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M1 transitions between low-energy quadrupole excitations of the valence shell are often used as the signature
for states of proton-neutron mixed-symmetry character. Starting from the Skyrme interaction f− together with the
volume pairing interaction, we study the properties of the 2+

1,2 excitations of 132,134,136Te. The coupling between
one- and two-phonon terms in the wave functions of excited states is taken into account. Our calculations are
performed within the finite-rank separable approximation, which enables one to perform quasiparticle random
phase approximation calculations in very large two-quasiparticle configurational spaces. Using the same set
of parameters we describe available experimental data and give the prediction for 136Te, B(M1; 2+

2 → 2+
1 ) =

0.51μ2
N in comparison to 0.30μ2

N in the case of 132Te.
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Low-lying isovector excitations of the valence shell of
heavy nuclei represent a unique laboratory for studying the
balance among collectivity, shell structure, and isospin degree
of freedom. These excitations, so-called mixed-symmetry
(MS) states, have been predicted in the proton-neutron (pn)
version of the interacting boson model (IBM-2) [1], where
the pn symmetry of the wave functions is quantified by
the bosonic analog of the isospin, termed F spin [2–5]. In
particular, there are fully symmetric (FS) states with maximum
F spin (F = Fmax) and MS states with F < Fmax. A rather
complete list of references on that subject is given in a
review [6]. Heyde and Sau described the FS and MS states
in the framework of the schematic two-state model (TSM) [7],
which has occasionally been used to estimate the properties of
quadrupole states (see, e.g., Refs. [8,9]). The TSM consists of
a neutron pair and a proton pair, each in a single-j subshell,
thus, they are related to d-boson configurations in the IBM-2.
Configurations with unperturbed energies are mixed by the
residual neutron-proton interaction. The relative phases of
proton and neutron amplitudes are opposite in the resulting
first and second 2+ states, i.e.,

|2+
FS〉 = α|2+

ν 〉 + β|2+
π 〉, (1)

|2+
MS〉 = −β|2+

ν 〉 + α|2+
π 〉. (2)

The amplitudes α and β may reflect two distinct situations:
either α ≈ β, leading to well-developed FS and MS states, or
α �= β. This unbalanced pn content of the wave functions can
be interpreted as configurational isospin polarization (CIP) [9],
which denotes varying contributions to the 2+ states by active
proton and neutron configurations due to the subshell structure.
The CIP effect was first observed in 92,94Zr [8,10–13].

Experiments on the N = 80 isotones 138Ce [14], 136Ba [15],
134Xe [16], and 132Te [17] revealed a systematic decrease
in the excitation energy of the 2+

1,MS states with decreasing
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proton number, and the MS state is found as the 2+
4 , 2+

3 , and
2+

2 state, respectively. For 138Ce the M1 strength associated
with the MS mode splits over two close-lying states, but
no splitting is observed in 136Ba. Large B(M1; 2+

MS → 2+
1 )

values have been measured, with 0.26 ± 0.03μ2
N in 136Ba,

0.30 ± 0.02μ2
N in 134Xe, and the lower limit equal to 0.23μ2

N in
132Te.

The low-energy quadrupole excitations of 132,134,136Te show
interesting properties. The good experimental knowledge of
the remarkable reduction in the excitation energy and B(E2)
value of the first 2+ state [18] of 136Te with respect to
132Te makes the properties of the 2+

1 states of 132,134,136Te
an attractive topic for theoretical studies, based on either the
mean-field method [19,20] or the shell model [21–25]. This
anomaly has been attributed to the neutron dominance of the
2+

1 state of 136Te [19–25]. This means, based on Eqs. (1)
and (2), that the 2+ state of 136Te with a predominantly MS
character should be dominated by proton contributions within
the TSM. Various shell-model calculations give conflicting
results with respect to the B(M1; 2+

2 → 2+
1 ) value in 136Te:

Ref. [21] yields B(M1; 2+
2 → 2+

1 ) = 0.24μ2
N , while Ref. [25]

predicts a splitting of the MS 2+ configuration between the
2+

3 and the 2+
4 state. It is worth mentioning that the first

IBM-2 prediction of the 2+
1,2 energies of 132Te was done in

Ref. [26].
It would be helpful to study the effect of the variational

configuration space on the behavior of the B(M1; 2+
2 → 2+

1 )
value of Te isotopes. Our tool is the quasiparticle random
phase approximation (QRPA) with Skyrme interactions in a
separable approximation [20]. Making use of the finite-rank
separable approximation [27] for the residual interaction
enables us to perform QRPA calculations in very large
two-quasiparticle (2QP) spaces. In particular, the cutoff of
the discretized continuous part of the single-particle (SP)
spectra is at the energy of 100 MeV. Because of this large
configurational space, we do not need effective charges. Taking
into account the basic ideas of the quasiparticle-phonon model
(QPM) [28,29], the Hamiltonian is then diagonalized in a space
spanned by states composed of one and two QRPA phonons
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[30,31],

�ν(λμ) =
( ∑

i

Ri(λν)Q+
λμi

+
∑

λ1i1λ2i2

P
λ1i1
λ2i2

(λν)
[
Q+

λ1μ1i1
Q+

λ2μ2i2

]
λμ

)
|0〉, (3)

where λ denotes the total angular momentum and μ is its z
projection in the laboratory system. The ground state is the
QRPA phonon vacuum |0〉 and the wave functions of the one-
phonon excited states given by Q+

λμi |0〉 as a superposition
of 2QP configurations. The normalization condition of the
one-phonon excited states leads to the relation

1

2

∑
jj

′

(
Xλi

jj ′X
λi ′
jj ′ − Yλi

jj ′Y
λi ′
jj ′

) = δii ′ (4)

of the phonon amplitudes (X,Y ) [20,32]. The index j is a
short notation for the familiar quantum numbers nlj . The wave
functions of excited states, (3), are composed of a mixture of
2QP and four-quasiparticle configurations that form the one-
phonon and two-phonon components. In order to let the two-
phonon components of the wave functions, (3), obey the Pauli
principle we take into account exact commutation relations
between the phonon operators, as proposed in Ref. [28]. In
particular, the normalization condition of the wave functions,
(3), can be written as∑

i

R2
i (λν) + 2

∑
λ1i1λ2i2

(
P

λ1i1
λ2i2

(λν)
)2

(1 + Kλ(λ1i1,λ2i2)) = 1,

Kλ(λ1i1,λ2i2) = (2λ1 + 1)(2λ2 + 1)

× 1

1 + δλ1i1,λ2i2

∑
j1j2j3j4

(−1)j2+j4+λ

{j1 j2 λ2

j4 j3 λ1

λ1 λ2 λ

}

×(
X

λ1i1
j1j4

X
λ1i1
j3j4

X
λ2i2
j3j2

X
λ2i2
j1j2

− Y
λ1i1
j1j4

Y
λ1i1
j3j4

Y
λ2i2
j3j2

Y
λ2i2
j1j2

)
. (5)

The amplitudes Ri(λν) and P
λ1i1
λ2i2

(λν) are determined from
the variational principle, which leads to a set of linear

equations. The equations have the same form as the QPM
equations [28,33], but the SP spectrum and the parameters
of the residual interaction are calculated with the chosen
Skyrme forces without any further adjustments. The density
of SP states near the Fermi level is related to the neutron and
proton effective masses of the mean-field Hamiltonian. As the
parameter set in the particle-hole channel, we use the Skyrme
force f− [34]. It predicts in a symmetric matter an effective
mass of 0.7, with negative isospin splitting of the effective mass
in neutron-rich systems, m∗

n < m∗
p. The pairing correlations

are generated by a zero-range volume force with a strength
of −280 MeV fm3 and a smooth cutoff at 10 MeV above the
Fermi energies [20,31]. This value of the pairing strength has
been fitted to reproduce the experimental pairing energies of
132,134,136Te obtained from the binding energies of neighboring
nuclei. To construct the wave functions, (3), of the low-lying 2+
states up to 2.7 MeV we use only the 2+ phonons and all one-
and two-phonon configurations with energies below 8 MeV
for computational convenience. This restriction is justified
because this article deals with nuclear states dominated by one-
phonon components. In addition, we have checked that the in-
clusion of high-energy configurations plays a minor role in our
calculations.

The calculated transition probabilities represent important
fingerprints for the pn symmetry and phonon composition
of the 2+ states. The calculated 2+ state energies, the
largest contributions to the wave function normalization,
(5), and the B(E2) and B(M1) values are compared to
the experimental data [17,18,35,36] in Table I. Note that
the B(M1) values were calculated with free g factors of
protons and neutrons. We find a satisfactory description of
the isotopic dependence of the B(E2; 0+

gs → 2+
1 ) values near

the closed neutron shell N = 82. Our calculations describe
well the dramatic reduction in the experimental E2 excitation
strength to the 2+

1 state upon going from 132Te to 136Te.
This reduction is closely related to a predicted simultaneous
increase in the E2 excitation strength to the 2+

2 state due to
their evolving microscopic structure, which we analyze in the
following.

TABLE I. Energies, transition probabilities, and dominant components of phonon structures of the low-lying quadrupole states in 132,134,136Te.
Experimental data are taken from Refs. [17,18,35,36].

λπ
i = 2+

i Energy Structure B(E2; 0+
gs → 2+

i ) B(E2; 2+
i → 2+

1 ) B(M1; 2+
i → 2+

1 )
(MeV) (e2 fm4) (e2 fm4) (μ2

N )

Expt. Theory Expt. Theory Expt. Theory Expt. Theory

132Te 2+
1 0.974 0.83 87%[2+

1 ]QRPA 2160 ± 220 2460
2+

2 1.665 2.33 79%[2+
2 ]QRPA

+ 13%[2+
3 ]QRPA 100 ± 20 30 0–799 20 >0.23 0.30

2+
3 1.788 2.46 85%[2+

4 ]QRPA 50 40 0.18
134Te 2+

1 1.279 2.09 99%[2+
1 ]QRPA 1140 ± 130 1380

2+
2 2.464 2.55 97%[2+

2 ]QRPA 10 0 0.27
2+

3 2.934 2.62 98%[2+
3 ]QRPA 0 0 0.10

136Te 2+
1 0.606 0.92 97%[2+

1 ]QRPA 1220 ± 180 1120
2+

2 1.568 2.01 94%[2+
2 ]QRPA 740 20 0.51

2+
3 2.37 65%[2+

3 ]QRPA

+ 25%[2+
4 ]QRPA 30 10 0.04
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TABLE II. Energies, transition probabilities, and structures of the QRPA quadrupole states in 132,134,136Te.

State Energy B(M1; 2+
i → 2+

1 ) B(E2; 0+
gs → 2+

i ) {n1l1j1,n2l2j2}τ X Y %
(MeV) (μ2

N ) (e2 fm4)

132Te [2+
1 ]QRPA 1.42 2640 {1h11/2,1h11/2}ν 1.02 0.26 49

{2d5/2,2d5/2}π 0.56 0.14 14
{1g7/2,1g7/2}π 0.65 0.17 20

[2+
2 ]QRPA 2.57 0.48 10 {1h11/2,1h11/2}ν −0.45 0.02 10

{2d5/2,2d5/2}π 1.29 −0.01 83
{1g7/2,1g7/2}π −0.31 0.01 5

[2+
3 ]QRPA 2.63 0.01 0 {1g7/2,2d5/2}π −0.92 0.00 84

{1g7/2,1g7/2}π 0.56 −0.01 16
[2+

4 ]QRPA 2.67 0.23 40 {1h11/2,1h11/2}ν −0.82 0.04 34
{1g7/2,1g7/2}π 1.07 −0.03 57

134Te [2+
1 ]QRPA 2.15 1380 {1g7/2,1g7/2}π 1.05 0.06 55

{2d5/2,2d5/2}π 0.74 0.06 27
[2+

2 ]QRPA 2.63 0.23 10 {1g7/2,1g7/2}π −0.89 0.01 40
{1g7/2,2d5/2}π 0.49 0.00 24
{2d5/2,2d5/2}π 0.85 0.01 36

136Te [2+
1 ]QRPA 1.05 1010 {2f7/2,2f7/2}ν 1.32 0.14 86

{2d5/2,2d5/2}π 0.32 0.13 4
{1g7/2,1g7/2}π 0.30 0.12 4

[2+
2 ]QRPA 2.20 0.44 920 {2f7/2,2f7/2}ν −0.52 0.13 13

{2d5/2,2d5/2}π 0.82 0.04 34
{1g7/2,1g7/2}π 0.83 0.04 34

The crucial contribution to the wave function of the 2+
1

states comes from the [2+
1 ]QRPA configuration. The structure

of some QRPA phonons is listed in Table II.
The dominant neutron and proton phonon amplitudes X and

Y of the 2+
1 states of 132,136Te are in phase. This is an analogy to

the FS states of the IBM-2, although for 136Te we observe the
dominance of the neutron configuration {2f7/2,2f7/2}ν , which
can be interpreted as CIP. As can be seen in Table I, also the
wave functions of both the 2+

1 and the 2+
2 states of 132,134,136Te

are dominated by one-phonon configurations (>87%), which
lead to the comparatively small B(E2; 2+

2 → 2+
1 ) values. For

the case of 132,136Te the main neutron and proton amplitudes
of the [2+

2 ]QRPA states are out of phase. As a consequence,
the B(M1; 2+

2 → 2+
1 ) values are remarkable large. They and

the opposite phase of the pn contribution support the MS
assignments. However, we observe that the value of 136Te is
larger than the value of 132Te.

To obtain a better understanding of the mechanism dominat-
ing the formation of the M1 transition strength between the MS
and the 2+

1 states calculated within the space of one- and two-
phonon configurations, we first employ the extreme valence-
shell restriction, i.e., the TSM taking into account only the
lowest neutron and proton 2QP states. The TSM calculations
are performed using the same Skyrme force f−. Figures 1
and 2 show the results for 132Te and 136Te, respectively. The
TSM allows us to discuss only the M1 transition, since the
2QP configurations of the giant quadrupole resonance are
needed to describe the B(E2) value [37]. As can be seen in
Table III, as expected, CIP in the MS and FS states of 136Te
is validated by the amplitudes α and β, and no CIP is present
in the case of 132Te. This results in a B(M1) value of 1.81 μ2

N

in 132Te, almost fourteen times larger than that in 136Te.

It is the extension of the variational space to the QRPA
phonon configurations that has a strong effect on the B(M1)
values. In both nuclei, the origin of this effect is the proximity
of the proton 2d5/2 and 1g7/2 subshells (Table IV). The
closeness of the lowest proton 2QP energies {2d5/2,2d5/2}π ,
{1g7/2,2d5/2}π , and {1g7/2,1g7/2}π is reflected in the properties
of the QRPA spectrum (see Table II). In both nuclei, the main
contribution to the M1 matrix element comes from the proton
configuration {2d5/2,2d5/2}π . In the case of the 2+

1 state of
132Te, this configuration exhausts about 44% and 14% of the
wave-function normalization within the TSM and the QRPA,

FIG. 1. Energies and B(M1) values of the 2+
1,2 states in 132Te. The

columns “2 state model,” “QRPA,” and “2PH” give values calculated
within the two-state model, within the QRPA, and taking into account
the phonon-phonon coupling, respectively.
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FIG. 2. Energies and B(M1) values of the 2+
1,2 states in 136Te. The

columns “2 state model,” “QRPA,” and “2PH” give values calculated
within the two-state model, within the QRPA, and taking into account
the phonon-phonon coupling, respectively.

respectively, causing the strong decrease in the B(M1) value
in the QRPA.

In 136Te the {2d5/2,2d5/2}π contribution to the 2+
1 state

is 4% within the QRPA and only 1.4% in the TSM,
hence resulting in the increase in the B(M1) value in the
QRPA. The increase in the B(M1) value of 136Te is also
related to the considerable increment of the {2f7/2,2f7/2}ν
contribution to the wave function of the 2+

2 state in the
QRPA.

We find that the inclusion of two-phonon configurations
(see Table I) further changes the aforementioned amplitudes
and leads to the B(M1) values of 132Te and 136Te shown in
Figs. 1 and 2, respectively. In 132Te, the fragmentation of the
[2+

1 ]QRPA configuration reduces the {2d5/2,2d5/2}π contribu-
tion in the structure of the 2+

1 state, and as a result the B(M1)
value is decreased. In 136Te, we find a smaller fragmentation
effect, and the wave-function normalizations of the 2+

1,2 states
particularly mix 0.4% of the [2+

2 ]QRPA configuration into the
2+

1 state and 0.7% of the [2+
1 ]QRPA configuration into the 2+

2
state. In other words, the {2d5/2,2d5/2}π contribution in the 2+

1
state and the {2f7/2,2f7/2}ν contribution in the 2+

2 state are
slightly larger than those in the QRPA. This small change in
structure has a large effect on the B(M1) value because of
the strong CIP, i.e., small proton contributions in the 2+

1
state.

As in Refs. [19–25], the neutron dominance of the 2+
1 state

of 136Te leads to the B(E2) anomaly (see Tables I and II). It was
shown for the first time in Ref. [19] that the neutron pairing gap
in 136Te is smaller than that in 132Te and is key to the pn balance
in the 2+

1 state within the QRPA. The B(E2) anomaly and the
isovector character of the 2+

2 state of 132Te are indispensable

TABLE III. Wave-function amplitudes of the two-state model.

|2+
ν 〉 |2+

π 〉 α β

132Te {1h11/2,1h11/2}ν {2d5/2,2d5/2}π 0.75 0.66
136Te {2f7/2,2f7/2}ν {2d5/2,2d5/2}π 0.99 0.12

TABLE IV. Proton single-particle energies (in MeV) near the
Fermi energies for 132,134,136Te calculated with Skyrme interactions
SLy5 and f−.

132Te 134Te 136Te

f− SLy5 f− SLy5 f− SLy5

2p1/2 −16.4 −16.3 −17.0 −16.9 −17.7 −17.5
1g9/2 −14.5 −14.2 −15.2 −14.9 −15.8 −15.5
1g7/2 −8.1 −7.9 −8.9 −8.6 −9.4 −9.2
2d5/2 −8.1 −7.8 −8.7 −8.4 −9.4 −9.1
2d3/2 −5.7 −5.5 −6.4 −6.2 −7.0 −6.8

ingredients in the microscopic analysis. Our calculations with
the f− Skyrme interaction in the particle-hole channel and the
volume pairing interaction describe the E2 anomaly since the
first 2QP state is the {1h11/2,1h11/2}ν state while the second
state is the {2d5/2,2d5/2}π one. The proton SP structure around
the Fermi level (Table IV) plays the key role in explaining
the predicted effects of the variational-space extension. It is
noteworthy that the energy adjacency of the proton subshells
2d5/2 and 1g7/2 remains valid for the SLy5 parameter set [38],
which is a starting point for the fitting protocol of the f−
set [34]. However, the 2QP state order is not reproduced in
the case of the SLy5 set. This is mainly due to less isospin
splitting of the effective mass, i.e., (m∗

n − m∗
p)/m = −0.182

for the SLy5 set and (m∗
n − m∗

p)/m = −0.284 for the f− set
[34].

Previously, shell-model calculations have been performed
[39] for 132Te, using the GCN5082 interaction derived from
the G matrices. For the 2+

1 state, E = 0.953 MeV, B(E2 ↑) =
1615 e2 fm4, and a 92% dominance of the seniority 2 (i.e., one-
phonon) components with 53% neutron contributions and 39%
proton ones have been found. Our calculated 2+

1 energy and the
structure are in good agreement but our B(E2) value is some-
what larger, likely due to the effective charges in Ref. [39].
The B(M1; 2+

2 → 2+
1 ) values are in good agreement, but there

is a disagreement in the ratios of pn contributions to the 2+
2

state, with seniority 2 neutron and proton contributions of 35%
and 46%, respectively, in Ref. [39]. A possible source of this
discrepancy is the different proton SP energy sets in the two
approaches.

In summary, by starting from the Skyrme mean-field
calculations we have studied the properties of the low-
energy spectrum of 2+ excitations of 132,134,136Te. Using the
Skyrme interaction f− in conjunction with the volume pairing
interaction, a successful description of the anomalous behavior
of the B(E2) values of the 2+

1 states is obtained. For 132Te, we
identify the 2+

2 state as a fully developed one-phonon MS
state. We observe dominance of the neutron configurations in
the wave function of the 2+

1 state of 136Te. The 2+
2 state of 136Te

is a proton-dominated state, corresponding to an MS state with
substantial CIP. Nevertheless, the B(M1; 2+

MS → 2+
1 ) value of

136Te is larger than that of 132Te due to the subtle mechanism
based on the near-degeneracy of the proton SP states near
the Fermi level. These results suggest the f− parameter set
for the description of MS states and CIP in neutron-rich
isotopes.
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Data for the low-energy spectrum of 2+ excitations in
132,136Te are very scarce. It would be desirable to experi-
mentally establish the CIP in the 2+

2 state identified as the
one-phonon MS state, to measure its B(M1; 2+

2 → 2+
1 ) value,

and, in particular, the comparatively large B(E2; 2+
2 → 0+

gs)
value as a unique signature, which was previously observed in
the stabled 92,94Zr [10–13].
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