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Low-Energy E1 Strength Distributions of 68Ni
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Abstract—We study the effects of the coupling between one- and two-phonon components of the wave func-
tions on the low-energy electric dipole response of 68Ni in a microscopic model based on an effective Skyrme
interaction SLy5. The finite rank separable approach for the quasiparticle random phase approximation is
used. The effect of phonon-phonon coupling leads to the fragmentation of the  strength to a lower energy
and improves the agreement with available experimental data.
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INTRODUCTION

Recently, with the advent of advanced radioactive
beam facilities and novel experimental techniques,
unexplored regions of exotic nuclei and new phenom-
ena became accessible for detailed spectroscopic stud-
ies. The electric dipole ( ) response of nuclei at ener-
gies around particle separation energy is presently
attracting much attention, particularly for unstable
neutron-rich nuclei produced as radioactive beams
[1]. The structure and dynamics of the low-energy
dipole strength, also referred to as pygmy dipole reso-
nance (PDR), has extensively been investigated using
a variety of theoretical approaches and models; see,
e.g., [2, 3]. In analogy to the giant dipole resonance
(GDR), the PDR has been interpreted as a collective
oscillation of the neutron skin with respect to a 
inert core. The total sum of the measured energy-
weighted sum rule (EWSR) of such  distributions is
less than 1–2% of the Thomas–Reiche–Kuhn (TRK)
sum rule value for stable nuclei and less than 5–6% for
unstable neutron-rich nuclei [1]. The existence of the
PDR mode near the neutron threshold has important
astrophysical implications. The PDR study is expected
to provide information on the symmetry energy term
of the nuclear equation of state [3], is such an example.

A description of the properties of the low-energy
 strength distribution requires the including of the

coupling between one- and two-phonon components
of the wave functions [4, 5]. The quasiparticle random
phase approximation (QRPA) with a self-consistent
mean-field derived from a Skyrme energy density
functionals (EDF) is one of the most successful meth-
ods for studying the low-energy dipole strength, see
e.g., [2, 3]. The main difficulty is that the complexity

of calculations beyond standard QRPA increases rap-
idly with the size of the configuration space, so that
one has to work within limited spaces. By making use
of the finite rank separable approximation (FRSA)
[6, 7] for the residual interaction, one can perform
Skyrme-QRPA calculations in very large two-quasi-
particle spaces. Following the basic ideas of the quasi-
particle-phonon model (QPM) [5], the FRSA has
been generalized for the phonon–phonon coupling
(PPC) [8]. The so-called FRSA was thus used to study
the electric low-energy excitations and giant reso-
nances within and beyond the Skyrme-QRPA [8–10].
In particular, we have applied the FRSA approach for
calculating the PDR strength distribution [11, 12]. In
this paper, we discuss the PPC effect on the 
response for the unstable neutron-rich nucleus 68Ni,
focusing on the emergence and the properties of the
PDR. There are ambiguous experimental data for the
properties of the PDR in 68Ni [13–15]. In particular,
the observed centroid ( ) of the PDR varies from

 MeV [14] to 11 MeV [13] in the different
experiments, exhausting respectively % and

% of the  EWSR. Thus, 68Ni nucleus is
ideal candidate for such a study.

BRIEF OUTLINE OF THE METHOD
The method has been discussed in detail in [6, 7, 11]

however we recall it for completeness. The Hartree–
Fock-BCS (HF-BCS) calculations are performed by
using the SLy5 EDF [16] in the particle-hole channel
and a density-dependent zero-range interaction in the
particle-particle channel. Spherical symmetry is
assumed for the ground states. The continuous part of
the single-particle spectrum is discretized by diago-

1E

1E

N Z≈

1E

1E

1E

cE
9 55 0 17. ± .

2 8 0 5. ± .
5 0 1 5. ± . 1E
528



LOW-ENERGY E1 STRENGTH DISTRIBUTIONS OF 68Ni 529

Fig. 1. Experimental [19, 20] and theoretical energies and transition probabilities of the  and  states for 68Ni.
The , , and  factors are given in Weisskopf units (W.u).
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nalizing the HF Hamiltonian in a harmonic oscillator
basis. The strength of the zero-range volume force is
taken equal to –270 MeV fm3 in connection with the
soft cutoff at 10 MeV above the Fermi energy as intro-
duced in [7]. This value of the pairing strength is fitted
to reproduce the experimental neutron pairing gaps of
50,52,54Ca obtained by the three-point formula [7, 11].
This choice of the pairing interaction has also been
used for a satisfactory description of the experimental
data of 70,72,74,76Ni [17], 90,92Zr and 92,94Mo [9]. The
residual interaction in the particle-hole channel and in
the particle-particle channel can be obtained as the
second derivative of the EDF with respect to the par-
ticle density and the pair density, accordingly. By
means of the standard procedure [18] we obtain the
familiar QRPA equations in the configuration space.
The eigenvalues of the QRPA equations are found
numerically as the roots of a relatively simple secular
equation within the FRSA [6]. Since the FRSA
enables to us to use a large space, there is no need to
introduce effective charges. The cutoff of the discret-
ized continuous part of the single-particle spectra is at
the energy of 100 MeV. This is sufficient to exhaust
practically all the sum rules and, in particular, the
classical TRK sum rule with the enhancement factor

 for the SLy5 EDF [16]. In the case of 68Ni,
the  strength distribution is well studied experimen-
tally up to 28.4 MeV [14]. The total dipole strength is
calculated in the 12–28.4 MeV interval, which
exhausts 114% of the TRK sum rule within the PPC.
The experimental data suggest the TRK value of

% [14].
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To take into account the effects of the PPC we fol-
low the basic QPM ideas [5]. We construct the wave
functions of excited states from a linear combination
of one- and two-phonon configurations as

(1)

where  is the QRPA excitation having energy
;  denotes the total angular momentum and  is its

-projection in the laboratory system. The ground
state is the QRPA phonon vacuum . The unknown
amplitudes ,  and the excited state ener-
gies  are determined from the variational principle
which leads to a set of linear equations [8, 9]. The
equations have the same form as in the QPM [5], but
the single-particle spectrum and the parameters of the
residual interaction are obtained from the chosen Sky-
rme EDFs without any further adjustments.

In order to construct the wave functions (1) of the
 states, in the present study we take into account all

two-phonon terms that are constructed from the pho-
nons with multipolarities  [11, 12]. As an exam-
ple the energies and reduced transition probabilities of
the first  and  phonons for 68Ni are presented in
Fig. 1. The QRPA results obtained with the SLy5 EDF
are compared with the experimental data [19, 20]. The

 transition matrix elements are calculated with the
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Fig. 2. (a) The experimental data of  strength distribu-
tions for 68Ni (histogram and data points) are taken from
[14]. The dotted and solid lines correspond to the calcula-
tions within the QRPA with the SLy5 EDF and taking into
account the PPC, respectively. (b) Running sum of the
electric dipole polarizability for 68Ni calculated within the
QRPA (dotted line) and the QRPA plus PPC (solid line) in
comparison to experimental determination of  (the two
dashed lines indicate upper and lower limits).
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, charges. As one can see, the overall agree-

ment of the energies and  values with the data
looks reasonable. For the wave function (1) of the 
states we include all one-phonon dipole states with
energies below 35 MeV and 15 most collective pho-
nons of other multipolarities ( , ,  and ). The
effect of configuration space extension on the results
was tested and its minor role was found.

RESULTS AND DISCUSSION

As the first step in the present analysis, we discuss
the GDR energy region. The experimental spectra is
displayed in Fig. 2a. The histogram and data points are
experimental data up to 28.4 MeV [14]. The calculated

 strength distribution is computed by using a
Lorentzian smearing with an averaging parameter

 MeV. The PPC effects yield a noticeable redis-
tribution of the GDR strength in comparison with the
QRPA results. It is worth mentioning that the coupling
increases the GDR width from 6.2 to 6.8 MeV calcu-
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lated for the energy interval 12–28.4 MeV. Also, the
PPC induces a 100-keV downward shift of the GDR
energy (  MeV within the QRPA, which is
analogous to other models [21]). The experimental
GDR width and energy are  MeV and

 MeV [14], respectively. The calculated char-
acteristics of the GDR are in agreement with the
observed values. The general shapes of the GDR
obtained in the PPC are rather close to those observed
in experiment. This demonstrates the improvement of
the PPC description in comparison with QRPA.

In order to perform further investigations on the
68Ni nucleus we have extracted the electric dipole
polarizability ( ), which represents a handle to con-
strain the equation of state of neutron matter and the
physics of neutron stars [3]. The electric dipole polar-
izability  is defined as

(2)

Running sums of the  value for Ni in the
energy region below 28.4 MeV are given in Fig. 2b. It
is shown that the PPC insignificant affect the distribu-
tion of the electric dipole polarizability near the local-
ization of the GDR. However the calculated values of

 obtained by integrating the  strength up to the
upper experimental limit are similar. Both calculations
within the QRPA with the SLy5 EDF (  fm3)
and taking into account the PPC (  fm3)
reproduce the experimental data  fm3

[14]. Although the GDR strength dominates, contri-
butions to  value at lower and higher excitation
energies must be taken into account.

Finally, let us now discuss the low-energy 
strength. Using the analysis of the transition densities
we found that the  states below 12 MeV have the pro-
ton and neutron densities in the nuclear interior region
are in phase. The neutron transition densities of these
states are dominated outside the nuclear surface. That
corresponds to the vibrations of a neutron skin against
a proton-neutron core. Increasing further the exci-
tation energy we observe the transition densities of an
intermediate behavior or characterizing of the low-
energy GDR tail. In QRPA calculations we recognize
the centroid energy, , of the PDR is 10.6 MeV. Tak-
ing into account the PPC gives rise to a decrease of the
PDR energy by 350-keV, while the observed centroid
of the PDR varies from  MeV [14] to
11 MeV [13]. The total dipole strength is 1.0 
within the QRPA and 1.1  for the PPC. We find
that the PDR contribution to the  value is 9.8%
within the QRPA and 11.6% in the case of the QRPA
plus PPC. The summation includes the dipole states
below 12 MeV. The PPC calculations give an inte-
grated energy-weighted  strength of the PDR is
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4.6% of the TRK sum rule. These characteristics are in
agreement with those extracted from the recent exper-
imental data reported in [13–15]. Finally, the inclu-
sion of the two-phonon terms results in an increase of
the pygmy -resonance width from 1.9 to 3.6 MeV.
Recently measurement of the PDR in 68Ni above the
neutron emission threshold give the PDR width of
2 MeV [15]. A similar calculation has been performed
for 68Ni using the quasiparticle time blocking approx-
imation (QTBA) in non-relativistic framework [22] and
with relativistic Lagrangian (RQTBA) [23]. For compar-
ison, the QTBA calculations give  MeV [22].
In the case of the RQTBA, the calculated strength dis-
tribution in 68Ni has its maximum at 10.3 MeV and the
total strength below 12 MeV is 2.73  [23].

SUMMARY
Starting from the Skyrme mean-field calculations,

the properties of the  strength distribution of 68Ni is
studied by taking into account the coupling between
one- and two-phonons terms in the wave functions.
The finite-rank separable approach for the QRPA cal-
culations enables one to reduce remarkably the
dimensions of the matrices that must be inverted to
perform nuclear structure calculations in very large
configurational spaces. It is shown that the inclusion
of the two-phonon configurations leads to an essential
increase of the pygmy dipole resonance width of 68Ni.

N.N.A., A.P.S., and V.V.V. thank the hospitality of
INP-Orsay where a part of this work was done. This
work was partly supported by the CNRS-RFBR grant
no. 16-52-150003 and the IN2P3-JINR agreement.
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