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Statement of the problem: General BVP

Multidimensional elliptic equation
In many cases the solution of a multi-dimensional quantum mechanical problem is
reduced to a solution of the d > 1 dimensional elliptic equation for wave function Ψ(z,Ω)(

− 1
g1(z)

∂

∂z g2(z) ∂
∂z + 1

g3(z)
(
−Λ̂2

Ω + V (z,Ω)
))

Ψ(z,Ω) = 2EΨ(z,Ω), (1)

a∂Ψ(z,Ω)
∂n − bΨ(z,Ω) = 0, Ω ∈ ∂X̂ , z ∈ [zmin, zmax], (2)

µ1
∂Ψ(z,Ω)

∂z − λ1 Ψ(z,Ω) = 0, z = zmin, Ω ∈ ∂X̂ ∪ X̂ ; (3)

µ2
∂Ψ(z,Ω)

∂z − λ2 Ψ(z,Ω) = 0, z = zmax, Ω ∈ ∂X̂ ∪ X̂ ; (4)

Here Ω = {Ωj}d−1
j=1 ∈ X̂ ⊂ Rd−1 are fast variables (or fast subsystem),

z ∈ (zmin, zmax) ∈ B ⊂ R1 is slow variable (or slow subsystem),

g1(z) > 0, g2(z) > 0, g3(z) > 0,

L(Ω; z) = −Λ̂2
Ω + V (z,Ω) has only discrete spectrum.
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Statement of the problem: General BVP

Standard projection method – Coupled channels method

Ψ(z,Ω) =
N∑

j=1

Bj (Ω)χj (z). (5)

(
−Λ̂2

Ω + Ũ(zfix,Ω)
)

Bj (Ω) = εjBj (Ω), (6)

a∂Bj (Ω)
∂n − bBj (Ω) = 0, Ω ∈ ∂X̂ , zfix ∈ [zmin, zmax], (7)

with ∫
Bi (Ω)Bj (Ω)dΩ = δij . (8)
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Statement of the problem: BVP for slow subsystem

Standard projection method – Coupled channels method(
− 1

g1(z) I d
dz g2(z) d

dz + 1
g3(z) U(z)− 2E I

)
χ(z) = 0, (9)

µ1
d
dz χ(z)− λ1χ(z) = 0, z = zmin, (10)

µ2
d
dz χ(z)− λ2χ(z) = 0, z = zmax. (11)

Here I and U(z) are matrices of dimension N × N:

Iij = δij ,

Uij (z) = Uji (z) = εi + εj

2 δij +
∫

Bi (Ω)[U(z,Ω)− Ũ(zfix,Ω)]Bj (Ω)dΩ, (12)
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Statement of the problem: General BVP

Kantorovich method

Ψi (z,Ω) =
N∑

j=1

Bj (Ω; z)χj (z). (13)

L(Ω; z)Bj (Ω; z) =
(
−Λ̂2

Ω + U(z,Ω)
)

Bj (Ω; z) = εj (z)Bj (Ω; z), (14)

a∂Bj (Ω; z)
∂n − bBj (Ω; z) = 0, Ω ∈ ∂X̂ , z ∈ [zmin, zmax], (15)

with ∫
Bi (Ω; z)Bj (Ω; z)dΩ = δij . (16)
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Statement of the problem: BVP for slow subsystem

The system differential equation for the slow subsystem(
− 1

g1(z) I d
dz g2(z) d

dz + U(z)

+ g2(z)
g1(z) Q(z) d

dz + 1
g1(z)

dg2(z)Q(z)
dz − 2E I

)
χ(z) = 0, (17)

µ1

(
I d
dz−Q(z)

)
χ(z)− λ1χ(z) = 0, z = zmin, (18)

µ2

(
I d
dz−Q(z)

)
χ(z)− λ2χ(z) = 0, z = zmax. (19)

Here U(z) and Q(z) are matrices of dimension N × N:

Uij (z) = Uji (z) = εi (z) + εj (z)
2g3(z) δij + g2(z)

g1(z)

∫
∂Bi (Ω; z)

∂z
∂Bj (Ω; z)

∂z dΩ, (20)

Qij (z) = −Qji (z) = −
∫

Bi (Ω; z)∂Bj (Ω; z)
∂z dΩ.
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The code KANTBP 1.0 – KANTorovich Boundary Problem

BVP (
− 1

r d−1 I d
dr r d−1 d

dr + U(r) + Q(r) d
dr + 1

r d−1
dr d−1Q(r)

dr − 2E I
)

χ(r) = 0,(21)

Bound state problem(
I d
dr −Q(r)

)
χ(r) = 0 or χ(r) = 0, r = rmin, rmax. (22)

Multichannel scattering problem on the semi-axis r ∈ (rmin = 0, rmax) ⊂ (0,∞)

lim
r→0

rd−1
(

I d
dr −Q(r)

)
χ(r) = 0 or χ(0) = 0, (23)
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The code KANTBP 1.0

Multichannel scattering problem on the semi-axis r ∈ (rmin = 0, rmax) ⊂ (0,∞)
Let matrix potentials V(r) and Q(r) satisfy the following asymptotic behaviour at large r

Vjj (r) = εj −
2Zj

r + O(r−2), Vij (r) = O(r−2), Qij (r) = O(r−1), (24)

where ε1 ≤ . . . ≤ εN are the threshold energy values. RWF Φ(r) = {χ(i)(r)}No
i=1:

Φ(r)→ Φreg (r) + Φirr (r)K, (25)

Φreg
jio (r)→ sin(wj (r))√

kj r d−1
δjio , Φirr

jio (r)→ cos(wj (r))√
kj r d−1

δjio , io = 1,No ,

wj (r) = kj r + Zj

kj
ln(2kj r), kj =

√
2E − εj . (26)

Wr(Q(r); Φirr(r),Φreg(r)) = Ioo , (27)

Wr(•; a(r), b(r))= rd−1

[
aT (r)

(
db(r)

dr −•b(r)
)
−
(

da(r)
dr −•a(r)

)T

b(r)

]
.
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The code KANTBP 1.0
FEM
The system of equations is solved using high-order accuracy approximations of the
finite-element method on non-uniform grids.

Calculation accuracy:
Then the following estimations are valida

|E h
m − Em | ≤ c1 h2p ,

∥∥χh
m(r) − χm(r)

∥∥
0
≤ c2 hp+1, (28)

where h is the maximal step of the finite-element grid;

| (λ(i))h − λ(i) | ≤ c1 h2p ,
∥∥(χ(i)(r))h − (χ(i)(r))

∥∥
0
≤ c2 hp+1, (29)

where λ(i) are the eigenvalues of the reaction matrix K.
aG. Strang et al, An analysis of the finite element method, Prentice-Hall, EC, NY, 1973.Author's personal copy
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Abstract

A FORTRAN 77 program is presented which calculates energy values, reaction matrix and corresponding radial wave functions in a coupled-
channel approximation of the hyperspherical adiabatic approach. In this approach, a multi-dimensional Schrödinger equation is reduced to a
system of the coupled second-order ordinary differential equations on the finite interval with homogeneous boundary conditions of the third type.
The resulting system of radial equations which contains the potential matrix elements and first-derivative coupling terms is solved using high-order
accuracy approximations of the finite-element method. As a test desk, the program is applied to the calculation of the energy values and reaction
matrix for an exactly solvable 2D-model of three identical particles on a line with pair zero-range potentials.

Program summary

Program title: KANTBP
Catalogue identifier: ADZH_v1_0
Program summary URL: http://cpc.cs.qub.ac.uk/summaries/ADZH_v1_0.html
Program obtainable from: CPC Program Library, Queen’s University, Belfast, N. Ireland
Licensing provisions: Standard CPC licence, http://cpc.cs.qub.ac.uk/licence/licence.html
No. of lines in distributed program, including test data, etc.: 4224
No. of bytes in distributed program, including test data, etc.: 31 232
Distribution format: tar.gz
Programming language: FORTRAN 77
Computer: Intel Xeon EM64T, Alpha 21264A, AMD Athlon MP, Pentium IV Xeon, Opteron 248, Intel Pentium IV
Operating system: OC Linux, Unix AIX 5.3, SunOS 5.8, Solaris, Windows XP
RAM: depends on (a) the number of differential equations; (b) the number and order of finite-elements; (c) the number of hyperradial points; and
(d) the number of eigensolutions required. Test run requires 30 MB
Classification: 2.1, 2.4
External routines: GAULEG and GAUSSJ [W.H. Press, B.F. Flanery, S.A. Teukolsky, W.T. Vetterley, Numerical Recipes: The Art of Scientific
Computing, Cambridge University Press, Cambridge, 1986]

✩ This paper and its associated computer program are available via the Computer Physics Communications homepage on ScienceDirect (http://www.sciencedirect.
com/science/journal/00104655).

* Corresponding author.
E-mail address: chuka@jinr.ru (O. Chuluunbaatar).

0010-4655/$ – see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.cpc.2007.05.016
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The code KANTBP 2.0
Multichannel scattering problem on the semi-axis r ∈ (rmin 6= 0, rmax) ⊂ (0,∞)

dχ(r)
dr = R(r)χ(r), r = rmin, (30)

where R(r) is a unknown N × N matrix-function, G(r) = R(r)−Q(r) should be
symmetric according to the conventual R-matrix theory.

χ(r) = χreg (r)C, (31)

R(r) = dχ(r)
dr χ−1(r) =

dχreg (r)
dr CC−1︸ ︷︷ ︸

I

χ−1
reg (r) =

dχreg (r)
dr χ−1

reg (r), (32)

where χreg (r) is the N × N regular solution of equation, C is the unknown nonzero
constant matrix of dimension N × No .

Author's personal copy

Computer Physics Communications 179 (2008) 685–693

Contents lists available at ScienceDirect

Computer Physics Communications
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Keywords:
Eigenvalue and multi-channel scattering problems
Kantorovich method
Finite element method
R-matrix calculations
Hyperspherical coordinates
Multi-channel adiabatic approximation
Ordinary differential equations
High-order accuracy approximations

A FORTRAN 77 program for calculating energy values, reaction matrix and corresponding radial wave
functions in a coupled-channel approximation of the hyperspherical adiabatic approach is presented.
In this approach, a multi-dimensional Schrödinger equation is reduced to a system of the coupled
second-order ordinary differential equations on a finite interval with homogeneous boundary conditions:
(i) the Dirichlet, Neumann and third type at the left and right boundary points for continuous spectrum
problem, (ii) the Dirichlet and Neumann type conditions at left boundary point and Dirichlet, Neumann
and third type at the right boundary point for the discrete spectrum problem. The resulting system of
radial equations containing the potential matrix elements and first-derivative coupling terms is solved
using high-order accuracy approximations of the finite element method. As a test desk, the program is
applied to the calculation of the reaction matrix and radial wave functions for 3D-model of a hydrogen-
like atom in a homogeneous magnetic field. This version extends the previous version 1.0 of the KANTBP
program [O. Chuluunbaatar, A.A. Gusev, A.G. Abrashkevich, A. Amaya-Tapia, M.S. Kaschiev, S.Y. Larsen, S.I.
Vinitsky, Comput. Phys. Commun. 177 (2007) 649–675].

Program summary

Program title: KANTBP
Catalogue identifier: ADZH_v2_0
Program summary URL: http://cpc.cs.qub.ac.uk/summaries/ADZH_v2_0.html
Program obtainable from: CPC Program Library, Queen’s University, Belfast, N. Ireland
Licensing provisions: Standard CPC licence, http://cpc.cs.qub.ac.uk/licence/licence.html
No. of lines in distributed program, including test data, etc.: 20 403
No. of bytes in distributed program, including test data, etc.: 147 563
Distribution format: tar.gz
Programming language: FORTRAN 77
Computer: Intel Xeon EM64T, Alpha 21264A, AMD Athlon MP, Pentium IV Xeon, Opteron 248, Intel
Pentium IV
Operating system: OC Linux, Unix AIX 5.3, SunOS 5.8, Solaris, Windows XP
RAM: This depends on

1. the number of differential equations;
2. the number and order of finite elements;
3. the number of hyperradial points; and
4. the number of eigensolutions required.

The test run requires 2 MB
Classification: 2.1, 2.4
External routines: GAULEG and GAUSSJ [2]
Nature of problem: In the hyperspherical adiabatic approach [3–5], a multidimensional Schrödinger
equation for a two-electron system [6] or a hydrogen atom in magnetic field [7–9] is reduced by

✩ This paper and its associated computer program are available via the Computer Physics Communications homepage on ScienceDirect (http://www.sciencedirect.com/
science/journal/00104655).

* Corresponding author.
E-mail address: chuka@jinr.ru (O. Chuluunbaatar).

0010-4655/$ – see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.cpc.2008.06.005
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High-order accuracy approximations

A FORTRAN 77 program for calculating energy values, reaction matrix and corresponding radial wave
functions in a coupled-channel approximation of the hyperspherical adiabatic approach is presented.
In this approach, a multi-dimensional Schrödinger equation is reduced to a system of the coupled
second-order ordinary differential equations on a finite interval with homogeneous boundary conditions:
(i) the Dirichlet, Neumann and third type at the left and right boundary points for continuous spectrum
problem, (ii) the Dirichlet and Neumann type conditions at left boundary point and Dirichlet, Neumann
and third type at the right boundary point for the discrete spectrum problem. The resulting system of
radial equations containing the potential matrix elements and first-derivative coupling terms is solved
using high-order accuracy approximations of the finite element method. As a test desk, the program is
applied to the calculation of the reaction matrix and radial wave functions for 3D-model of a hydrogen-
like atom in a homogeneous magnetic field. This version extends the previous version 1.0 of the KANTBP
program [O. Chuluunbaatar, A.A. Gusev, A.G. Abrashkevich, A. Amaya-Tapia, M.S. Kaschiev, S.Y. Larsen, S.I.
Vinitsky, Comput. Phys. Commun. 177 (2007) 649–675].

Program summary

Program title: KANTBP
Catalogue identifier: ADZH_v2_0
Program summary URL: http://cpc.cs.qub.ac.uk/summaries/ADZH_v2_0.html
Program obtainable from: CPC Program Library, Queen’s University, Belfast, N. Ireland
Licensing provisions: Standard CPC licence, http://cpc.cs.qub.ac.uk/licence/licence.html
No. of lines in distributed program, including test data, etc.: 20 403
No. of bytes in distributed program, including test data, etc.: 147 563
Distribution format: tar.gz
Programming language: FORTRAN 77
Computer: Intel Xeon EM64T, Alpha 21264A, AMD Athlon MP, Pentium IV Xeon, Opteron 248, Intel
Pentium IV
Operating system: OC Linux, Unix AIX 5.3, SunOS 5.8, Solaris, Windows XP
RAM: This depends on

1. the number of differential equations;
2. the number and order of finite elements;
3. the number of hyperradial points; and
4. the number of eigensolutions required.

The test run requires 2 MB
Classification: 2.1, 2.4
External routines: GAULEG and GAUSSJ [2]
Nature of problem: In the hyperspherical adiabatic approach [3–5], a multidimensional Schrödinger
equation for a two-electron system [6] or a hydrogen atom in magnetic field [7–9] is reduced by

✩ This paper and its associated computer program are available via the Computer Physics Communications homepage on ScienceDirect (http://www.sciencedirect.com/
science/journal/00104655).

* Corresponding author.
E-mail address: chuka@jinr.ru (O. Chuluunbaatar).

0010-4655/$ – see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.cpc.2008.06.005
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The code KANTBP 3.0

The multichannel scattering problem on the whole interval z ∈ (−∞,∞)(
−I d2

dz2 + U(z) + Q(z) d
dz + dQ(z)

dz − 2E I
)

χ(i)(z) = 0. (33)

The asymptotic form of the coefficients at z = z± → ±∞

Uij (z±) =
(
εj +

2Z±j
z±

)
δij + O(z−2

± ), Qij (z±) = O(z−1
± ), (34)

where ε1 ≤ . . . ≤ εN are the threshold energy values.

The boundary conditions at z = zmin → −∞ and z = zmax → +∞:

dΦ(z)
dz

∣∣∣∣
z=zmin

= R(zmin)Φ(zmin), dΦ(z)
dz

∣∣∣∣
z=zmax

= R(zmax)Φ(zmax), (35)

Φ(z) = {χ(j)(z)}No
j=1 is the required N ×No matrix-solution and No is the number of open

channels, No = max2E≥εj j ≤ N.
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The code KANTBP 3.0

Schematic diagrams of the continuum spectrum waves having the asymptotic form:
“incident wave + outgoing waves”:

( )( )z+X

( ) ( )z−X R→
(+) ( )zX T→

( ) ( )z−X T←

0z < 0z >

(+)( )zX R←

( ) ( )z−X (+)( )z
†

X T→

( ) ( )z− †
X R→

( )( )z+X

(+) ( )z
†

X R←
( ) ( )z− †

X T←

( ) ( )z−X
0z < 0z >0z < 0z > 0z < 0z >

( )z→ →±∞Φ ( )z← → ±∞Φ ( )z→ →±∞Φ ( )z← →±∞Φ

Matrix-solutions Φv (z)

Φv (z → ±∞) =


{

X(+)(z)Tv , z > 0,
X(+)(z) + X(−)(z)Rv , z < 0, v =→,{
X(−)(z) + X(+)(z)Rv , z > 0,
X(−)(z)Tv , z < 0, v =←,

(36)

where Rv and Tv are the reflection and transmission No ×No matrices, v =→ and v =←
denote the initial direction of the particle motion along the z axis.
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The asymptotic boundary conditions

The leading term of the asymptotic matrix functions X(±)(z) has the form

X (±)
ij (z)→ p−1/2

j exp
(
±ı
(

pjz −
Zj

pj
ln(2pj |z|)

))
δij , (37)

pj =
√

2E − εj i = 1, . . . ,N, j = 1, . . . ,No ,

where Zj = Z +
j at z > 0 and Zj = Z−j at z < 0.

X (∓)
ij (z)→ q−1/2

j exp
(
±
(

qjz +
Z∓j
qj

ln(2qj |z|)
))

δij , (38)

qj =
√
εj − 2E , i = 1, . . . ,N, j = No + 1, . . . ,N.

Generalized Wronskian with a long derivative

Wr(Q(z); X(∓)(z),X(±)(z)) = ±2ıIoo , (39)

Wr(•; a(z), b(z)) = aT (z)
(

db(z)
dz − •b(z)

)
−
(

da(z)
dz − •a(z)

)T

b(z). (40)
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The code KANTBP 3.0

Scattering matrix

S =
(

R→ T←
T→ R←

)
(41)

The reflection and transmission matrices having the following properties

T†→T→ + R†→R→ = Ioo = T†←T← + R†←R←,
T†→R← + R†→T← = 0 = R†←T→ + T†←R→, (42)
TT
→ = T←, RT

→ = R→, RT
← = R←.
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a b s t r a c t

A FORTRAN program for calculating energy values, reflection and transmissionmatrices, and correspond-
ing wave functions in a coupled-channel approximation of the adiabatic approach is presented. In this
approach, a multidimensional Schrödinger equation is reduced to a system of the coupled second-order
ordinary differential equations on a finite interval with the homogeneous boundary conditions of the
third type at the left- and right-boundary points for continuous spectrum problem. The resulting system
of these equations containing the potential matrix elements and first-derivative coupling terms is solved
using high-order accuracy approximations of the finite element method. As a test desk, the program is
applied to the calculation of the reflection and transmission matrices and corresponding wave functions
for the two-dimensional problem with different barrier potentials.

Program summary

Program title: KANTBP
Catalogue identifier: ADZH_v3_0
Program summary URL: http://cpc.cs.qub.ac.uk/summaries/ADZH_v3_0.html
Program obtainable from: CPC Program Library, Queen’s University, Belfast, N. Ireland
Licensing provisions: Standard CPC licence, http://cpc.cs.qub.ac.uk/licence/licence.html
No. of lines in distributed program, including test data, etc.: 81813
No. of bytes in distributed program, including test data, etc.: 276779
Distribution format: tar.gz
Programming language: FORTRAN 90/95. Compilers: Intel Fortran 8.0+, GNU Fortran 95 4.4.5+.
Computer: Personal computer.
Operating system: Unix/Linux, Window.
RAM: Depends on

(a) the number of differential equations
(b) the number and order of finite elements
(c) the number of longitudinal points
(d) the number of eigensolutions required.

Classification: 2.7.
Does the new version supersede the previous version?: No

✩ This paper and its associated computer program are available via the Computer Physics Communication homepage on ScienceDirect (http://www.sciencedirect.com/
science/journal/00104655).
∗ Corresponding author at: Joint Institute for Nuclear Research, Dubna, 141980 Moscow region, Russia. Tel.: +7 4962162529; fax: +7 4962165084.
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Applications of KANTBP 1.0

Calculation of a hydrogen atom photoionization in a strong magnetic fielda:
aO. Chuluunbaatar, A.A. Gusev, . . . , S.I. Vinitsky, J. Phys. A 40, pp. 11485–11524 (2007).
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(a) Transmission |T|2 and reflection |R|2 coefficients, even δe and odd δo phase shifts at
Z = 1, m = 0 and B0 = 2.35× 104 T. (b) The cross section of photoionization from the
state 3s0 for the final state σ = −1 at B0 = 6.10 T and Z = 1.

T = 1
2 (−Se + So) ,R = 1

2 (−Se − So) ,Se,o = (Ioo + ıKe,o)(Ioo − ıKe,o)−1 (43)
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Applications of KANTBP 2.0

Channeling problem for charged particles produced by confining environmenta:
aO.Chuluunbaatar, A.A.Gusev, . . . , P.M.Krassovitskiy, S.I.Vinitsky, Phys. Atom. Nucl. 72, 768

(2009). CHANNELING PROBLEM FOR CHARGED PARTICLES 775
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Fig. 3. (a) Effective potential 2U in the z, x plane; (b) the full enhancement coefficient (solid line) and partial enhancement
coefficients in each open channel (i = 1−5) versus the threshold energy 2E, for the effective charge Z = +6 and γ = 1 (in
scaled variables).

χ̃
(4)
ii =

Ē
(4)
i

4(2l + 5)
+

(ε − mγ)2

8(2l + 3)(2l + 5)

+
Z4 − Z2(ε − mγ)(3l + 5)

6(l + 1)(l + 2)(2l + 3)(2l + 5)
,

χ̃
(4)
i+1i =

Q̄
(3)
i+1i(2l + 5)

2(2l + 7)
.

As a result, we get the required expansion of
2D-solution in the Kantorovich form:

ψ
(as)
io

(η, r)

=

jmax∑

i=1

kmax∑

k=0

kmax−k∑

p=0

jmax∑

j=1

rµi+kφ
(k−p)
j (η)χ̃

(p)reg
ji Ciio ,

φ
(k−p)
j (η) =

2k−2p∑

s=max(−l,−2k+2p)

P
|m|
l+s(η)b

(k−p)
sj ,

where l = 2(i − 1) + |m| + (1 − σ)/2, µi = l. The
above asymptotic form of the Kantorovich expansion
is equivalent to the Galerkin one over the basis of
Legendre polynomials:

ψ
(as)
io

(η, r)

=

jmax∑

i=1

kmax∑

k=0

2k−2p∑

s=max(−l,−2k+2p)

f (k)
s (r, η)g

(kmax−k)
si Ciio ,

f (k)
s (r, η) = rµi+kP

|m|
l+s(η),

g
(kmax−k)
si =

kmax−k∑

p=0

jmax∑

j=1

b
(k−p)
sj χ̃

(p)reg
ji .

Moreover, using the substitution r = (ρ2 + z2)1/2

and η = z(ρ2 + z2)−1/2, one gets the asymptotic
series for the regular solution in the Galerkin form in
cylindrical coordinates (ρ, z) over the homogeneous
polynomials of the degree (µi + k) with respect to the
variables (ρ, z):

f (k)
s (ρ, z) = (ρ2 + z2)(µi+k)/2P

|m|
l+s(z(ρ2 + z2)−1/2).

Note, that one can also derive the above asymptotic
expansion in Galerkin form with the help of the direct
calculation scheme [15]. The above asymptotic ex-
pansions can be applied to set the third-type bound-
ary condition around the point of pair impact in differ-
ent calculation schemes.

6. PRELIMINARY ESTIMATIONS
OF THE ENHANCEMENT COEFFICIENT

The solution of the channelling problem (8) with
the help of calculation schemes described in Sections
4 and 5 was found using the programs KANTBP 2.0
and POTHMF at various values of the scaled energy
E and the effective charge Z. As a result, the values
of the enhancement coefficient have been calcu-
lated by means of the formula |C (2E) /C0 (2E)|2 =∑No

i=1 |Ci (2E) /C0 (2E)|2, where Ci (2E) =
= χ1i(r = 0) are the numerical values of the solu-
tion at the point of pair impact from Eq. (12) and
C0 (2E) = χ11(r = 0) is the Coulomb function with
the effective charge Z at the energy 2E − 1.

Figure 3 illustrates the estimations of the total
enhancement coefficient and the enhancement coeffi-
cients in each open channel (1–5) as functions of the
energy 2E, related to the zero energy of free threshold,
at the effective charge Z = 6 for even components of

PHYSICS OF ATOMIC NUCLEI Vol. 72 No. 5 2009

(a) Effective potential 2U = 2Z/
√
ρ2 + z2 + γ2ρ2/4 in the z, x plane for the effective

charge Z = +6 and γ = 1; (b) The full enhancement coefficient (solid line) and partial
enhancement coefficients in each open channel (i = 1− 5) versus the energy 2E .
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Applications of KANTBP 3.0
Adiabatic representation for atomic dimers in collinear configurationa:

aA.A. Gusev, S.I. Vinitsky, O. Chuluunbaatar, . . . , P. M. Krassovitskiy, Phys. Atom. Nucl. 81,
945 (2018).

The total probability |T |2ii (E) =
∑No

j=1 T ∗ij Tji (lines) of penetration of the dimer Be2 for
the initial states i through the repulsive Gaussian potential barriers versus the total
energy E . The values of the threshold energies εi , i = 1, . . . , 5 corresponding to the
energies of ground and excited initial states are shown by arrows.
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Bound state problem for a system of differential equations:
dimension of the system of differential equations – 280;
dimensions of stiffness and mass matrices – ∼ 300 000× 300 000;
the order of approximation of the FEM – 10;
maximum block width – 3079;
relative accuracy of calculation of the eigenvalues ∼ 10−14.

Scattering problem for a system of differential equations:
dimension of the system of differential equations – 40;
dimensions of stiffness matrix – ∼ 900 000× 900 000;
the order of approximation of the FEM – 10;
maximum block width – 439;
maximal number of the open channels – 16;
relative accuracy of calculation of reaction matrix (transmission and reflection
matrices) ∼ 10−12.
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Авторы: С.Л. Богомолов, А.Е.Бондарченко, А.А.Ефремов, К.И.Кузьменков,
А.Н.Лебедев, В.Я.Лебедев, В.Н.Логинов, Н.Ю.Язвицкий, З.Асфари, Б.Галл
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The code KANTBP 3.1
The multichannel scattering problem on the whole interval z ∈ (−∞,∞)(

−I d2

dz2 + U(z) + Q(z) d
dz + dQ(z)

dz − 2E I
)

χ(i)(z) = 0. (44)

The asymptotic form of the coefficients at z = z± → ±∞
Let Q(z) = 0, and the V(z) matrix is constant or weakly dependent on the variable z in
the vicinity of the asymptotic regions z ≤ zmin and z ≥ zmax.

Matrix-solutions Φv (z):

Φv (z) =


{

Y(+)(z)Tv , z ≥ zmax,

X(+)(z) + X(−)(z)Rv , z ≤ zmin,
v =→,{

Y(−)(z) + Y(+)(z)Rv , z ≥ zmax,

X(−)(z)Tv , z ≤ zmin,
v =←,

(45)

where R→ of the dimension NL
o × NL

o and R← of the dimension NR
o × NR

o are the
reflection matrices, T→ of the dimension NR

o × NL
o and T← of dimension NL

o × NR
o are

the transmission matrices.
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The asymptotic boundary conditions

The leading term of the asymptotic rectangle-matrix functions X(±)(z) and Y(±)(z)

X(±)
io (z)→

exp
(
±ıpL

io z
)√

pL
io

ΨL
io , pL

io =
√

2E − λL
io , z ≤ zmin,

Y(±)
io (z)→

exp
(
±ıpR

io z
)√

pR
io

ΨR
io , pR

io =
√

2E − λR
io , z ≥ zmax. (46)

Here λL,R
i and ΨL,R

i = {ΨL,R
1i , . . . ,Ψ

L,R
Ni }

T are the solutions of algebraic eigenvalue
problems with the matrices VL = V (zmin) and VR = V (zmax) of the dimension N × N for
entangled channels

VL,RΨL,R
i = λL,R

i ΨL,R
i , (ΨL,R

i )T ΨL,R
j = δij . (47)

The closed channels asymptotic vector solutions at λL,R
ic ≥ 2E , i = ic = NL,R

o + 1, . . . ,N,
are as follows:

X(−)
ic (z)→ exp

(
+
√
λL

ic − 2Ez
)

ΨL
ic , z ≤ zmin, v =←,

Y(+)
ic (z)→ exp

(
−
√
λR

ic − 2Ez
)

ΨR
ic , z ≥ zmax, v =→ . (48)
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The asymptotic boundary conditions

Properties

In addition, it should be noted that the open channel asymptotic vector solutions X(±)(z)
and Y(±)(z) satisfy the relations

Wr(Q(z); X(∓)(z),X(±)(z)) = ±2ıIL
oo , (49)

Wr(Q(z); Y(∓)(z),Y(±)(z)) = ±2ıIR
oo .

Then the following properties of the reflection and transmission matrices are held:

T†→T→ + R†→R→ = IL
oo , T†←T← + R†←R← = IR

oo ,

T†→R← + R†→T← = 0L
oo , R†←T→ + T†←R→ = 0R

oo , (50)
TT
→ = T←, RT

→ = R→, RT
← = R←.

Here IL,R
oo is the unit NL,R

o × NL,R
o matrix, and 0L,R

oo is the zero NL,R
o × NR,L

o matrix.
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Nuclear physics
Fusion cross sections for 64Ni+100Mo and 36S+48Ca
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The modified Numerov method in CCFULLa (dotted blue line), the improved Numerov
method in the CCFULLb (dashed green line) and KANTBP (solid red line).

X (−)
jio (zmin) = exp(−ıqj (zmin)r)δjio , qj (zmin) =

√
2E − Ujj (zmin) > 0. (51)

Lowest eigenvalues λm are smaller than lowest diagonal elements Umm(zmin).
aK. Hagino, N. Rowley, A.T. Kruppa, Comput. Phys. Commun. 123 (1999) 143–152.
bK. Hagino, www2.yukawa.kyoto-u.ac.jp/˜kouichi.hagino/ccfull/ccfull.f
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Nuclear physics
Fission in the 40Ca+208Pb reaction leading to the formation of the nucleus 248Noa

aE.M. Kozulin, et al, V.V. Saiko, A.V. Karpov, et al, Phys. Rev. C 105 (2022) 024617.
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The results are obtained using NRVa (dashed line), and KANTBP (solid line).
ahttp://nrv.jinr.ru/nrv
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Conclusion

A FORTRAN programs for calculating energy values, reflection and transmission
matrices, and corresponding wave functions in a coupled-channel approximation of the
adiabatic approach are presented (transferred) in Comput. Phys. Commun. Program
Library.

Number of downloads from CPC Program Libirary

Program Library publication date Number of downloads
KANTBP 1.0 17th Sept. 2007 281
KANTBP 2.0 29th Sept. 2008 411
KANTBP 3.0 20th May 2014 96
ODPEVP 23th Jan. 2008 226
POTHEA 8th Nov. 2014 92
POTHMF 24th Jul. 2009 198

Thank you for attention!
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