction is much smaller than
the difference of the corresponding 2QP-energies, the TSM
gives the value α2 = 0.99 of both, 90Sr and 92Zr. CIP in
the MS and FS states is validated by the amplitudes α and
β. For 92Zr the negative g(2+

1 ) factor and the large positive
g(2+

2 ) factor indicate the neutron and proton characters of
the respective states. Figures 1 and 2 show energies, g fac-
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Fig. 1. Energies, g factors and B(M1) values of the 2+
1,2 states

of 90Sr. The columns “2 state model”, “QRPA”, and “PPC”
give values calculated within the two-state model, within the
QRPA, and taking into account the PPC, respectively. The
M1 transition matrix elements are calculated with the spin-
gyromagnetic quenching factor gs = 0.8.

Fig. 2. Same as fig. 1, but for 92Zr.

tors and B(M1) values of the 2+
1,2 states in 90Sr and 92Zr,

respectively. The difference of the proton 2QP configura-
tion in the case of 90Sr results in a B(M1) value of 0.08
μ2

N in 92Zr, almost eight times larger than that in 90Sr.
It is the extension of the variational space to the QRPA
phonon configurations that has a strong effect on the g
factors and the B(M1) values, see figs. 1 and 2. Struc-
tures and B(E2; 0+

gs → 2+
1,2) values of the QRPA states

are given in table 1. It is worth pointing out that the
TSM cannot allow us to discuss the E2 transition, since
the 2QP configurations of the giant quadrupole resonance
are needed to describe the B(E2) value [40].

Let us now discuss the isotopic dependence of the
[2+

1 ]QRPA properties near closed shells. The closure of the
neutron subshell 1g9/2 in 88Sr, 90Zr leads to the vanishing
of the neutron pairing and as a result energies of the first
2QP poles, {2p1/2, 1f5/2}π in 88Sr and {1g9/2, 1g9/2}π in
90Zr are larger than the first 2QP energy, {2d5/2, 2d5/2}ν

in 90Sr and 92Zr. This yields that the [2+
1 ]QRPA state

has collective structure with the domination of the pro-
ton 2QP configurations for the case of 88Sr and 90Zr.

On the other hand, in 92Zr the leading neutron config-
uration {2d5/2, 2d5/2} gives a contribution of 84% that
is almost 1.4 times larger than in 90Sr. The structure
peculiarities are reflected in the g(2+

1 ) factors and the
B(E2; 0+

gs → 2+
1 ) values, as is shown in table 1. The dom-

inant neutron and proton phonon amplitudes X,Y of the
2+
1 states of 90Sr and 92Zr are in phase. This is an analogy

to the FS states of the IBM-2, although we observe the
dominance of the neutron configuration {2d5/2, 2d5/2}ν

which can be interpreted as CIP. The {2d5/2, 2d5/2}ν pe-
culiarity leads to negative g(2+

1 ) factors.
We now turn to the structures of the [2+

2 ]QRPA states.
The proton 2QP-configurations exhaust about 98% in the
case of 88Sr and 90Zr. As expected, large positive g(2+

2 )
factors are obtained. For the case of 90Sr and 92Zr the
main neutron and proton phonon amplitudes of the fairly
collective [2+

2 ]QRPA state are out of phase. As a conse-
quence, the B(M1; 2+

2 → 2+
1 ) values are larger than the

values in 88Sr and 90Zr. The calculated g factors represent
important fingerprints for the pn phonon composition of
the [2+

2 ]QRPA states of 90Sr and 92Zr. In both nuclei, the
main neutron contribution to the g factor comes from the
configuration {2d5/2, 2d5/2}ν . This configuration exhausts
about 37% and 15% of the wave function normalization of
[2+

2 ]QRPA state in 90Sr and 92Zr, respectively, causing the
strong decrease of the g factor. For 92Zr, the main proton
contribution to the g factor comes from the configuration
{1g9/2, 1g9/2}π, which outweighs the neutron contribution
and results in a positive g(2+

2 ) factor. For 90Sr, this sit-
uation changes with the involvement of different proton
orbitals due to the breaking of the Z = 38 proton sub-
shell closure. This results in a small g factor (table 1).
Calculations with the forces SLy5 and f+ do not change
the above conclusion. This QRPA analysis within the one-
phonon approximation can help to identify the MS state,
but it is only a rough estimate.

We find that the inclusion of the two-phonon config-
urations further increases the B(M1) values of 90Sr and
92Zr as shown in figs. 1 and 2, respectively. The calcu-
lated 2+ state energies, the largest contributions to the
wave function normalization (3), the g factors and the
B(E2) and B(M1) values are compared to the experi-
mental data [2–5,15,37–39] in table 4. As one can see
in the case of well-known MS state in 92Zr, the agree-
ment of the B(E2) and B(M1) values with the data looks
reasonable. The crucial contributions to the wave func-
tions of the 2+

1,2 states come from the [2+
1,2]QRPA con-

figurations. The dominance of the one-phonon configu-
rations plays the key role to explain the negligible size
of the B(E2; 2+

2 → 2+
1 ) values. For 90Sr and 92Zr, the

fragmentation of the [2+
1 ]QRPA configuration reduces the

{2d5/2, 2d5/2}ν contribution to the structure of the 2+
1

state and as a result the B(M1) value and the g(2+
1 ) factor

are increased. We have examined the amount of the spin
contribution to the M1 transition strength between the
second and first 2+ states. In fact, we find orbital contri-
butions M1(gs = 0)/M1(gs = 0.8) of 52% for 92Zr and
of 72% for 90Sr to the total M1 matrix elements, respec-
tively.
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Table 4. Energies, transition probabilities, g factors and dominant QRPA components of phonon structures of the low-lying
quadrupole states of 88,90Sr and 90,92Zr. Experimental data are taken from refs. [2–5,15,37–39]. Calculated B(E2) values are
given in Weisskopf units (1 W.u. = 5.94 × 10−2A4/3 e2fm4). The M1 transition matrix elements are calculated without (I) and
with (II) the spin-gyromagnetic quenching factor gs = 0.8.

λπ
i Energy Structure B(E2) ↓ B(E2; 2+

i → 2+
1 ) g(2+

i ) B(M1; 2+
i → 2+

1 )

(MeV) (W.u.) (W.u.) (μ2
N )

Expt. PPC Expt. PPC Expt. PPC Expt. PPC Expt. PPC

I II I II

88Sr 2+
1 1.836 1.7 98%[2+

1 ] 7.6(4) 8.6 1.22(11) 0.73 0.77

2+
2 3.218 2.9 98%[2+

2 ] 0.10(1) 0.5 0.038(3) 0.04 0.86 0.88 0.073(5) 0.12 0.04

90Sr 2+
1 0.832 0.7 94%[2+

1 ] 8.3(27) 8.9 −0.12(11) −0.03 0.04

2+
2 1.892 2.0 97%[2+

2 ] 2.7 0.5 −0.11 0.03 0.65 0.57

90Zr 2+
1 2.186 2.4 97%[2+

1 ] 5.37(18) 6.6 1.25(21) 0.94 0.93

2+
2 3.308 3.2 98%[2+

2 ] 0.44(12) 0.01 2.7(7) 0.1 1.04 1.05 0.088(25) 0.22 0.11

92Zr 2+
1 0.934 1.2 97%[2+

1 ] 6.4+0.6
−0.5 3.7 −0.18(2) −0.36 −0.26

2+
2 1.847 2.4 94%[2+

2 ] 3.4(4) 3.5 0.4+0.5
−0.3 0.3 0.76(50) 0.23 0.31 0.37(4) 0.57 0.45

Table 5. QPM calculation: energies, transition probabilities, g
factors and dominant QRPA components of phonon structures
of the 2+

1,2 states of 92Zr are taken from [36]. The M1 transi-
tion matrix elements are calculated with the spin-gyromagnetic
quenching factor gs = 0.8.

2+
1 2+

2

Energy (MeV) 1.059 1.983

Structure 93.6%[2+
1 ] 92.3%[2+

1 ]

B(E2) ↓ (W.u.) 6.8 3.2

B(E2; 2+
2 → 2+

1 ) (W.u.) 0.43

g(2+
i ) −0.11 0.72

B(M1; 2+
2 → 2+

1 ) (μ2
N ) 0.64

It is worth mentioning that the breaking of F -spin
symmetry for 92Zr has been confirmed within the QPM
before in [35,36]. Table 5 shows the energies, B(E2) and
B(M1) values, g factors and dominant QRPA components
of phonon structures of the 2+

1,2 states obtained in the
QPM calculation [36]. It was based on the Woods-Saxon
potential and the separable two-body Hamiltonian. We
should notice that our 2+

1,2 structures of dominant one-
phonon configurations from table 4 are in good agreement
with the values from ref. [36] shown in table 5. This prob-
ably points to an adequacy of our two-phonon space. Our
calculated 2+

1 energy coincides with the QPM one but our
B(E2)-value is somewhat smaller likely due to the effec-
tive charges ep = 1.2 for protons and en = 0.2 for neutrons
in the QPM [36]. The disagreement for the ratio of pn
contributions to the 2+

2 state is reflected in the factor 1.4
difference of B(M1; 2+

2 → 2+
1 ) values. A possible source

of this discrepancy may be the different SP energy sets in
the two approaches.

4 Conclusions

Starting from the Skyrme mean-field calculations we have
studied the properties of the low-energy spectrum of 2+

excitations of 90Sr, 92Zr in comparison to the N = 50
isotones 88Sr and 90Zr. Using the Skyrme interaction f−
in connection with the density-dependent pairing interac-
tion, a reasonable description of excitation energies, the
B(E2) values and g factors of the first 2+ states are ob-
tained. For 92Zr, our results indicate that indeed the sec-
ond 2+ state is the one-phonon MS state with substantial
CIP that was found within the QPM before. The calcu-
lated B(E2) and B(M1) values are in reasonable agree-
ment with the experimental data. For 90Sr, we observe a
dominance of the neutron configurations in the wave func-
tion of the first 2+ state. The second 2+ state is identified
as a MS state with CIP. The dominant proton configura-
tion is no longer simple single-j subshell recoupling but
involves excitation to another subshell. Nevertheless, the
B(M1; 2+

2 → 2+
1 ) value of 90Sr is comparable to the value

of 92Zr. For 90Sr, the experimental data of g(2+
1 ) is consis-

tent with zero within two standard deviations. Our results
give the prediction of g(2+

1 ) = 0.04, a nearly-vanishing g
factor due to the dominance of {2d5/2, 2d5/2}ν in the 2+

1

wave function. Further, we predict g(2+
2 ) = 0.03, which

occurs despite the proton dominance in the 2+
2 wave func-

tion, and arises from the more complicated {2p1/2, 1f5/2}π

and {2p1/2, 2p3/2}π configurations as compared to the sit-
uation in 92Zr.

For 90Sr, it would be desirable to experimentally con-
firm the CIP in the 2+

2 state identified as the one-phonon
MS state, to measure its B(M1; 2+

2 → 2+
1 ) value and the

g factor of the 2+
2 state.
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